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PREFACE TO PART 1. 


fe: the following work I have aimed at writing a 
working text-book on Statics for the use of Junior 
Students. 

Throughout the book will be found a large number 
of examples; most of them, with the exception of 
many of those at the end of the Chapter on Friction 
and the Miscellaneous Examples at the end of the 
volume, are:of an easy type. 

I have tried to make the book complete as far as 

it goes; it is suggested, however, that the student 
should, on the first reading of the subject, omit every- 
thing marked with an asterisk. : 
_ I must express my obligations to my friend 
Mr H. C. Robson, M.A., Fellow and Lecturer of 
Sidney Sussex College, Cambridge, for his. kindness 
in reading through the proof-sheets, and for many 
suggestions that he has made to me. 

Any corrections of errors, or hints for improvement 
will be thankfully received. 

S. L. LONEY. 


Barnes, 8.W. 
December, 1890. 
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PREFACE TO THE TENTH EDITION. 


A Rae book has been somewhat altered, and I hope 
improved, for this edition, and the type entirely 
re-set. Graphic solutions have been introduced much 
earlier, and more use has been made of graphic methods 
throughout the book. More experimental work has also 
been introduced. 

The chapter on Work has been placed earlier, and 
much greater stress has been laid upon the Principle of 
Work. | 

Sundry somewhat long analytical proofs have been 
relegated to the last chapter, and here I have not 
scrupled to introduce alternative proofs involving the 
use of the Differential Calculus. 

For ten of the new figures in this book I am much 
indebted to the kindness and courtesy of Dr R. T. 
Glazebrook, who allowed me to use the blocks prepared 
for his Statics. Most of these figures have the additional 
merit of having been drawn from actual apparatus in 
use at the Cavendish Laboratory at Cambridge. 


Ss. L. LONEY. 


Roya Hottoway CoLuEGE 
ENGLEFIELD GREEN, SuRREY. 
July 23rd, 1906. 
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CHAPTER I. 
INTRODUCTION, 


1. A Body is a portion of matter limited in every 
direction. 


2. Force is anything which changes, or tends to 
change, the state of rest, or uniform motion, ofa body. 


3. Rest. A body is said to be at rest when it does 
not change its position with respect to surrounding objects. 


4. Statics is the science which treats of the action 
of forces on bodies, the forces being so arranged that the 
bodies are at rest. 

The science which treats of the action of force on bodies 
in motion is called Dynamics. 


In the more modern system of nomenclature which is gradually 
gaining general acceptance, the science which treats of the action of 
force on bodies is called. Dynamics, and it has two subdivisions, 
Statics and Kinetics, treating of the action of forces on bodies which 
are at rest and in motion respectively, 

5. A Particle is a portion of matter which is in- 
_ definitely small in size, or which, for the purpose of our 
- investigations, is so small that the distances between its 
_ different parts may be neglected. . 


jr a See 
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A body may be regarded as an indefinitely large number 
of indefinitely small portions, or as a conglomeration of 
particles. 


6. A Rigid Body is a body whose parts always 
preserve an invariable position with respect to one another. 

This conception, like that of a particle, is idealistic. 
In nature no body is perfectly rigid. Every body yields, 
perhaps only very slightly, if force be applied to it. Ifa 
rod, made of wood, have one end firmly fixed and the other 
end be pulled, the wood stretches slightly ; if the rod be 
made of iron the deformation is-very much less. 

To simplify our enquiry we shall assume that all the 
bodies with which we have to deal are perfectly rigid. 


7. Equal Forces. Two forces are said to be equal 
when, if they act on a particle in opposite directions, the 
particle remains at rest. 


8. Mass. The mass of a body is the quantity of 
matter in the body. The unit of mass used in England is 
a pound and is defined to be the mass of a certain piece of 
platinum kept in the Exchequer Office. 

Hence the mass of a body is two, three; four... lbs., 
when it contains two, three, four... times as much matter 
as the standard lump of platinum. 

In France, and other foreign countries, the theoretical 
unit of mass used is a gramme, which is equal to about 
15-432 grains. The practical unit is a kilogramme (1000 
grammes), which is equal to about 2°2046 lbs. 


9. Weight. The idea of weight is one with which 
everyone is familiar. We all know that a certain amount 
of exertion is required to prevent any body from falling to 
the ground. ‘The earth attracts every body to itself with 
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a force which, as we shall see in Dynamics, is proportional 
to the mass of the body. 

The force with which the earth attracts any body to 
itself is called the weight of the body. 


10. Measurement of Force. We shall choose, as our 
unit of force in Statics, the weight of one pound. The unit 
of force is therefore equal to the force which would just 
support a mass of one pound when hanging freely. 

We shall find in Dynamics that the weight of one 
pound is not quite the same at different points of the 
earth’s surface. . 

In Statics, however, we shall not have to compare forces 
at different points of the earth’s surface, so that this variation 
in the weight of a pound is of no practical importance ; we 
shall therefore neglect this variation and assume the weight 
of a pound to be constant. 


11. In practice the expression “weight of one pound ” 
' is, in Statics, often shortened into “one pound.” The 
student will therefore understand that ‘a force of 10 Ibs.” 
means “a force equal to the weight of 10 lbs.” 


12. Forces represented by straight lines. A force will 
be completely known when we know (i) its magnitude, © 
(ii) its direction, and (iii) its point of application, 7.¢. the 
point of the body at which the force acts. 

Hence we can conveniently represent a force by a 
straight line drawn through its point of application ; for 
a straight line has both magnitude and direction. 

Thus suppose a straight line OA represents a force, 
equal to 10 Ibs. weight, acting at a point O. A force of 
5 lbs. weight acting in the same direction would be repre- 
sented by OB, where B bisects the distance Od, whilst a 

1—2 
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force, equal to 20 lbs, weight, would be represented by 00, 
where OA is produced till AC equals O4. 


An arrowhead is often used to denote the direction in 
which a force acts. 


13. Subdivisions of Force.. There are three different 
forms under which a force may appear when applied to a 
mass, viz. as (i) an attraction, (ii) a tension, and (iii) a 
reaction. 


14. Attraction. An attraction is a force exerted by 
one body on another without the intervention of any 
visible instrument and without the bodies being necessarily 
in contact. The only example we shall have in this book 
is the attraction which the earth has for every body ; this 
attraction is (Art. 9) called its weight. 


15. Tension. If we tie one end of a string to any 
point of a body and pull at the other end of the string, we 
exert a force on the body; such a force, exerted by means 
of a string or rod, is called a tension. 

If the string be light [¢.e. one whose weight is so small 
that it may be neglected] the force exerted by the string is 
the same throughout its length. 

For example, if a weight W be 
supported by means of a light 
string passing over the smooth 
edge of a table it is found that the 
same force must be applied to the 
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string whatever be the point, A, 2, or C of the string at 
which the force is applied. 

Now the force at A required to support the weight 
is the same in each case ; hence it is clear that the effect 
at A is the same whatever be the point of the string to 
which the tension is applied and that the tension of the 
string is therefore the same throughout its length. 


Again, if the weight W be sup- 


ported by a light string passing round D 
a smooth peg A, it is found that the C 
same force must be exerted at the other A B 


_end of the string whatever be the 
direction (AB, AC, or AD) in which 
the string is pulled and that this force 


is equal to the weight W. ‘ 


[These forces may be measured by attaching the free 
end of the string to a spring-balance. | 

Hence the tension of a light string passing round a 
smooth peg is the same throughout its length. 

If two or more strings be knotted together the tensions 
are not necessarily the same in each string. 


The student must carefully notice that the tension of a string is 
not proportional to its length. It is a common error to suppose that 
the longer a string the greater is its tension; it is true that we can 
often apply our force more advantageously if we use a longer piece of 
string, and hence a beginner often assumes that, other ae being 
equal, the longer string has the greater tension. 

16. Reaction. If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact ; such a force is called a reaction. 

The force, or action, that one body exerts on a second 
- body is equal and opposite to the force, or reaction, that 


“the second body exerts on. the first, 
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This statement will be found to be included in Newton’s 
Third Law of Motion [Part IT., Art. 73]. 

Examples. Tf a ladder lean against a wall the force 
exerted by the end of the ladder upon the wall is equal and 
opposite to that exerted by the wall upon the end of the 
ladder. 

If a cube of wood is placed upon a table the force which 
it exerts upon the table is equal and opposite to the force 
which the table exerts on it. 


17. Equilibrium. When two or more forces act 
upon a body and are so arranged that the body remains at 
rest, the forces are said to be in equilibrium. 


18. Introduction, or removal, of equal and opposite 
forces. We shall assume that if at any point of a rigid 
body we apply two equal and opposite forces, they will 
have no effect on the equilibrium of the body ; similarly, 
that if at any point of a body two equal and opposite ~ 
forces are acting they may be removed. 


19. Principle of the Transmissibility of Force. If a 
force act at any point of a rigid body, it may be considered 
to act at any other point in its line of action provided that 
this latter point be rigidly connected with the body. 

Let a force 7 act at a point A of a body in a direction 
AX, Take any point Bin AX and at B introduce two 
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equal and opposite forces, each equal to J’, acting in the 
directions BA and BX ; these will have no effect on the 
equilibrium of the body. 

The forces / acting at A in the direction 4B, and J at 
B in the direction BA are equal and opposite; we shall 
assume that they neutralise one another and hence that 
they may be removed. 

We have thus left the force / at # acting in the 
direction BX and its effect is the same as that of the 
original force / at A, 

The internal forces in the above body would be different 
according as the force / is supposed applied at A or BD; 
of the internal forces, however, we do not treat in the 
present book. 


20. Smooth bodies. If we place a piece of smooth 
polished wood, having a plane face, upon a table whose top 
is made as smooth as possible we shall find that, if we 


attempt to move the block along the surface of the table, © - 


some resistance is experienced. There is always some 
force, however small, between the wood and the surface 
of the table. 

If the bodies were perfectly smooth there would be 
no force, parallel to the surface of the table, between the 
-block and the table; the only force between them mone 
be perpendicular to “the table. 


Def. When two bodies, which are in contact, are 
perfectly smooth the force, or reaction, between them is 
perpendicular to their common surface at the point of 
contact. 


CHAPTER IL. 
COMPOSITION AND RESOLUTION OF FORCES. 


21. Suppose a flat piece of wood is resting on a 
smooth table and that it is pulled by means of three strings 
attached to three of its corners, the forces exerted by the 
strings being horizontal; if the tensions of the strings be 
so adjusted that the wood remains at rest it follows that 
the three forces are in equilibrium. 

Hence two of the forces must together exert a force 
equal and opposite to the third. This force, equal and 
opposite to the third, is called the resultant of the first two. 


22. Resultant. Def. Jf two or more forces P, Q, 
S... act upon a rigid body and if a single force, R, can be 
found whose effect upon the body is the same as that of the 
forces P, Q, S... this single force R is called the resultant of 
the other forces and the forces P, Q, S... are called the com- 
ponents of R. 

It follows from the definition that if a force be applied 
to the body equal and opposite to the force R, then the 
forces acting on the body will balance and the body be in 
equilibrium ; conversely, if the forces acting on a body 
balance then either of them is equal and opposite to the 
resultant of the others. 
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23. Resultant of forces acting in the same straight line. 

If two forces act on a body in the same direction their 
resultant is clearly equal to their sum; thus two forces 
acting in the same direction, equal to 5 and 7 Ibs. weight 
respectively, are equivalent to a force of 12 Ibs. weight 
acting in the same direction as the two forces. 

If two forces act on a body in opposite directions their 
resultant is equal to their difference and acts in the direction 
of the greater; thus two forces acting in opposite directions 
and equal to 9 and 4 lbs. weight respectively are equivalent 
to a force of 5 lbs. weight acting in the direction of the 
first of the two forces. 


24. When two forces act at a point of a rigid body in 
different directions their resultant may be obtained by 
means of the following 

Theorem. Parallelogram of Forces. Jf two 
Jorces, acting at a point, be represented in magnitude and 
direction by the two sides of a parallelogram drawn from one 
of its angular points, their resultant is represented both in 
magnitude and direction by the diagongl of the parallelogram 
passing through that angular point. 

This fundamental theorem of Statiés, or rather another 
form of it, viz. the Triangle of Forces (Art. 36), was first 
enunciated by Stevinus of Bruges in the year 1586. Before 
his time the science of Statics rested on the Principle of 
the Lever as its basis. 

In the following article we shall give anexperimental 
proof; a more formal proof will be found in the last chapter. 

In Art. 72 of Part II. of this book will be found a proof 
founded on Newton’s Laws of Motion. 


25. Experimental proof. Let / and ( be two 
light pulleys attached to a fixed support; over them let 


“~ 
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there pass two light strings tied together at 0, and carrying 
scale-pans J, and M at their other ends. 


A second string is knotted at O and carries a third 
scale-pan 1. . 

Into these scale-pans are placed known weights, and the 
whole system is allowed to take up a position of equilibrium. 
‘Let the weights in the scale-pans, together with the weights 
of the seale-pans themselves, be P, Q and & lbs. respectively. — 

_ On a blackboard, or a piece of paper, conveniently 

placed behind the system draw the lines OF, OG, OW as in 
the figure. i 


>a 
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Taking some convenient scalé (say three inches, 
per one lb.) mark off OA, OB, and OD to represent P, Q, 
and #& lbs. Complete the parallelogram OACB. Then OC 
will be found to be equal in length, and opposite in direction, 
to OD. 
But, since P, Y, and R balance, therefore R must be 
equal and opposite to the resultant of P and Q. 

Therefore the resultant of P and @ is represented by 
OC, i.e. by the diagonal of the parallelogram whose sides 


or less, 


represent P and Q. 

This will be found to be true whatever be the relative 
magnitudes of P, QY, and #, provided only that one of them 
is not greater than the sum of the other two. 

In the figure P, Q, and R are taken respectively to be 4, 3, and 


5 lbs. In this case, since 57=4°+3?, the angle AOB is a right 
angle. 


When the experiment is performed, it will probably be 
found that the point O may be moved into one of several 
positions close to one another. The reason for this is that 
we cannot wholly get rid of the friction on the pivots of the 
pulleys. The effect of this friction will be minimised, in 
this and similar statical experiments, if the pulleys are of — 
fairly large diameter ; aluminium pulleys are suitable. be- 
cause they can be made of comparatively large size and yet 
be of small weight. 

Apparatus of the solid type shewn in the above figure 
is not necessary for a rough experiment. The pulleys / 
and G may have holes bored through them through which 
bradawls can be put; these bradawls may then be pushed 
into a vertical blackboard. 


The pulleys and weights of the foregoing experiment may be 
replaced by three Salter’s Spring Balances. Each of these balances 
shews, by a pointer which travels up and down a graduated face, what 
force is applied to the hook at its end. 


‘- 
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Three light strings are knotted at O and attached to the ends of 
the spring balances. The three balances are then drawn out to shew 
any conyenient tensions, and laid on a horizontal table and fixed to it 
by hooks or nails as shewn. The readings of the balances then give 
the tensions P, Q, and R of the three strings. Just as in the 


preceding experiment we draw lines OA, OB,.and OC to represent 
P, Q, and & on any scale that is convenient, and then verify that OC 
is equal in magnitude and exactly opposite in direction to OD, the 
diagonal of the parallelogram of which OA and OB are adjacent 
sides. 

26. ‘To find the direction and magnitude of the re- 
sultant of two forces, we have to find the direction and 
magnitude of the diagonal of a parallelogram of which the 
two sides represent the forces. 


Ex.1. Find the resultant of forces equal to 12 and 5 lbs. weight 
respectively acting at right angles. : 
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Let OA and OB represent the forces so that OA is 12 units of 
length and OB is 5 units of length; complete the rectangle OACB, 


Then OC?= O0A?+ AC?=12?+52=169. «. OC=13. 
AC ab 
Also tan COA = 0413" 


Hence the resultant is a force equal to 13 lbs. weight making with 
the first force an angle whose tangent is 75, i.e. about 22° 37’, 


Ex. 2. Find the resultant of forces equal to the weights of 5 and 
3 lbs. respectively acting at an angle of 60°. 


Let OA and OB represent the forces, so that OA is 5 units and OB 
3 units of length; also let the angle AOB be 60°. 


Complete the parallelogram OACB and draw CD perpendicular to 
OA, Then OC represents the required resultant. 


Now 4AD=ACcos CAD=3c0s60°=3; . OD=4;. 


Also DC=ACsin sets: 3 
O= ,/OD9+ DO = N182 427/49 =7, 
< SDC 3/3. 
and tan COD= OD aaa 3997. 


Hence the resultant is a force equal to 7 lbs. weight in a direction 
making with OD an angle whose tangent is *3997. ~ 


On reference to a table of natural tangents this angle is easily seen 
to be about 21° 47’, 

27. The resultant, R, of two forces P and Q acting at 
an angle a may be easily obtained by Trigonometry. 

For let OA and OB represent the forces P and Q acting 
at an angle a. Complete the parallelogram OAC and draw 
_ CD perpendicular to OA, produced if necessary. 

Let & denote the magnitude of the resultant. 
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Then OD=0A+ AD=O0A+ AC cos DAC 
=P+Qcos BOD=P + Y cosa. 
[If D fall between O and 4, as in the second figure, we have 
OD=O0A—-DA=OA -— AC cos DAC=P — Qcos (180° - a)=P+ Qcosa.] 


Also DC =AC sin DAC = Q sina. 
*. R= 00? =0D? + CD? =(P + Q cosa)? +(Q sin a)? 
= P?+Q?+ 2PQ cos a. 
= VPP Qe 4 2PQ COSA ooo. ecccceceeeee (i). 
DE Q sina 


; We a ae s 
Also tan COD = ilies up e yy ee (ii). 


These two equations give the required magnitude and 
direction of the resultant. 


Cor.1. If the forces be at right angles, we have a=90°, so that 


R=N P?+ Q, and tan COA =%. 


Cor. 2. If the forces be each equal to P, we have 
R= P?(1+1+42cosa) = PV2(1+cosa) 


=P/2.2 = =2 = 
cos*5 Peoss, 


2 sin © sae 
Psina . 2 2 a 
and tan COA = ——_—____ = =e oy 
* P+Pcosa a ‘ODD 3 
2 cos? 5 


a 


so that the resultant of two equal forces bisects the angle between 
them; this is obvious also from first principles. 
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EXAMPLES. I. 


1. In the following seven examples P and Q denote two com- 
ponent forces acting at an angle a and R denotes their resultant. [The 
results should also be verified by a graph and measurement. ] ; 

fi) Pa 2as eas ca 90%: find A: 
(i). I P=13; R=14; a= 90°: find OQ, 
(jie P= O— (S= a= 60°; find R. 
(iv) P= 55 Q@= 9s a=120°:: find R. 
(vy). JiP= 3; Q= 5;R=7; find a. 
(vi). If P=13; Q=14; a=sin1 43; find KR. 
(vii). IP= 5; R= 7; c= :60°: find. Q: 


2. Find the greatest and least resultants of two forces whose 
magnitudes are 12 and 8 lbs. weight respectively. 


3. ~Forces equal respectively to 3, 4, 5, and 6 lbs. weight act on a 
particle in directions respectively north, south, east, and west; find 
the direction and magnitude of their resultant. 


4, Forces of 84 and 187 lbs. weight act at right angles; find their 
resultant. 


5. Two forces whose magnitudes are P and P,/2 lbs. weight act 
on a particle in directions inclined at an angle of 135° to each other; 
find the magnitude and direction of the resultant. 


6. ‘Two forces acting at an angle of 60° have a resultant equal to 
2,/3 lbs. weight; if one of the forces be 2 lbs. weight, find the-other 
force. : / 


7. Find thezesultant of two forces equal to the weights of 13 and 
11 lbs. respectively acting at an angle whose tangent is 12, Verify by a 
drawing. 

-8,. Find the resultant of two forces equal to the weights of 10 and 
9 Ibs. respectively acting at an angle whose tangent is §. Verify by a 
drawing. 

9, Two equal forces act on a particle; find the angle between 
them when the square of their resultant is equal to three times their 
product. 

10, Find the magnitude of two forces such that, if they act at 


right angles, their resultant is ,/10 lbs. weight, whilst when they act at 
an angle of 60° their resultant is ,/13 lbs. weight. 


At 


16 SVTATICS Exs. I 


11. Find the angle between two equal forces P when their 


oP 
resultant is (1) equal to P, (2) equal to z 


12, At what angle do forces, equal to (A+B) and (4 — B), act so 
that the resultant may be ,/4?+B?? 


13. ‘Two given forces act on a particle; find in what direction a 
third force of given magnitude must act so that the resultant of the 
three may be as great as possible. 


14, By drawing alone solve-the following: 
(i= LieP==d Ope Oommen sal; ends te. 
(i) ef POS SO Tsp dos pan tks 
(ii), 1hP= 73 Q=-5; R=105 fad cd. 
(ive. P= 7'35, R=8:7 30) Go°- finds. 


28. Two forces, given in magnitude and direction, have 
only one resultant ; for only one parallelogram can be con- 
structed having two lines OA and OB (Fig. Art. 27) as 

adjacent sides, 


29. A force may be resolved into two components in 
an infinite number of ways; for an infinite number of 
parallelograms can be constructed having OC as a diagonal 
and each of these parallelograms would give a pair of such 
components. 


30. ‘The most important case of the resolution of forces 
occurs when we resolve a force into two components at 
right angles to one another. 

Suppose we wish to resolve a force /, represented by 
OC, into two components, one of which is in the direction 
OA and the other is perpendicular to OA. 

Draw CM perpendicular to OA and complete the paral-’ 
lelogram OMCN. The forces represented by OM and OV 
have as their resultant the force OC, so that OMf and ov 
are the required components. 
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Let the angle AOC be a. 


re) he M A 
Then OM = OC cos a= F' cos a, 
and ON = MC = OCsina= Fsina. 


[If the point M lie in Od produced’ backwards, as in the second 
figure, the component of F’ in the direction OA 


= — OM= — OC cos COM= — O@ cos (180° — a) = OC cosa=F' cosa. 
Also the component perpendicular to OA 
=ON=MC= OCsin COM=Fsin a. | 
Hence, in each case, the required components are 
Fcosa and F'sina. 
Thus a foree equal to 10 lbs. weight acting at an angle of 60° with 
the horizontal is equivalent to 10 cos 60° (=10 x $=5 lbs. weight) in a 


horizontal direction, and 10 sin 60° (=10 x a = 5 x 1:732=8°66 lbs. 
weight) in a vertical direction. 

31. Def. The Resolved Part of a given force in a 
given direction is the component in the given direction 
which, with a component in a direction perpendicular to the 
given direction, is equivalent to the given force. 

. Thus in the previous article the resolved part of the 
force J’ in the direction OA is.” cos a, Hence 

The Resolved Part of a given force in a given direction is 
obtained by multiplying the given force by the cosine of He 
angle between the given force and the given direction. 
32. A force cannot produce any effect in a direction 
perpendicular to its own line of action. For (Fig. Art. 30) 
there is no reason why the force ON should have any 
tendency to make a particle at O move in the direction OA 


Ls - . _ é - ») 
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rather than to make it move in the direction AO produced ; 
hence the force OV cannot have any tendency to make the 
particle move in either the direction OA or AO produced. 

For example, if a railway carriage be standing at rest 
on a railway line it cannot be made to move along the rails 
by any force which is acting horizontally and in a direction 
perpendicular to the rails. 


33. The resolved part of a given force in a given 
direction represents the whole effect of the force in thegiven 
direction. For (Fig. Art. 30) the force OC is completely 
represented by the forces OV and OM. But the force OV 
has no effect in the direction OA. Hence the whole effect 
of the force # in the direction OA is represented by OV, 
i.e. by the resolved part of the force in the direction OA. 

34. A force may be resolved into two components in any two 
assigned directions. 

Let the components of a force F, represented by OC, in the 


B 
Cc 


ce) M A 


directions OA and OB be required and Jet the angles AOC and COB 
be a and £ respectively. 


Draw CM parallel to OB to meet OA in M and complete the 
parallelogram OMCN. ; 


Then OM and ON are the required som paveat 
Since MC and ON are parallel, we have 
OCM=8; also OMC=180° - CMA =180° - (a+). 


Since the sides of the triangle OMC are proportional to the si 
of the opposite angles, we aie proporti o the sines 


OM MC oe 
sinOCM sin MOC” sin OMG’ 


~ 
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(OM: SMC. F 
sinf8 sina sin (a+ 8)" 
Hence the required components are 


, sing 


f 


coe se inehce, 


sin(a+p)* sin(a+A)’ . 

35. The student must carefully notice that the com- 
ponents of a force in two assigned directions are not the 
same as the resolved parts of the forces in these directions. 
For example, the resolved part of Yin the direction OA is, 
by Art. 30, J’ cos a. 


EXAMPLES. II. 


1, A force equal to 10 lbs. weight is inclined at an angle of 30° to 
the horizontal; find its resolved parts in a horizontal and vertical 
direction respectively. 


2. Find the resolved part of a force P in a direction making (1) an 
angle of 45°, (2) an angle equal to cos~! (42) with its direction. 


3. A truck is at rest on a railway line and is pulled by a hori- 
zontal force equal to the weight of 100 Ibs. in a direction making an 
angle of 60° with the direction of the rails; what is the force tending 
to urge the truck forwards? 


4, Resolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60° to each other. Verify by a graph and measurement. 


. Resolve a force of 50 lbs. weight into two forces making angles 
of 60° and 45° with it on opposite sides. Verify by a graph and 
measurement. 
6. Find the components of a force P along two directions making 
angles of 30° and 45° with P on opposite sides. ; 


7, If a force P be resolved into two forces making ee of 45° 
and 15° with its direction, shew that the latter force is a Ps 
e rf 


8. Find a horizontal force and a force inclined at an angle of 60° 
with the vertical whose resultant shall be a given vertical force F. 


9, If a force be resolved into two component forces and if one 
component be at right angles to the force and equal to it in magnitude, 
find the direction and magnitude of the other component. 


bg 


+ 
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10, .A force equal to the weight of 20 Ibs. acting vertically up- 
wards is resolved into two forces, one being horizontal and equal to 
the weight of 10 lbs.; what is the magnitude and direction of the 
other force? 

11. By a graphic construction and measurement resolve a force 
equal to 35 lbs. wt. into components making angles of 98° and 40° with 
it on opposite sidés. 


36. Triangle of Forces. Jf three forces, acting at 
a point, be represented in magnitude and direction by the 
sides of « triangle, taken. in- order, they will be in equi- 
librium. : 

Let’ the forces ?, Q, and & acting at the point O be 
represented in magnitude and direction by the sides AB, 


cai aba 
BO, and CA of the triangle ABC ; they shall be in equi- 
librium. . 
Complete the parallelogram ABCD, 


' The forces represented by BC and AD are the same, 
since BC and AD are equal and parallel. , ; 


_ Now the resultant of the forces 4B and AD, is, by the. 
-parallelogram of forces, represented by AC. 


Hence the resultant of AB, BC, and CA is equal to the 
resultant of forces AC and C’A, and is therefore zero. 

Hence the three forces P, Q, and R are in equilibrium. 

Cor. Since forces represented by AB, BC, and CA 


are in equilibrium, and since, when three forces are in 


- equilibrium, each is equal and opposite to the resultant 


of the other two, it follows that the resultant of AB and - 
BC is equal and opposite to CA, ie. their resultant is~ 


represented by AC. 


~ x= 


a 
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Hence the resultant of two forces, acting at ‘a point 
and represented by the sides AZ and BC of a triangle, 
is represented by the third side AC. 


37. In the Triangle of Forces the student must carefully note 
that the forees must be parallel to the sides of a triangle taken in ~ 
order, i.e. taken the same way round. 


For example, if the first force act in the direction 4B, the second 
’ must act in the direction BC, and the third in the direction CA; 
if the second force were in the direction CB, instead of BC, the forces 
would not be in equilibrium. 


The three forces must also act at a point; if the lines of action of 
the forces were BC, CA, and AB they would not be in equilbrium; for 
the forces 4B and BC would have a resultant, acting at B, equal and 
parallel to AC. The system of forces would then reduce to two equal 
and parallel forces acting in opposite directions, and, as we shall 
see in a later chapter, such a pair of forces could not be in 
equilibrium. 

38. The converse of the Triangle of Forces is also 
true, viz. that If three forces acting at a point be in equt- 
librium they can be represented in magnitude and direction 

by the sides of any triangle which is drawn so as to have tts 
sides respectively parallel to the directions of the forces. 

Let the three forces P, Q, and 2, acting at a point 0, 
be in equilibrium. Measure off lengths OL and OM along 
the directions of P and Q to represent these forces respec- 


_ tively. 


Pa 
- Complete the parallelogram OLN M and join ON. 
Since the three forces P, Q, and & are in equilibrium, 
each must be equal and opposite to the resultant of the 


* 


aw 
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other two. Hence 2 must be equal and opposite to the 
resultant of P and Q, and must therefore be represented 
by VO. Also ZY is equal and parallel to OJL. 

~ Hence the three forces P, Q, and FR are parallel and 
proportional to the sides OZ, ZV, and VO of the triangle 
OLN. 

Any other triangle, whose sides are parallel to those of 
the triangle OZ, will have its sides proportional to those 
of OLN and therefore proportional to the forces. j 

Again, any triangle, whose sides are respectively per- 
pendicular to those of the triangle OL, will have its sides 
proportional to the sides of OLN and therefore Broper tions 
to the forces. 


39. The proposition of the last article gives an easy 
graphical method of determining the relative directions of 
three forces which are in equilibrium and whose magni- 
tudes are known. We have to construct a triangle whose 
sides are proportional to the forces, and this, by Euc. 1. 22, 
can always be done unless two of the forces addéd together 
are less than the third. 


40. Lami’s Theorem. If three forces acting on a 
particle keep it in equilibrium, each is proportional to the 
sine of the angle between the other two. 

Taking Fig., Art 38, let the forces P, Q, and R be in 
equilibrium. As before, measure off lengths OZ and OM to 
represent the forces P and Q, and complete the parallelo- _ 
gram OLNM. Then NO represents J, 

Since the sides of the triangle OLN are proportional to 
_ the sines of the opposite angles, we have 

OL baa NO 
snZNO sinZON sin OLN’ 
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But 
sin LVO=sin NOM = sin (180° —QOR) =sin QOR, 
sin LON =sin (180° —-ZOR)=sin ROP, 


and ~* sinOLN=sin(180°—POQ)=sin POQ. 
Also LN =0OWM. 
Hence : ef = ne Te = Paes 
snQYOR sin ROP sin POQ’ 
Ve Q R 


sin QOR sin ROP sin POQ’ 
_ 41. Polygon of Forces. Tf-any number of forces, 
acting on a particle, be represented, in magnitude and 


direction, by the sides of a polygon, taken wm order, the 
forces shall be in equilibrium. 


Let the sides AB, BC, CD, DE, EF and FA of the 
polygon ABCDEF represent the forces acting on a particle 
O. Join AC, AD and AL. 

By the corollary to Art. 36, the resultant of forces AB 
and BC is represented by AC. : 

Similarly the resultant of forces AC’ and CD is repre- 
sented by AD; the resultant of forces AD and D# hy AE; 

and the resultant of forces AH and HI’ by AL. 
- Hence. the resultant of all the forces is equal to the 
resultant of AZ and IA, i.e. the resultant vanishes. 


anil 


=~ at 
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Hence the forces are in equilibrium. 


A similar method of proof will apply whatever be the 
number of forces. It is also clear from the proof that the 
sides of the polygon need not be in the same plane. 


The converse of the Polygon of Forces is not true; for the ratios of 
the sides of a polygon are not known when the directions of the sides 
are known. For example, in the above figure, we might take any 
point 4’ on AB and draw d’F’” parallel to AF to meet EF in F’; the 
new polygon 4’BODEF’ has its sides respectively parallel to those of 
the polygon ABCDEF but the corresponding sides are clearly not 
proportional. - 


42. The resultant of two forces, acting at a point O in 
directions OA and OB and represented in magnitude by 
X. OA and wp. OB, is represented by (A +p). OC, where C is 
a pont in AB such that’. CA =p. OB. 

For let C divide the line AB, such that 


\.CA=p.CB. 


Complete the parallelograms OC'AD and OCBE. 
By the parallelogram of forces the force \. OA is 
equivalent to forces represented by \. OO and d. OD. 
. Also the force p,. OB is equivalent to forces re 
by p. OC and p. OF. 
Hence the forces X. OA and ». OB are together equiva- 


lent to a force (A +») OC together with forces . OD and 
u. OF. 


presented 
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But, (since 1. OD=A.CA=p.CB=p. OL) these two 
latter forces are equal and opposite and therefore are in 
equilibrium. 

Hence the resultant is (A +). OC. 


Cor. The resultant of forces represented by OA and 
OB is 20C, where C is the middle point of AB. 

This is also clear from the fact that OC is half the 
diagonal OD of the parallelogram of which OA and OB are 
adjacent sides. 


EXAMPLES. III. 


1. Three forces acting at a point are in equilibrium; if they 
make angles of 120° with one another, shew that they are equal. 

If the angles are 60°, 150°, and 150°, in what proportions are the 
forces ? 

9. Three forces acting on a particle are in equilibrium; the angle 
between the first and second is 90° and that between the second and 
third is 120°; find the ratios of the forces. 


8. Forces equal to 7P, 5P, and 8P acting on a particle are in 
equilibrium; find, by geometric construction and by calculation, the 
angle between the latter pair of forces. 


4. Forces equal to 5P, 12P, and 13P acting on a particle are in 
equilibrium; find by geometric construction and by calculation the 
angles between their directions. 


5. Construct geometrically the directions of two forces 2P and 
83P which make equilibrium with a force of 4P whose direction is 
given. 

6. The sides AB and AC of a triangle ABC are bisected in D and 
E; shew that the resultant of forces represented by BE and DC is 
represented in magnitude and direction by $BC. 


7, P is a particle acted on by forces represented by \. AP and 
\.PB where A and B are two fixed points; shew that their resultant 
is constant in magnitude and direction wherever the point P may be. 


8, ABCD is a parallelogram; a particle P is attracted towards A 
and C by forces which are proportional to PA and PC respectively and 
repelled from Band D by forces proportional to PB and PD; shew 
that P is in equilibrium wherever it is situated. 

The following are to be solved by geometric construction. In 
each case P and Q are two forces inclined at an angle a and R is their 
resultant making an angle @ with P. Be 


— <4 
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9, P=25 lbs. wt., Q=20 lbs. wt. and @=35°; find Rand a. 
10. P=50 kilog., Q=60 kilog. and R=70 kilog.; find a and @. 
ll. P=30, R=40 and a=130°; find Q and @. 

12. P=60, a=75° and ¢=40°; find Q and RK. 
13. P=60, R=40 and 6=50°; find Q and a. 
14. P=80, a=55° and R=100; find @ and @. 


15. A boat is being towed by means of a rope which makes an 
angle of 20° with the boat’s length; assuming that the resultant 
reaction R of the water on the boat is inclined at 40° to the boat’s 
length and that the tension of the rope is equal to 5 ewt., find, by 
drawing, the resultant force on the boat, supposing it to be in the 
direction of the boat’s length. 


EXAMPLES. IV. 


]. Two forces act at an angle of 120°. The greater is represented 
by 80 and the resultant is at right angles to the less. Find the latter. 


9. If one of two forces be double the other and the resultant be 
equal to the greater force, find the angle between the forces. 


8. Two forces acting on a particle are at right angles and are 
balanced by a third force making an angle of 150° with one of them. 
The greater of the two forces being 3 Ibs. weight, what must be the 
values of the other two? 


4. The resultant of two forces acting at an angle equal to $ds 
of a right angle is perpendicular to the smaller component. The 
greater being equal to 30 Ibs. weight, find the other component and 
the resultant. ~ 


5. The magnitudes of two forces are as 3:5, and the direction of 
the resultant is at right angles to that of the smaller force; compare 
the magnitudes of the larger force and of the resultant. 


=. 6: The sum of two forces is 18, and the resultant, whose direction 
is perpendicular to the lesser of the two forces, is 12; find the magni- - 
tude of the forces. 


._ If two forces P and Q act at such an angle that R=P, shew 
that, if P be doubled, the new resultant is at right angles to Q. 


8. The resultant of two forces P and Q is equal to ,/3Q and 
makes an angle of 30° with the direction of P; shew-that P is either 
equal to, or is double of, Q. 


9. Two forces equal to 2P and P respectively act on a particle; if 
the first be doubled and the second increased by 12 lbs. weight the 
direction of the resultant is unaltered; find the vali of P. 


‘ 
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10, The resultant of two forces P and Q acting at an angle @ is - 
equal to (2m+1)V P*+@?; when they act at an angle 90°-6, the 
resultant is (2m—1)VP?+@Q?; prove that 


tan @= = = 
m+1 


11]. The resultant of forces P and Q is R; if Q be doubled R is 
doubled, whilst, if Q be reversed, R is again doubled; shew that 


Pr Q sR l2 onf3 2 n/2. 


12, If the resultant, R, of two forces P and Q, inclined to one 
another at any given angle, make an angle @ with the direction of P, 
shew that the resultant of forces (P+R) and Q, acting at the same 


given angle, will make an angle $ with the direction of (P+ R). 


13. Three given forces acting at a point are in equilibrium. If 
one of them be turned about its point of application through a given 
angle, find by a simple construction the resultant of the three, and, if 
the inclination of the force continue to alter, shew that the inclination 
of the resultant alters by half the amount. 


14, Decompose a force, whose magnitude and line of action are 
given, into two equal forces passing through two given points, giving 
a geometrical construction, (1) when the two points are on the same 
side of the force, (2) when they are on opposite sides. 


15. ‘Two given forces act at two given points of a body; if-they 
are turned round those points in the same direction through any two 
equal angles, shew that their resultant will always pass through a 
fixed point. 


16. 4, B, and C are three fixed points, and P is a point such 
that the resultant of forces PA and PB always passes through C; shew 
that the locus of P is a straight line. 


17, A given force acting ata given point in a given direction is 
resolved into two components. If for all directions of the components 
one remains of invariable magnitude, shew that the extremity of the 
line representing the other lies on a definite circle. 


18. Shew that the system of forces represented by the lines 
joining any point to the angular points of a triangle is equivalent to 
the system represented by straight lines drawn from the same point to 
the middle points of the sides of the triangle. 


19, Find a point within a quadrilateral such that, if it be acted 
on by forces represented by the lines joining it to the angular points 
of the quadrilateral, it will be in equilibrium. 


eof 


~ 
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920. Four forces act along and are proportional to the sides of the 
quadrilateral ABCD; three act in the directions AB, BC, and CD and 
the fourth acts from 4 to D; find the magnitude and direction of 
their resultant, and determine the point in which it meets CD, 


91. The sides BC and DA of a quadrilateral 4 BCD are bisected 
in F and H respectively; shew that if two forces parallel and equal to 
AB and DC act on a particle, then the resultant is parallel to HF and 

equal to 2. HF. 


22. The sides 4B, BC, CD, and DA of a quadrilateral 4 BCD are 
- bisected at HZ, F, G, and H respectively. Shew that the resultant of the 
forces acting at a point which are represented in magnitude and 
direction by EG and HF is represented in magnitude and direction 
by AC. 


23. From a point, P, within a-cirele whose centre is fixed, 
straight lines PA,, PA,, PA, and PA, are drawn to meet the circum- 
ference, all being equally inclined to the radius through P; shew 
that, if these lines represent forces radiating from P, their result- 
ant is independent of the magnitude of the radius of the circle. 


CHAPTER IIE. 
COMPOSITION AND RESOLUTION OF FORCES (continued). 


-2-1G 43. The sum of the resolved parts of two forces in 
a given direction is equal to the resolved part of their re- 
sultant in the same direction. 

Let OA and OF represent the two forces P and Q, and 
OC their resultant 2, so that OACB is a parallelogram. 


Let OX be the given direction ; draw AL, BM, and CV 
perpendicular to OX and AT’ perpendicular to CN. 
The sides of the two triangles OBM, ACT are respec- 
tively parallel, and OB is equal to AC in magnitude ; 
dbs AT aL, 
Hence ON=OL + LN=OL + OM. 
But OL, OM, and ON represent respectively the resolved 
parts of P, Q, and & in the direction OX. 
Hence the theorem is proved. 
The theorem may easily be extended to the resultant of 
-any number of forces acting at a point. 
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44. To find the resultant of any number of forces 
~ in one plane acting upon a particle. 
Let the forces P, Q, &... act upon a particle at O. 


Xx 

Through O draw a fixed line OX and a line OY at right 
angles to OX. 

Let the forces P, Q, R,... make angles a, B, y... with 
OX. 

The components of the force P in the directions OX 
and OY are, by Art. 30, Pcosa and Psina respectively ; 
similarly, the components of Q are Qcosf and QsinB; 
similarly for the other forces. 

Hence the forces are equivalent to a component, 

Pcosa+@Q cos B+ Reosy... along OX, 
and a component, 
Psina+Qsin B+ Rsin y... along OY. 

Let these components be XY and Y respectively, and let 
F be their resultant inclined at an angle 6 to OX. 

Since / is equivalent to /’cos @ along OX, and F'sin@ 
along OY, we have, by the previous article, 


£ 008 O m= Teh eee (1), 
and F sin OF Yin ek (2). 
Hence, by squaring and adding, 
I?= X? + y>: 
y 


Also, by division, tan 6 = a 
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These two equations give #’ and 6, i.c., the magnitude 
and direction of the required resultant. 


Ex. 1. 4d particle is acted upon by three forces, in one plane, equal 
to 2, 2,/2, and 1 lbs. weight respectively ; the first is horizontal, the 
second acts at 45° to the horizon, and the third is vertical; Jind their 
resultant. 

Here epee. LOS BAIS apt 


: 1 
Hebe saan iL = 24/2 atlas. 
Hence F'cos@=4; Fsin6=3; 
 F=V#2432=5, and tan o= 2. 


The resultant is therefore a force equal to 5 Ibs. weight acting at 
an angle with the horizontal whose tangent is 3, 4.e. 36°52’. 


Ex. 2. A particle is acted upon by forces represented by P, 
2P, 3,/3P, and 4P; the angles between the first and second, the 
second and third, and the third and fourth are 60°, 90°, and 150° 
respectively. Shew that the resultant is a force P in a direction 
inclined at an angle of 120° to that of the first force. 


In this example it will be a simplification if we take the fixed line 


OX to coincide with the direction of the first foree P; let XOX’ and 
YOY’ be the two fixed lines at right angles. 


The second, third, and fourth forces are respectively in the first, 
second, and fourth quadrants, and we have clearly 
si ' BOX=60°; COX’=30°; and DOX=60°. 


ae 


e<) 
bo 
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The first force has no component along OY. 


The second force is equivalent to components 2Peos60° and 
2P sin 60° along OX and OY respectively. 


The third force is equivalent to forces 
3,/3P cos30° and 3,/3P sin 30° 
along OX’ and OY respectively, . 
i.e. to forces ~3,/3P cos 30° and 3,/3P sin 30° along OX and OY. 


So the fourth force is equivalent to 4P cos 60° and 4P sin 60° along 
OX and OY’, i.e, to 4P cos 60° and —4Psin 60° along OX and OY. 


Hence X=P+2P cos 60° —3,/3P cos 30° + 4P cos 60° 


9P 2 
=P+P- 5) +2P= -F 
and Y=0+2P sin 60°+3,/3P sin 30° — 4P sin 60° 


3 
= Py +oN8 pap. w= NS p. 


Hence, if /’ be the resultant at an angle @ with OX, we have 
F=VX2+Y7=P, 


and tan I=>= —,/3=tan 120°, 
so that the resultant is a force~P at an angle of 120° with the first 
force. 


45. Graphical Construction. The resultant of 
a system of forces acting at a point may also be obtained 
by means of the Polygon of Forces. For, (Fig. Art. 41,) 
forces acting at a point O and represented in magnitude 
and direction-by the sides of the polygon ABCDEF are in 
equilibrium. Hence the resultant of forces represented by 
AB, BC, CD, DE, and EF must be equal and opposite to 
the remaining force FA, i.e., the resultant must be repre- 
sented by AJ’. 

It follows that the resultant of forces P,Q, R, S, and 7 
acting on a particle may be obtained thus; take a point A 
and draw AB parallel and proportional to P, and in 
succession BC, CD, DE, and EF parallel and proportional 
respectively to Y, R, S, and 7’; the required resultant will 
be represented in magnitude and direction by the line 4F. 
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The same construction would clearly apply for any 
number of forces. 
Ex. Four forces equal to 2, 24,1 and 3 kilogrammes wt. act along 


straight lines OP, OQ, OR and OS, such that £ POQ=40°, Z QOR=100¢, 
and £ ROS=125°; find their resultant in magnitude and direction. 


Draw AB parallel to OP and equal to 2 inches; through B draw BC 
parallel to OQ and equal to 2:5 inches, and then CD parallel to ORand 
equal to 1 inch, and finally DE parallel to OS and equal to 3 inches.” 
On measurement we have AH equal to 2°99 inches and 4 BAH equal 
to a little over 14°. 


Hence the resultant is 2-95 kilogrammes wt. acting at 14° to OP. 


EXAMPLES. YV. 
[Questions 2, 3, 4, 5, and 8 are suitable for graphic solutions.] 


1. Forces of 1, 2, and ,/3 lbs. weight act at a point A in 
directions AP, AQ, and AR, the angle PAQ being 60° and PAR a 
right angle; find their resultant. 


2. A particle is acted on by forces of 5 and 3 lbs. weight which — 
are at right angles and by a force of 4 Ibs. weight bisecting the angle 
between them; find the force that will keep it at rest. 


3. Three equal forces, P, diverge from a point, the middle one 
being inclined at an angle of 60° to each of the others: Find the 
resultant of the three. 


L, 8. | me 
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4, Three forces 5P, 10P, and 13P act in one plane on a particle, 
the angle between any two of their directions being 120°. Find the 
magnitude and direction of their resultant. 


5. Forces 2P, 3P, and 4P act at a point in directions parallel to 
the sides of an equilateral triangle taken in order; find the magnitude 
and line of action of the resultant. 


6; Forces P,, P,, P,, and P, act on a particle O at the centre of a 
square ABCD; P, and P, act along the diagonals OA and OB, and 
P, and P, perpendicular to the sides AB and BC. Ii 

PEEP ale Pah gis ey OeOistL, 
find the magnitude and direction of their resultant. 


7. ABCD is a square; forces of 1 lb. wt., 6 lbs. wt., and 9 Ibs. wt. 
act in the directions 4B, AC, and AD respectively; find the magnitude 
of their resultant correct to two places of decimals. 


8. Five forces, acting at a point, are in equilibrium; four of 
them, whose respective magnitudes are 4, 4, 1, and 3 lbs. weight make, 
in succession, angles of 60° with one another. Find the magnitude 
of the fifth force. Verify by a drawing and measurement. 


9. Four equal forces P, Q, R, and S act on a particle in one 
. plane; the angles between_P and Q, between Q and R, and between 
Rand S are all equal and that between P and Sis 108°. Find their 
resultant, 


10. Forces of 2, ,/3, 5, ./3, and 2 Ibs. wt. respectively act at 
one of the angular points of a regular hexagon towards the five other 
-angular points; find the direction and magnitude of the resultant. 


ll. Forces of 2, 3, 4, 5, and 6 lbs. wt. respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order;. find their resultant. 


12. Shew that the resultant of forces equal to 7, 1, 1, and 3 lbs. 
wt. respectively acting at an angular point of a regular pentagon 
towards the other angular points, taken in order, is 71 Ibs. wt. 
Verify by a drawing and measurement. 


_ 18, Equal forces P act on an angular point of an octagon towards 
each of the other angular points; find theis rosaliont: me 


By the use of trigonometrical Tables, or by a graphic construction 
find the magnitude (to two places of decim: ) and the direction (to 
the nearest minute by calculation, and to the nearest degree by 
drawing) of the resultant of ; 


14, three forces equal to 11, 7, and 8 lbs. weight, making angle 
of 18°18’, 74°50’, and 130°20’ with nfixedline, ~~ 
/ weed 
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15, four forces equal to 4, 3, 2, and 1 1b. weight, making angles 
of 20°, 40°, 60°, and 80° with a fixed line, 


16. four forces equal to 8, 12, 15, and 20 lbs. weight, making 
angles of 30°, 70°, 120°15’, and 155° with a fixed line, 


_ 17, three forces equal to 85,47, and 63 kilog. wt. acting along 
lines OA, OB, and OC, where z AOB=78° and z BOC =125°. 


46. To find the conditions of equilibrium of any 


number of forces acting upon a particle. 
Let the forces act upon a particle 0 as in Art. 44. 


Jf the forces balance one another the resultant must 
vanish, z.e. / must be zero. 

Hence - A? + ¥7=0, 

Now the sum of the squares of two real quantities 
cannot be zero unless each quantity is separately zero; - 
an t=O, and. *¥ 20, 

Hence, if the forces acting on a particle be in equi- 
librium, the algebraic sum of their resolved parts in two 
directions at right angles are separately zero. 

Conversely, if the sum of their resolved parts in two 
directions at right angles separately vanish, the forces are 
~ in equilibrium. : 

For, in this case, both X and Y are zero, and therefore 
I is zero also. 

Hence, since the resultant of the forces vanishes, the 


forces are in equilibrium. 


47. . When there are only three forces acting on a 
particle the conditions of equilibrium are often most easily 
found by applying Lami’s Theorem (Art. 40). 

3—2 
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48. Ex.1. A body of 65 lbs. weight is suspended by two strings 
of lengths 5 and 12 feet attached to two points in the same horizontal 
line whose distance apart is 13 feet; find the tensions of the strings. 

Let AC and BC be the two strings, so that 
AC=5ft., BC=12 ft., and AB=13 ft. 


aes 


Since 13?=12?+ 5°, the angle 4CB is a right angle. 
Let the direction CE of the weight be produced to meet 4B in D; 
also let the angle CBA be @, so that 
4 ACD=90°-— 4 BCD= 2 CBD=8. 


Let T, and T, be the tensions of the strings. By Lami’s theorem 
we have ‘ 


Ty 5: ig “2 65 : 
sin ECB smECA_ sin ACB’ 
x ke A 65 


ay gees ee ‘hoe ata a 
‘ sin BOD sin@~ sin 90°’ 
.. T',;=65 cos 0, and T,=65 sin 6. 


BC 12 , AG 2D 
RA 13? and sin @ =i BB 
* T,=60, and 7,=25 lbs. wt. 
Otherwise thus; The triangle 4CB has its sides respectively per- 
pendicular to the directions of the forces 7,, 7,, and 655 


7? 65 


But cos @ = 


—BO..C4 — 15? 
Fett) ees AC 
. T, = 657, = 60, and T, = 65 75 = 25. 


Graphically; produce BC to meet a vertical line through A in O. 
Then ACO is a triangle haying its sides parallel to the three forces 
1,, T,, and W. Hence it is the triangle of forces, and 
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Ex. 2. A string ABCD, attached to two fixed points A and D, has 
two equal weights, W, knotted to it at B and C and rests with the 
portions AB and CD inclined at angles of 30° and 60° respectively 
to the vertical. Find the tensions of the portions of the string and the 
inclination of BC to the vertical. 

Let the tensions in the strings be T,, T,, and T, respectively and 
let BC be inclined at an angle @ to the vertical. 

[N.B. The string BC pulls B towards C and pulls C towards B, 
the tension being the same throughout its length.] 

Since B is in equilibrium the vertical components and the hori- - 


zontal components of the forces acting on it must both vanish 
(Art. 46). 


Hence T6083 30° = Te. GOs a=W santo dnatcsesdshoss (1), 
and AU BITL BOS SSO =O Sac tetaes .oceacea nate (2). 
Similarly, since C is in equilibrium, 
EEE COS. OU cl Le CORSO ==) eacigeancina. Wem ete (3)58 
and . He sim BOS — 7, SLO == Oman. e arctan tase (4). 


From (1) and (2), substituting for 7, we have 
W = T, [cot 30° sin 6 — cos 6]= T,[,/3 sin 0 — cos 6]......(5). 
So from (3) and (4), substituting for T,, we have 
= ee 
W = T, [cot 60° sin 6 + cos 6]= 7, [75 sin 0 + cos 0 een (6) ; 
therefore from (5) and (6), Z 
VB sin go cab 22 sin @+ cos 0; 


WE} 
*, 2sin 0=2,/3 cos 0; 
“. tan 0=,/8, and hence 0=60°. 


Substituting this value in (5), we have 
F set agth 
W=1, [vs _ +5 |=. 


ya 
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Hence from (2), we have 


5 BUbGO? bear 
T= Tae tN 
in 6 
and from (4) T=, a =1,=W. 


Hence the inclination of BC to the vertical is 60°, and the tensions 
of the portions AB, BC, and CD are W,/3, W, and W respectively. 


EXAMPLES. VI. 


1, wo men carry a weight W between them by means of two 
ropes fixed to the weight; one rope is inclined at 45° to the vertical 
and the other at 30°; find the tension of each rope. 


9. A body, of mass 2 lbs., is fastened to a fixed point by means 
of a string of length 25 inches; it is acted on by a horizontal force F 
and rests at a distance of 20 inches from the vertical line through 
the fixed point; find the value of F and the tension of the string. 


3. A body, of mass 130 lbs., is suspended from a horizontal beam 
by strings, whose lengths are respectively 1 ft, 4 ins. and 6 ft. 3 ins., 
the strings being fastened to the beam at two points 5 ft. 5 ins. apart. 
What are the tensions of the strings? 


4, .A body, of mass 70 Ibs., is suspended by strings, whose lengths 
are 6 and 8 feet respectively, from two points in a horizontal line 
whose distance apart is 10 feet; find the tensions of the strings. 


5, A mass of 60 lbs. is suspended by two strings of lengths 
9 and 12 feet respectively, the other ends of the strings being attached 
to two points.in a horizontal line at a distance of 15 feet apart; find 
the tensions of the strings. 


6. A string suspended from a ceiling supports three bodies, each 
of mass. 4 lbs., one at its lowest point and each of the others at 
equal distances from its extremities; find the tensions of ‘the parts 
into which the string is divided. ; 


7, Two equal masses, of weight W, are attached to the extremities 
of thin string which passes over 3 tacks in a wall arranged in the 
form of an isosceles triangle, with the base horizontal and with a 
vertical angle of 120°; find the pressure on each tack. , 


8, Astream is 96 feet wide and a boat is dragged down the middle ~ 
of the stream by two men on opposite banks, each of whom pulls 
with a force equal to 100 lbs. wt.; if the ropes be attached to the same 
point of the boat and each be of length 60 feet, find the resultant 


force on the boat. 
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9, A string passing over two smooth parallel bars in the same 
horizontal plane has two equal weights fastened to its ends and 
another equal weight is fastened to a point of the string between the 
bars; find the position of equilibrium of the system and the thrust 
upon each bar. 


10. A string is tied to two points in a horizontal plane; a ring of 
weight 27 lbs. can slide freely along the string and is pulled by a 
horizontal force equal to the weight of P lbs. If in the position of 
equilibrium the portions of the string be inclined at angles of 45° and 
75° to the vertical, find the value of P. 


11. Two weightless rings slide on a smooth yertical circle and 
through the rings passes a string which carries weights at the two 
ends and at a point between the rings. ‘If equilibrium exist when 
the rings are at points distant 30° from the highest point of the circle, 

- find the relation between the three weights. 


12. Two masses, each equal to 112 lbs., are joined by a string 
which passes over two small smooth pegs, A and B, in the same 
horizontal plane; if a mass of 5 lbs. be attached to the string halfway 
between A and B, find in inches -the depth to which it will descend 
below the level of AB, supposing AB to be 10 feet. 

What would happen if the small mass were attached to any other 
point of the string? 


13, A body, of mass 10 lbs., is suspended by two strings, 7 and 24 
inches long, their other ends being fastened to the extremities of a 
rod of length 25 inches. If the rod be so held that the body hangs 
immediately below its middle point, find the tensions of the string. 


14, A heavy chain has weights of 10 and 16 lbs. attached to its 
ends and hangs in equilibrium over a smooth pulley; if the greatest 
tension of the chain be 20 lbs. wt., find the weight of the chain. | 


15, A heavy chain, of length 8 ft. 9 ins. and weighing 15 lbs., 
has a weight of 7 lbs. attached to one end and is in equilibrium 
hanging over a smooth peg. What length of the chain is on each 
side? 


16., A body is free to slide on a smooth vertical circular wire and 
is connected by a string, equal in length to the radius of the circle, 
to the highest point of the circle; find the tension of the string and 
the reaction of the circle. ; 


17. A uniform plane lamina in the form of a rhombus, one of 
whose angles is 120°, is supported by two forces applied-at the centre 
in the directions of the diagonals so that one side of the rhombus 
is horizontal; shew that, if P and Q be the forces and P be the 
greater, then : 

F2=3Q?, 
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18. The ends of a driving rein are passed through two smooth 
rings which are fastened, one to each side of the bit. .They are then 
doubled back and tied to fixed points in the headpiece one on each 
side of the horse’s head. Find the pressure produced by the bit on 
the horse’s tongue by a given pull P of the driver. 


19. Three equal strings, of no sensible weight, are knotted 
together to form an equilateral triangle ABC and a weight W_is 
suspended from A. If the triangle and weight be supported, with BC 
horizontal, by means of two strings at B and C, each at the angle 
of 135° with BC, ‘shew that the tension in BC is 


W 
| (3-3). 


90. Three weightless strings 4C, BC, and AB are knotted to- 
gether to form an isosceles triangle whose vertex is C. Ifa weight W 
be suspended from C and the whole be supported, with AB horizontal, 
by two forces bisecting the angles at 4 and B, find the tension,of the 
string AB. : 


91. A weightless string is suspended from two points not in the 
same horizontal line and passes through a small smooth heavy ring 
which is free to slide on the string; find the position of equilibrium of 
the ring. 

If the ring, instead of being free to move on the string, be tied to 


a given point of it, find equations to give the ratio of the tensions of 
the two portions of the string. 


92. ‘Four pegs are fixed in a wall at the four highest points of a 
regular hexagon (the two lowest points of the hexagon being in a - 
horizontal straight line) and over these is thrown a loop supporting’ a 
weight W; the loop is of such a length that the angles formed by 


it at the lowest pegs are right angles. Find the tension of the string 
and the presstres.on the pegs. 


93. Explain how the force of the current may be used to urge 
a ferry-boat across the river, assuming that the centre of the boat 


is attached by a long rope to @ fixed point in the middle of the 
stream. 


24, Explain how a vessel is enabled to sail in a direction nearly 
opposite to that of the wind. 


Shew also that the sails of the vessel should be set so as to bisect 
the angle between the keel and the apparent direction of the wind in 


order that the force to urge the vessel forward may be as great as 
possible. ; 


[Let AB be the direction of the keel and therefore that of the 
ship’s motion, and OA the apparent direction of the wind, the angle 
OAB being acute and equal to a. Let AC be the direction of the gail, 
AC being between OA and AB and the angle BAC being 6. 
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Let P be the force of the wind on the sail; resolve it in directions 
along and perpendicular to the sail. The component (Ad =) Pecos (a — @) 
along the sail has no effect. The component (L.A =) P sin (a — 6) per- 
pendicular to the sail Tay again be resolved into two, viz. (NA =) 
P sin (a—6@)cos@ perpendicular to 4B and (Md=) Psin(a—6)sin@ 
along AB — ‘ 


The former component produces motion sideways, i.c. in a direction 
perpendicular to the length of the ship. This is called lee-way and is 
considerably lessened by the shape of the keel which is so designed as 
to give the greatest possible resistance to this motion. . 


The latter component, Psin (a-6)sin 6, along AB is never zero 
unless the gail is set in either the direction of the keel or of the wind, 
or unless a is zero in which case the wind is directly opposite to the 
direction of the ship. : 


Thus there is always a force to make the ship move forward; but 
the rudder has to be continually applied to counteract the tendency 
of the wind to turn the boat about. 


This force = }P[cos (a — 20) — cosa] andbit is therefore greatest when 
cos (a — 20) is greatest, i.e. when a—20=0, t.c. when 0=5 , i.e. when 


the direction of the sail bisects the angle between the keel and the 
apparent direction of the wind.] 


49. Examples of graphical solution. Many 
problems which would be difficult or, at any rate, very 
laborious, to solve by analytical methods are comparatively 


easy to solve graphically. 


o. aa 
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These questions are of common occurrence in ‘en- 
gineering and other practical work. There is generally 
little else involved besides the use of the Triangle of Forces 
and Polygon of Forces. 


- The instruments chiefly used are :—Compasses, Rulers, 
Scales and Diagonal Scales, and Protractors for measuring 
angles. 


The results obtained are of course not mathematically 
accurate; but, if the student be careful, and skilful in 
the use of his instruments, the answer ought to be trust- 
worthy, in general, to the first place of decimals. 

In the following worked out examples the figures are 
reduced from the original drawings; the student is recom- 


mended to re-draw them for himself on the scale mentioned 
in each example. 


50. Ex. 1. ACDB is a string whose ends are attached to two 
points, A and B, which are in a@ horizontal line and aré seven feet 


2) 
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apart. The lengths of AC, CD, and DB are 34, 3, and 4 feet respec- 
tively, and at C is attached a one-pound weight. An unknown weight 
is attached to D of such a magnitude that, in the position of equilibriwn, 
CDB is a right angle. Find the magnitude of this weight and the 
tensions of the strings. 

Let 7,, T,, and J’, be the required tensions and let x Ibs. be the 
weight at D. 

Take a vertical line OL, one inch in length, to represent the 
weight, one pound, at C. Through O draw OM parallel to AC, and 
through L draw LM parallel to CD. 

By the triangle of forces OM represents 7',, and LM represents T,. 

Produce OL vertically downwards and through M draw MN 
parallel to BD. ; 

Then, since LM represents 7’, it follows that T, is represented by 
MN, and x by LN. 

By actual measurement, we have 

OM=8-05 ins., LM=2:49ins., MN=5-l1 ins., 
and NL=5‘63 ins. 

Hence the weight at D is 5-63 lbs. and the tensions are respectively 
3:05, 2°49, and 5-1 Ibs. wt. 


Ex. 2. A and B are two points in a horizontal line at a distance 
of 16 feet apart; AO and OB are two strings of lengths 6 and 12 feet 


B 
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carrying, at O, a body of weight 20 lbs.; a third string, attached to the 
body at O, passes over a small smooth pulley at the middle point, C, of 
AB and is attached to a body of weight 5 lbs.; find the tensions of the 
strings AO and OB. 

Let 7, and T, be the required tensions. On. OC mark off OL, 
equal to one inch, to represent the tension, 5 lbs. wt., of the string OC. 
Draw LM vertical and equal to 4 inches. Through M draw MN, 
parallel to OB, to meet AO produced in N. 

Then, by the Polygon of Forces, the lines ON and NI will 
represent the tensions 7’, and 7). 

On measurement, ON and NM are found to be respectively 3-9 and 
2°45 inches, . 

Hence T,=5x3°9 =19°5 Ibs. wi., 
and T,=5 x 2°45 =12-25 lbs. wt. 


Ex. 3. The Crane. The essentials of.a Crane are represented 
in the annexed figure. AB is a vertical post; 40 a beam, called the 
jib, capable of turning about its end A; it is supported by a wooden 
bar, or chain, CD, called the tie, which is attached to a point D of the 
post AB. At Cis a pulley, over which passes a chain one end of which 


is attached to a weight to be lifted and to the other end of which, F, is 
applied the force which raises W. This end is usually wound round 
a drum or cylinder. The tie CD is sometimes horizontal, and often 
the direction of the chain CE coincides with it. In the above crane 
the actions in the jib and tie may be determined graphicalty as follows. 
ces iaoriee s! to i hoe Ww any scale, and then draw 
[ equa and parallel to CL; through M draw MN an 
AG and EN peralle05 DO. : ee 
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Then KLMN is a polygon of forces for the equilibrium of C; for 
we assume the tension of the chain to be unaltered in passing over the 
pulley C, and hence that the tension of CH is equal to W. Hence, if 7’ 
be the thrust of AC and 7” the pull of CD, we have 

eae 
MN NK KL’ 

Hence TY and 7” are represented by MN and NK on the same scale 

that AL represents W. 


EXAMPLES. VII. 


[The following examples are to be solved by geometric construction.] 


1, A boat is towed along a river by means of two ropes, attached 
to the same point, which are pulled by two men who keep at opposite 
points of the bank 50 feet apart; one rope is 30 feet long and is pulled 
with a force equal to the weight of 35 lbs., and the other rope is 
45 feet long; the boat is in this way made to move uniformly in a 
straight line; find the resistance offered to the boat by the stream and 
the tension of the second rope. 


9. The jib of a crane is 10 feet long, and the tie-rod is horizontal 
and attached to a point 6 feet vertically above the foot of the jib; find 
the tension of the tie-rod, and the thrust on the jib, when the crane 
supports a mass of 1 ton. 


3, A and B are two fixed points, B being below A, and the 
horizontal and vertical distances between them are 4 feet and 1 foot 
respectively; AC and BC are strings of length 5 and 3 feet respectively, 
and at C is tied a body of weight 1 cwt.; find the tensions of the 
strings. A § 


4, ABCD is a light string attached to two points, 4 and D, in the 
same horizontal line, and at the points B and C are attached weights. 
In the position of equilibrium the distances of the points B and C 
below the line AD are respectively 4 and 6 feet. If the lengths 
of AB and CD be respectively 6 and 8 feet and the distance AD be 
14 feet, find the weight at C, the magnitude of the weight at B being 
4 lbs. : 


5, A framework ABC is kept in a vertical plane with AB hori- 
zontal by supports at A and B; if the lengths AB, BC, and C4 be 10, 
7, and 9 feet respectively, and a weight of 10 ewt. be placed at C, find 
the reactions at 4 and B and the forces exerted by the different 
portions of the framework. 


6. A framework ABC is supported at A and B s0 that it isin a 
-yertical plane with AB horizontal, and a weight of 200 lbs. is hung 
on at C; if AB=5 feet, BC=4 feet, and AC=3 feet, find the tensions 
er thrusts in AC and CB, and the reactions at A and B. 
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7, The jib of a crane is 20 feet long, the tie 16 feet, and the post 
10 feet. A load of 10 cwts. is hung at the end of a chain which 
passes over a pulley at the end of the jib and then along the tie. 
Find the thrust in the jib and the pull in the tie. 


8. In the figure of Ex. 3, Art. 50, the tie DC is horizontal and 
the chain coincides with it; if W=500 lbs., AC=11 feet, and 
DC=5 feet, find the actions along DC and AC. 


9. In the figure of Ex. 3, Art. 50, the angle CDB=45°, and the 
angle A4CD=15°; the chain EC coincides with DC; if W be one ton, 
find the forces exerted by the parts AC, CD. 


10, In the figure of Ex. 3, Art. 50, DA =15 feet, DC=20 feet and 
AC=30 feet, and a weight of one ton is suspended from C, find the 
thrusts or tensions produced in AC, CD, and DA when the chain 
coincides with : 

(1) the jib-G4, 
(2) the tie CD. 


11, In the figure of Ex. 3, Art. 50, the jib AC is 25 feet long, 
the tie CD is 18 feet, AD=12 feet and AH=8 feet; find the tensions 
or thrusts in AC and CD, when a weight of 2 tons is suspended from 
. the end of the chain. 


12. ABCD is a frame-work of four weightless rods, loosely jointed 
together, AB and AD being each of length 4 feet and BC and CD of 
length 2 feet. The hinge C’is connected with 4 by means of a fine 
string of length 5 feet. Weights of 100 lbs. each are attached to B 
and D and the whole is suspended from 4. Shew that the tension in 
AC is 52 lbs. weight. 


13, In the preceding question, instead of the string AC a weight- 
less rod BD of length 3 feet is used to stiffen the frame; a weight of 
100 Ibs. is attached to C and nothing at Band D, Shew that the 
thrust in the rod-BD is about 77 lbs. weight. 


14, In question 12 there are no weights attached to B and D and 
the whole framework is placed on a smooth horizontal table; the 
hinges B and D are pressed toward one another by two forces each 
equal to the weight of 25 Ibs. in the straight line BD. Shew that the 
tension of the string is about 31:6 lbs. weight. 


__ 15, ABCD is a rhombus formed by four weightless rods loosely 
jointed together, and the figure is stiffened by a weightless rod, of 
one half the length of each of the four rods, joined to the middle 
points of AB and AD. If this frame be suspended from A and a 
weight of 100 lbs. be attached to it at C, shew that the thrust of the 
cross rod is about 115°5 lbs, weight. : 


CHAPTER IV. 
PARALLEL FORCES. 


_ 51. In Chapters m. and m1. we have shewn how to 
find the resultant of forces which meet in a point. In 
the present chapter we shall consider the composition of 
parallel forces. 

In the ordinary statical problems of every-day life parallel 
forces are of constant occurrence. 

Two parallel forces are said to be like when they act 
in the same direction; when they act in opposite parallel 
directions they are said to be unlike. 


52. 7o find the resultant of two parallel forces acting 
upon a rigid body. 

Case lI. Let the forces be like. 

Let P and Q be the forces acting at points A and B of 
the body, and let them be represented by the lines AZ and 
y:) | ee 

Join AB and at A and B apply two equal and opposite 
forces, each equal to 5, and acting in the directions BA and 
AB respectively. Let these forces be represented by AD 
and BE. These two forces balance one another and have 
no effect upon the equilibrium of the body. : 

Complete the parallelograms ALFD and BMGE; let 
_ the diagonals 'A and GB be produced to meet in O. ae 
OC parallel to AL or BM to meet AB in C, 
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The forces P and ‘§ at A have a resultant P,, represented 
by AF. Let its point of application be removed to 0. 


Sin. 0 2S ee 


So the forces @ and S at B_have a resultant Q, repre- 
sented by BG. Let its point of application be transferred 
to O. 

The force ?, at O may be resolved into two forces, 
S parallel to AD, and P in the direction 0c. 

So the force Q, at O may be resolved into two forces, 
S parallel to BE, and Q in the direction OC. 


Also these two forces S acting at O are in equilibrium, 

Hence the original forces P and Q are equivalent to a 
force (P+ Q) acting along OC, i.e. acting at C parallel to 
the original directions of P and Q. 

To determine the position of the point C. The triangle 
OCA is, by construction, similar to the triangle ALF ; 


00 Alig 
3 ” G4 > ER? 
so that Pa babe &. OCMaS panda Geet: 


v 
* 
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So, since the triangles OCB and BMG are similar, we 
have 
0c _ BI 
CB AMG <8” 
so that ides AG So aes eS (2), 
Hence, from (1) and (2), we have j 
P CA=Q CB, 
CA Q 
CBP” 


ae, C divides the line AB internally in the inverse ratio of 


so that 


the forces. 


Case II. Let the forces be unlike. = 

Let P, Q be the forces (P being the greater) acting at 
points A and B of the body, and let them be represented by 
the lines AZ and BM. 

Join AB, and at A and B apply two equal and opposite 
forces, each equal to S, and acting in the directions BA 
and AB respectively. Let these forces be represented by 
AD and BE respectively; they balanée one another and 
have no effect on the equilibrium of the body. 

Complete the parallelograms AL FD and BMGE, and 
produce the diagonals AY’ and GB to meet in O. 


[These diagonals will always meet unless they be parallel, in 
which case the forces P and @ will be equal.] 


Draw OC parallel to AZ or BM to meet AB in C. 
The forces P and S acting at A have a resultant P, 
represented by AV. Let its point of application be trans- 
ferred to 0. 
So the forces Y and S acting at B have a resultant Q, 
represented by BG, Let its point of application be trans- 
- ferred to 0. 


Lices 4 
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he force P, at O may be resolved into two forces, 
§ parallel to AD, and P in the direction CO produced. 


4P 
'O 
ee ee >-- 
5: As 
Qy i 


So the forces Q, at O may be resolved into two forces, 
S parallel to BH, and Q in the direction OC, 

Also these two forces S acting at O are in equilibrium. 

Hence the original forces P and @ are equivalent to 


a force P—@Q acting in the direction CO produced, 
i.e, acting at C in a direction parallel to that of P. 


To determine the position of the point C. The triangle 
OCA is, by construction, similar to the triangle /DA ; 
: 00 _FD_AL_P 
SiGAS DA AD 8° 
so that POLES AIG, co petOh ors svete (1), 


Also, since the triangles OCB and BMG are similar, we 
have 


Bet LS 
7 CB MG SS’ 
so that . 0. CBA OC -ccceecemett oe (2). 


Hence, from (1) and (2), P.CA=@Q.CB. 
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Carer) > Ee e 
Hence CB =p t C divides the line AB externally 
in the inverse ratio of the forces. 
To sum up; If two parallel forces, P and Q, act at 


points A and B of a rigid body, 


(i) their resultant is a force whose line of action is 
parallel to the lines of action of the component forces ; 
also, when the component forces are like, its direction is 
the same as that of the two forces, and, when the forces 
are unlike, its direction is the’same as that of the greater 
component. 


(ii) the point of application is a point Cvin AB such 

that ; 
P.AC=Q. BC. 

(iii) the magnitude of the resultant is the sum of the 
two component forces when the forces are like, and the 
difference of the two component forces when they are 
unlike. 


53. Case of failure of the preceding construction. 

In the second figure of the last article, if the forces 
P and @ be equal, the triangles YDA and GEB are equal 
in all respects, and hence the angles DAV’ and ZBG will be 
equal. 

In this case the lines AY’ and GB will be parallel and 
will not meet in any such point as 0; hence the construction 
fails, 

Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 

We shall return to the consideration of this case in 
Chapter vi. 

4—2 
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54, If we have a number of like parallel forces acting 
on a rigid body we can find their resultant by successive 
applications of Art. 53. We must find the resultant of the 
first and second, and then the resultant of this resultant 
and the third, and so on, 

The magnitude of the final resultant is the sum of the 
forces, 

If the parallel forces be not all like, the magnitude of 
the resultant will be found to be the algebraic sum of the 
forces each with its proper sign prefixed. 

Later on (see Art. 114) will be found formulae for 
calculating the centre of a system of parallel forces, ¢.e. the 
point at which the resultant of the system acts. 


55. Resultant of two ‘parallel forces. Haperimentat 
verrfication. 

Take a uniform rectangular bar of wood about 3 feet 
long, whose cross-section is a square of side an inch or 
rather more. A face of this bar should be graduated, say 
in inches or half inches, as in the figure. 


Let the ends A and B be supported by spring balances: 
which are attached firmly to a support. For this purpose 
a Salter’s circular balance is the more convenient form as 
it drops much less than the ordinary form when it is 


~ \ 
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stretched. On the bar AB let there be a movable loop C 
carrying a hook from which weights can be suspended ; 
this loop can be moved into any position along the bar. 

Before putting on any weights, and when Cis at the 
middle point of AB, let the readings of the balances D and 
# be taken. The bar being uniform, these readings should 
be the same and equal to & (say). 

Now hang known weights, amounting in all to W, on 
to C’, and move C into any position C, on the bar. Observe 
the new readings of the balances D ang E, and let them be 
P and Q respectively. 

Then P—#(=P,) and Q—R(=Q,) are the additional 
readings due to the weight W, and therefore P, and Q, are 
the forces at D and # which balance the force W at C). 

It will be found that the sum of 

and. 45 is equal. too W......2..«atrece (1). 

“Again measure carefully the distances AC, and BC}. 
It will be found that 

Wie, CNR T 4 Bad «1 8 Spec Se (2). 

In other words the resultant of forces P, and Q, at A 

and B is equal to P,+Q, acting at C,, where 

P, AC; =Q,. BOY. 
But this is the result given by the theoretical investigation 
of Art. 52 (Case I). . 

Perform the experiment again by shifting the position 
of O,, keeping W the same; the values of P, and Q, will 
alter, but their sum will still be W, and the new value ot 
P,. AC, will be found to be equal to the new value of 
GBC. , 

Similarly the theorem of Art. 52 will be found to be 
true for any position of C, and any value of IV. 


oe” 
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Numerical illustration. Suppose the weight of the beam and the 
attached apparatus (without any weights) to be 2lbs. Then the 
original reading, R, of the balances will be each 1 lb. Put on 
a weight of 41bs. at C and move C to C, until the readings of the 
balances A and B are respectively 4 and 2 lbs. 


Then a force 4 lbs. at C, is balanced by a force 3 lbs. (=4—1) at 
A and 1 lb. (=2-1) at B. 


Measure the distances AC, and BC,; they will be found to be 


9 inches and 27 inches respectively (assuming the length AB to be 
3 feet, i.e. 36 inches). . 5 


We thus have Pcl G3 095 
and AE Gres Chel beri 
and these are equal. 
Hence the truth of Art. 52 (Case J) for this case. 


Unlike parallel forces. 


In the last experiment the forces ?,, W and Q, at A, 
C,, and B are in equilibrium, so that the resultant of P, 
upwards and W downwards is equal and opposite to Q). 
Measure the distances-AB and C,B. Then it will be 
found that 

Q: =P ; 
and P, ABS WeGsh: 
Hence the truth of Art. 52 (Case IT) is verified. 


56. Ex. A horizontal rod, 6 feet long, whose weight may be neglected, 
rests on two supports at its extremities; a body, of weight 6 cwt., is 
suspended from the rod at a distance of 24 feet from one end; find the 
reaction at each point of support. If one support could only bear a 
thrust equal to the weight of 1 cwt., what is the greatest distance from 
the other support at which the body could be suspended ? 


6 ewe 


Let AB be the rod and R and _S the reactions at the points of sup- 
port. Let @ be the point at which the body is suspended so that 


~. 


i 
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AC=3h and CB= 21 feet. For equilibrium the resultant of R and S 
must balance 6 ewt, Hence, by Art. 52, 


FES, je thelr eae (1), 
> ame eae 

and 2 sD pe ere (2) 
pee Ope ge. 


ie 
Solving (1) and (2), we have R=2 ; and S= 
are 24 and 34 ewt. respectively. 


If the reaction at A can only be equal to 1 cwt., S must be 5 ewt. 
Hence, if AC be x, we have 


1_BO_6-« 
emp. he eter 
*. 2=5 feet. 


Hence BC is 1 foot. 


EXAMPLES. VIII. 


In the four following examples A and B denote the points of appli- 
cation of parallel forces P and Q, and C is the point in which their 
resultant R meets AB. 


1. Find the magnitude and position of the resultant (the forces 
being like) when 
(i) P=4; Q=7; AB=11 inches; 
(ii) P=11; Q=19; AB=2s feet; 
(iii) P=5; Q=5; AB=3 feet. 
9. Find the magnitude and position of the resultant (the forces 
being unlike) when ~ 
(i) P=17; Q=25; AB=8 inches; 
(ii) P=23; Q=15; AB=40 inches; 
(iii) P=26; Q=9; AB=3 feet. 
3. The forces being like, 
(i) if P=8; R=17; AC=4} inches; find Q and AB; 
(ii) if Q=11; AC=T7 inches; AB=8j inches; find P and KR; 
(iii) if P=6; AC=9 inches; CB=8 inches; find Q and R. 
4, The forces being unlike, 
(if P=83 R=17; AC=4+t inches; find Q and AB; 
(ii) if Q=11; AC= -T inches; AB=8} inches; find P and I; 
(iii) if P=6; AC=—9 inches; AB=12 inches; find Q and Fh. 


a a 
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5, Find two like parallel forces acting at a distance of 2 feet 
apart, which are equivalent to a given force of 20 Ibs. wt., the line 
of action of one being at a distance of 6 inches from the given force. 


6. Find two unlike parallel forces acting at a distance of 18 
inches apart which are equivalent to a force of 30 lbs. wt., the greater 
of the two forces being at a distance of 8 inches from the given force. 


7, Two parallel forces, P and Q, act at given points of a body; 
if Q be changed to eS shew that the line of action of the resultant is 


the same as.it would be if the forces were simply interchanged. 


8, ‘Two men carry a heavy cask of weight 13 ewt., which hangs 
from a light pole, of length 6 feet, each end of which rests on a 
shoulder of one of the men. The point from which the cask is hung 
is one foot nearer to one man than to the-other. What is the pressure 
on each shoulder? 


9, Two men, one stronger than the other, have to remove a 
block of stone weighing 270 lbs. by means of a light plank whose 
length is 6 feet; the stronger man is able to carry 180 lbs.; how must 
the block be placed so as to allow him that share of the weight? 


10. A uniform rod, 12 feet long and weighing 17 lbs., can turn 
freely about a point in it and the rod is in equilibrium when a weight 
of 7 lbs. is hung at one end; how far from the end is the point about 
which it can turn? 


N.B. The weight of a uniform rod may be taken to act at its 
middle point. 


11, Astraight uniform rod is 3 feet long; when a load of 5 lbs. 
is placed at one end it balances about a point 3 inches from that end; 
find the weight of the rod. ; 


12. A uniform bar, of weight 3 Ibs. and length 4 feet, passes over 
a prop and is supported in a horizontal position by a force equal to 
1 lb. wt. acting vertically upwards at the other end; find the distance 
of the prop from the centre of the beam. 


13, A heavy uniform rod, 4 feet long, rests horizontally on two 
pegs which are one foot apart; a weight of 10 lbs. suspended from 
one end, or a weight of 4 lbs. suspended from the other end, will just 
tilt the rod up; find the weight of the rod and the distances of the 
pegs from the centre of the rod. 


14, A uniform iron rod, 2} feet long and of weight 8 Ibs., is 
placed on two rails fixed at two points, 4 and B, in a vertical wall, 
AB is horizontal and 5 inches long; find the distances at which the 
ends of the rod extend beyond the rails if the difference of the thrusts 
on the rails be 6 lbs, wt. me 


~ 
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15, A uniform beam, 4 feet long, is supported in a horizontal 
position by two props, which are 3 feet apart, so that the beam pro- 
jects one foot beyond one of the props; shew that the force on one 
prop is double that on the other. 


16, A straight weightless rod, 2 feet in length, rests in a horizon- 
tal position between two pegs placed at a distance of 3 inches apart, 
one peg being at one end of the rod, and a weight of 5 lbs. is suspended 
from the other end; find the pressure on the pegs. 


17, One end of a heavy uniform rod, of weight W, rests on a 
smooth horizontal plane, and a string tied to the other end of the 
rod is fastened to a fixed point above the plane; find the tension 
of the string. 


18. A man carries a bundle at the end of a stick which is placed 
over his shoulder; if the distance between his hand and his shoulder 
be changed how does the pressure on his shoulder change? 


19. A man carries a weight of 50 lbs. at the end of a stick, 3 feet 
long, resting on his shoulder. He regulates the stick so that the 
length between his shoulder and his hands is (i) 12, (ii) 18 and (iii) 24 
inches; how great are the forces exerted by his hand and the pressures 
on his shoulder in each case? 


20. ‘Three parallel forces act on a horizontal bar. Each is equal 
to 1 lb. wt., the right-hand one acting vertically upward and the other 
two vertically down at distances of 2 ft. and 3 ft. respectively from 
the first; find the magnitude and position of their resultant. 


21. A portmanteau, of length 3 feet and height 2 feet and whose 
centre of gravity is at its centre of figure, is carried upstairs by two 
men who hold it by the front and back edges of its lower face. If this . 
be inclined at an angle of 30° to the horizontal, and the weight of the 
portmanteau be 1 ewt., find how much of the weight each supports. 


CHAPTER V. 
MOMENTS. 


57. Def. Zhe moment of a force about a given point 
is the product of the force and the perpendicular drawn 
from the given point upon the line of action of the force. 

Thus the moment of a force /’ about a given point O is” 


F x ON, where ON is the perpendicular drawn from O upon 
the line of action of /. 

It will be noted that the moment of a force 7 about 
a given point QO never vanishes, unless either the force 
vanishes or the force passes through the point about which 
the moment is taken. 


58. Geometrical representation of a moment. 


Suppose the force / to be represented in magnitude, 
direction, and line of action by the line AB. Let O be any 
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given point and OW the perpendicular from O upon AB or 


AB produced. 


Join OA and OB. 


By definition the moment of /’about O is I’x OW, we. 
ABx ON. But ABx OW is equal to twice the area of the 
triangle OAS [for it is equal to the area of a rectangle 
whose base is AB and whose height is OV]. Hence the 
moment of the force / about the point O is represented by 
twice the area of the triangle OAB, i.e. by twice the area of 
the triangle whose base is the line representing the force and 
whose vertex is the point about which the moment is taken. 


59. Physical meaning of the moment of a force about a 
point. 

Suppose the body in the figure of Art. 57 to be a plane 
lamina [7.e. a body of very small thickness, such as a piece 
of sheet-tin or a thin piece of board] resting on a smooth 
table and suppose the point O of the body to be fixed. 
The effect of a force F acting on the body would be to 
cause it to turn about the point O as a centre, and this 
effect would not be zero unless (1) the force ¥' were zero, or 
(2) the force /’ passed through O, in which case the distance 
ON would vanish. Hence the product /’ x ON would seem 
to be a fitting measure of the tendency of / to turn the 
body about 0. This may be experimentally verified as 
follows ; 
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Let the lamina be at rest under the action of two strings 
whose tensions are /’ and F,, which are tied to fixed points 
of the lamina and whose lines of action lie in the plane of 
the lamina. Let ON and ON, be the perpendiculars drawn 
from the fixed point O upon the lines of action of F 
yand J,. 


If we measure the lengths OV and OJ, and .also the 


forces / and J’, it will be found that the product /’. OW 
is always equal to the product /’,. Oj. 


Hence the two forces, 7 and F,, will have equal but 
opposite tendencies to turn the body about. O if their 
moments about. O have the same magnitude. 


These forces /” and F£, may be measured by carrying 
the strings over light smooth pulleys and hanging weights 
at their ends sufficient to give-equilibrium ; or by tying the 
strings to the hooks of two spring balances and noting the 
readings of the balances; as in the cases of Art. 25. 


60. Experiment. 7 shew that if a body, having 
one point fixed, be acted upon by two forces and it be at rest, 
then the moments of the two forces about the fixed point are 
equal but opposite. 
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Take the bar used in Art. 55 and suspend it at C so 
that it rests in a horizontal position ; if the bar be uniform 


CG will be its middle point ; if it be not uniform, then C will 
be its centre of gravity [Chapter rx]. The beam must be 
so suspended that it turns easily and freely about C. 

When the forces are parallel. From any two points 
A, B of the bar suspend carriers on which place weights 
until the beam again balances in a horizontal position. 

Let P be the total weight, including that of the carrier, 
at A, and @ the total weight similarly at B. Measure 
carefully the distances AC’ and BC. 

Then it will be found that the products P.AC and 
Q.BC are equal. 

The theorem can be verified to be true for more than 
two forces by placing several such carriers on the bar and 
putting weights upon them of such an amount that equi- 
librium is secured. 

In every such case it will be found that the sum of the 
moments of the weights on one side of C is equal to the 
sum of the moments of those on the other side. 

When the forces are not parallel. Arrange the bar as 
before but let light strings be attached at 4 and B which 
after passing over light pulleys support carriers at their 


ore 
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other ends, Let these carriers have weights put upon 
them until the beam balances in a horizontal position, 


Let P and @ be the total weights on the carriers 
including the weights of the carriers themselves ; these will 
be the tensions of the strings at A and B. 


Measure the perpendicular distances, p and g, from C 
upon OA and OB respectively. 


Then it will be found that 
P p=. g 


61. Positive and negative moments. In Art. 57 the 
force / would, if it were the only force acting on the 
lamina, make it turn in a direction opposite to that in 
which the hands of a watch move, when the watch is laid 
on the table with its face upwards, 


The force /, would, if it were the only force acting on 
the lamina, make it turn in the same direction as that in 
which the hands of the watch move. 


The moment of /’ about O, i.e. in a direction ); is said 


to be positive, and the moment of F, about O, ie. in a~ 
direction .), is said to be negative. 
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Algebraic sum of moments. The algebraic sum of the 
moments of a set of forces about a given point is the sum 
of the moments of the forces, each moment having its 
proper sign prefixed to it. 


Ex. ABCD is a square; along 
the sides AB, CB, DC, and DA forces 8 
act equal respectively to 6, 5, 8, and 
12 lbs. wt. Find the algebraic sum 
of their moments about the centre, O, 
of the square, if the side of the square \7 
be 4 feet. #2) 

The forces along DA and AB tend He) 
to turn the square about O in the 
positive direction, whilst the forces 
along the sides DC and CB tend to 
turn it in the negative direction. 


The perpendicular distance of O A “6 B 
from each force is 2 feet. 


cn 


Hence the moments of the forces are respectively 
+6x2, -—5x2, -8x2, and +12x2. 

Their algebraic sum is therefore 2[6-5-—8+12] or 10 units of 
moment, i.e. 10 times the moment of a force equal to 1 Ib. wt. acting 
at the distance of 1 foot from O. 

62. Theorem. he algebraic sum of the moments of 
any two forces about any point in their plane is equal to the 
moment of their resultant about the same point. 


Case lI. Let the forces meet in a pornt. 

Let P and Q acting at the point A be the two forces and 
O the point about which the moments are taken. Draw OC 
parallel to the direction of P to meet the line of action of 
Q in the point C. 

Let AC represent Q in magnitude and on the same 
scale let AB represent P; complete the parallelogram 
ABDC, and join OA and OB. - 


Then AD represents the resultant, £, of P and Q. 
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(a) If O be without the angle DAC, as in the first 
figure, we have to shew that 
2A0AB+2N0AC=2A0AD. 


[For the moments of P and Q about O are in the same direction. ] 


Since AB and OD are parallel, we have 
AQOAB=ADAB=AQACB..  [EKuc. 1. 37] 
2AOAB+2A0AC =2AACD+2A0ACH=2Q0AD. 
(8) If O be within the angle CAD, as in the second 
tigure, we have ta shew that 
2AAOB-2AAOC=2 A AOD. 
[For the moments of P and Q about O are in opposite directions. ] 
As in (a), we have 
~ ALAOB= ADAB= AACD, 
“2NAAOB-2A AOC = 2A ACD —2A0AG =2A0AD. 


Case II. Let the forces be parallel. 


bd 
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Let P and @ be two parallel forces and & (= P+ Q) 
their resultant. 

From any point O in their plane draw OAGB perpen- 
dicular to the forces to meet them in A, C, and B respec: 
tively. 

By Art. 52 wehave P.AC=Q.0B oo... (1); 

*. the sum of the moments of P and Q about O 

=@Q.OB+P.0A 

=Q (00 +CB)+P(OC —AC) © 
=(P+Q0CLQ:CB-LAG 
=(P+Q). OC, by equation (1), 

= moment of the resultant about O. 

If the point about which the moments are taken be 
between the forces, as O,, the moments of P and Q have 
opposite signs. 

In this case we have d 

Algebraic sum of moments of P and Q about O, 

=P 0A—0, 08 

= P(0,0 + CA) —Q (CB-0O,C) 
=(P+Q).0,0+P.CA-Q.CB 
=(P+@).0,C, by equation (1). 

The case when the point has any other position, as also 
the case when the forces have opposite parallel directions, 
are left for the student to prove for himself. 

63. Case I of the preceding proposition may be otherwise Ea 


in the following manner: 


Let the two forces, P and Q, be represented by 4B and AC re- 
spectively and let AD SE NEEY the resultant R so that ABDC is a 


parallelogram. 
Let O be any point in the plane of the forces. Join OA and draw 
BL and CM, parallel to OA, to mae ADi in ZL and M respectively. 


5 
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Since the sides of the triangle ACM are respectively parallel to the 
sides of the triangle DBL, and since AC is equal to BD, 
. AMD; 
. AOAM= AOLD. [Eue. 1. 38] 
First, let O fall without the angle CAD, as in the first figure. 


Then 2A0AB+2A0AC 
=2A 0AL32A 0AM [Euc. 1. 37] 
=2A0AL+4+2A0LD 
=2a OAD. 

Hence the sum of the moments of P and Q is equal to that of R. 
Secondly, let O fall within the angle CAD, as in the second figure. 
The algebraic sum of the moments of P and Q about O 

=2A 0AB-—-2A0AC 

=2A0AL-2A0AM - (Bue. 1. 37] 
=2A0AL-—-2A0LD 

=2A0AD 

=moment of R about O. 


64. If the point O about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the 
moments of the component forces about the given point 

# 


~ 


~~ 
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vanishes, t.e. Zhe moments of two forces about any point on 
the line of action of their resultant are equal and of opposite 
sign. 

The student will easily be able to prove this theorem 
independently from a figure; for, in Art. 62, the point O 
will be found to coincide with the point D and we have 
only to shew that the triangles ACO and ABO are now 


equal, and this is obviously true. 


65. Generalised theorem of moments. J// any 
number of forces in one plane acting on a rigid body have a 
resultant, the algebraic sum of their moments about any point 
in their plane is equal to the moment of their resultant. 

For let the forces be P, Q, R, S,... and let O be the 
point about which the moments are taken. 

Let P, be the resultant of P and Q, 

P, be the resultant of P, and R, 
P, be the resultant of P, and 8, 
and so on till the final resultant is obtained. 

Then the moment of P, about 0 =sum of the moments 
of P and Q (Art. 62) ; 

Also the moment of P, about O = sum of the moments 
of P, and R 

=sum of the moments of P, Q, and R. 
So the moment of P, about O 
=sum of the moments of P, and S’ 
=sum of the moments of P, Q, 2, and S, 
and so on until all the forces have been taken, — - 
Hence the moment of the final resultant 
= algebraic sum of the moments of the component forces, 
- Cor. It follows, similarly as in Art. 64, that the alge- 
braic sum of the moments of any number of forces about a 
is : be 


- £ “ s 
or - > x Ler 
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point on the line of action of their resultant is Zero; SO, 
conversely, if the algebraic sum of the moments of any 
number of forces about any point in their plane vanishes, 
then, either their resultant is zero (in which case the forces 
are in equilibrium), or the resultant passes through the 
point about which the moments are taken. 


66. The theorem of the previous article enables us to 
find points on the line of action of the resultant of a system 
of forces. For we have only to find a point about which 
the algebraic sum of the moments of the system of forces 
vanishes, and then the resultant must pass through that 
point. This principle is exemplified in Examples 2 and 3 
of the following article. 


If we have a system of parallel forces the resultant is 
known both in magnitude and direction when one such 
point is known. 

67. Ex. 1. 4 rod, 5 feet long, supported by two vertical strings 
attached to its ends, has weights of 4, 6, 8, and 10 lbs. hung from the 


rod at distances of 1, 2, 8, and 4 feet from. one end. If the weight of 
the rod be 2 lbs., what are the tensions of the strings ? 


Let AF be the rod, B, C, D, and E the points at which the weights 


are hung; let G be the middle point; we shall assume that the weight 
of the rod acts here. 


Let Rand S be the tensions of the strings. Since the Analleiat of 
the forces is zero, its moment about A must be zero. 


Hence, by Art. 65, the algebraic sum of the moments about 4 = 
must vanish, ; 
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Therefore 4x1+4+6x24+2x2348x3+10x4-Sx5=0, 
* 5S8=44+12+45+424+440=85, 
Segoe: 
Similarly, taking moments about I’, we have 
5R=10x1+8x2+4+2x2$46x34+4x4=65, 
ete 


The tension R may be otherwise obtained. For the resultant of. the 
weights is a weight equal to 30 Ibs. and that of R and S is a force 
equal to R+S. But these resultants balance one another. 
~ R+S=30; 
*, R=30-S=380-17=13. 


Bx. 2. Forces equal to P, 2P, 3P, and 4P act along the sides of a 
square ABCD taken in order; find the magnitude, direction, and line 
of action of the resultant, ie 


Let the side of the square be a. 
The forces P and 3P are, by Art. 52, equal to a parallel force 2P 
a 
) . 

The forces 4P and 2P are, similarly, equal to a force 2P acting at 
a point F on CD where DF is a, 


Let the lines of action of these two components meetin O. Then 
the final resultant is equal to 2P,/2 acting in a direction parallel 
to CA, 


acting at H, where DE is 


A ee: 

: LAP 2P 
AaP 

R if geen D 
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Otherwise thus; without making any geometric construction 
(which is often tedious) the line of action of the resultant force can 
be easily obtained by using the theorem of Art. 65. 

Let the line of action meet AD and CD in Q and R. 

Since Q is a point on the line of action of the resultant the alge- 
braic sum of the moments of the four forces about Q must be zero; 

~ P(DQ+a)+2P(a)=3P.DQ; 
s ; 3a 
> os DQ=z : 
So for the point R we have 
P.a+2P(RD+a)=4P. RD; 
_ 3a 
=F" 
Also the components of the forces perpendicular to CD are 4P—2P, 


i.e. 2P, and the components parallel to CD are 3P—P, i.e. 2P. 
Hence the magnitude of the resultant is 2,/2P. 


ett, 


Ex. 3. - Forces equal to 3P, TP, and 5P act along the sides AB, BC, 
and CA of an equilateral triangle ABC; jind the magnitude, direction, 
and line of action of the resultant. 


Let the side of-the triangle be a, and let the resultant force meet 


the side BC in Q. Then, by Art. 65, the moments of the forces about 
Q vanish. . : 
; *, BP x (QC +a)sin 60°=5P x QGsin 60°. 
: ; 3a 
oe Q =a . 
The sum of the components of the forces perpendicular to BC 
=5P sin 60° —3P sin 60°= P,/3. 
Also the sum of the components in the direction BC 
=TP —5P cos 60° — 3P cos 60°=38P. 


Hence the resultant is P,/12 inclined at an angle ton-2X2 , 4.e. 
30°, to BC and passing through Q where CQ=3BC. 


~ 
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EXAMPLES. IX. 


1, The side of a square ABCD is 4 feet; along the lines CB, BA, 
DA, and DB, respectively act forces equal to 4, 3, 2, and 5 lbs. weight; 
find, to the nearest decimal of a foot-pound, the algebraic sum of the 
moments of the forces about C. 


2. The side of a regular hexagon ABCDEF is 2 feet; along the 
sides AB, CB, DC, DE, EF, and FA act forces respectively equal to 1, 
2, 3, 4, 5, and 6 lbs. wt.; find the algebraic sum of the moments of 
the forces about A. 


3. A pole of 20 feet length is placed with its end on a horizontal 
plane and is pulled by a string, attached to its upper end and inclined 
at 30° to the horizon, whose tension is equal to 30 Ibs. wt.; find the 
horizontal. force which applied at a point 4 feet above the ground will 
keep the pole in a vertical position. 


4, A uniform iron rod ig of length 6 feet and mass 9 Ibs., and 
from its extremities are suspended masses of 6 and 12 lbs. respec- 
tively; from what point must the rod be suspended so that it may 
remain in a horizontal position ? 


5, A uniform beam is of length 12 feet and weight 50 Ibs., and 
from its ends are suspended bodies of weights 20 and 30 lbs. respec- 
tively; at what point must the beam be supported so that it may 
remain in equilibrium? 

6. Masses of 1 Ib., 2 lbs., 3 Ibs., and 4 lbs. are suspended from a 
uniform rod, of length 5 ft., at distances of 1 ft., 2 ff., 3 ft., and 4 ft. 
respectively from one end. If the mass of the rod be 4 lbs., find the 
position of the point about which it will balance. 


7, A uniform rod, 4 ft. in length and weighing 2 lbs., turns freely 
about a point distant one foot from one end and from that end a 
weight of 10 Ibs. is suspended. What weight must be placed at the 
other end to produce equilibrium ? 


8. A heavy uniform beam, 10 feet long, whose mass is 10 lbs., is 
supported at a point 4 feet from one end; at this end a mass of 6 lbs. 
is placed; find the mass which, placed at the other end, would give 
equilibrium. 

9, The horizontal roadway of a bridge is 30 feet long, weighs 
6 tons, and rests on similar supports at its ends. What is the thrust 
borne by each support when a carriage, of weight 2 tons, is (1) half- 
way across, (2) two-thirds of the way across? 


10. <A light rod, AB, 20 inches long, rests on two pegs whose 
distance apart is 10 inches. How must it be placed so that the 
reactions of the pegs may be equal when weights of 2IV and 3IV 
respectively are suspended from 4 and B? ae 


we 
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ll. A light rod, of length 8 feet, has equal weights attached to it, 
one at 9 inches from one end and the other at 15 inches from the other 
end; if it be supported by two vertical strings attached to its ends and 
if the strings cannot support a tension greater than the weight of 
1 ewt., what is the greatest magnitude of the equal weights? 


12. A heavy uniform beam, whose mass is 40 lbs., is suspended 
in a horizontal position by two vertical strings each of which can 
sustain a tension of 35 lbs. weight. How far from the centre of the 
beam must a body, of mass 20 lbs., be placed so that one of the strings 
may just break? 


13, A uniform bar, AB, 10 feet long and of mass 50 lbs., rests on 
the ground. If a mass of 100 Ibs. be laid on it at a point, distant 
3 feet from B, find what vertical force applied to the end 4 will just 
begin to lift that end. 


14, A rod, 16 inches long, rests on two pegs, 9 inches apart, with - 
its centre midway between them. The greatest masses that can be 
suspended in succession from the two ends without disturbing the 
equilibrium are 4 lbs. and 5 Ibs. respectively. Find the weight of the 
rod and the position of the point at which its weight acts. 


15. A straight rod,2 feet long, is movable about a hinge at one 
end and is kept in a horizontal position by a thin vertical string 
attached to the rod at a distance of 8 inches from the hinge and 
fastened to.a fixed point above the rod; if the string can just support 
a mass of 9 ozs. without breaking, find the greatest mass that can 
be suspended from the other end of the rod, neglecting the weight of 
the rod. 


16, A tricycle, weighing 5 stone 4 lbs., has a small wheel sym- 
_ metrically placed 3 feet behind two large wheels which are 3 feet apart; 

if the centre-of gravity of the machine be at a horizontal distance of 
9 inches behind the front wheels and that of the rider, whose weight 
is 9 stone, be 3 inches behind the front wheels, find the thrusts on 
the ground of the different wheels. 


17, A tricycle, of weight 6 stone, has a small wheel symmetri- 
cally placed 3 ft. 6 ins. in front of the line joining the two large 
wheels which are 3 feet apart; if the centre of gravity of the machine 
be distant horizontally 1 foot in front of the hind wheels and that of 
the rider, whose weight is 11 stone, be 6 inches in front of the hind 
wheels, find how the weight is distributed on the different wheels. 


18. A dog-cart, loaded with 4 ewt., exerts a force on the horse’s 
back equal to 10 lbs. wt.; find the position of the centre of gravity of 
the load if the distance between the pad and the axle be 6 feet. 


19, Forces of 3, 4, 5, and 6 lbs. wt. respectively act along the sides 
of a square ABCD taken in order; find the magnitude, direction, and 
line of action of their resultant. 


: x, L 
~ 
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920. ABCD is asquare; along 4B, CB, AD, and DC equal forces, 
P, act; find their resultant. 


91. ABCD is a square the length of whose side is one foot; along 
AB, BC, DC, and AD act forces proportional to 1, 2, 4, and 3 respec- 
tively; shew that the resultant is parallel to a diagonal of the square 
and find where it cuts the sides of the square. 


99. ABCD is a rectangle of which adjacent sides 4B and BC are 
equal to 3 and 4 feet respectively; along 4B, BC, and CD forces of 30, 
40, and 50 lbs. wt. act; find the resultant. 


93. Three forces P, 2P, and 3P act along the sides AB, BC, and 
CA of a given equilateral triangle ABC; find the magnitude and 
direction of their resultant, and find also the point in which its line 
of action meets the side BC. 


94, ABC is an isosceles triangle whose angle A is 120° and forces 
of magnitude 1, 1, and ,/3 lbs. wt. act along AB, AC, and BC; shew 
that the resultant bisects BC and is parallel to one of the other sides 
of the triangle. 


25. Forces proportional to 4B, BC, and 2C4 act along the sides 
of a triangle ABC taken in order; shew that the resultant is repre- 
sented in magnitude and direction by CA and that its line of action 
meets BC at a point X where CX is equal to BC. 


96. ABC is a triangle and D, E, and F are the middle points of 
the sides; forces represented by AD, 3BE, and 4CF act on a particle 
at the point where AD and BE meet; shew that the resultant is 
represented in magnitude and direction by }4C, and that its line of 
action divides BC in the ratio 2:1. 


- 97. Three forces act along the sides of a triangle; shew that, if 
the sum of two of the forces be equal in magnitude but opposite in 
sense to the third force, then the resulfant of the three forces passes 
through the centre of the inscribed circle of the triangle. 


98. The wire passing round a, telegraph pole is horizontal and 
the two portions attached to the pole are inclined at an angle of 60° 
to one another. The pole is supported by a wire attached to the 

‘middle point of the pole and inclined at 60° to the horizon; shew that 
the tension of this wire is 4,/3 times that of the telegraph wire. 


29. At what height from the base of a pillar must the end of a 
rope of given length be fixed so that a man standing on the ground 
and pulling at its other end with a given force may have the greatest 
tendency to make the pillar overturn? 


. on 
‘es 
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30. The magnitude of a force is known and also its moments 
about two given points 4 and B. Find, by a peoruesaaa san, 
its line of action. 


31. Find the locus of all points in a plane such that two forces 
given in magnitude and position shall have equal moments, in the 
same es round any one of these points. 


32. AB is a diameter of a circle and BP and BQ are chords at 
right angles to one another; shew that the moments of forces repre- 
sented by BP and BQ about ‘4 are equal. 


33, A cyclist, whose weight is 150 Ibs., puts all his weight upon 
one pedal of his bicycle when the crank is horizontal and the bicycle 
is prevented from moving forwards. If the length of the crank is 
6 inches and the radius of the chain-wh Wheel i is 4 inches, find see 
tension of the chain, ~ 
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COUPLES. 


68. Def. Two equal unlike parallel forces, whose 
lines of action are not the same, form a couple. 


The Arm of a couple is the perpen- 
dicular distance between the lines of action 
of the two forces which form the couple, 
ae. is the perpendicular drawn from any 
point lying on-the line of action of one of 
the forces upon the line of action of the 
other. Thus the arm of the couple (P, P) 
is the length AB. 

The Moment of a couple is the product 
of one of the forces forming the couple 
and the arm of the couple. 


In the figure the moment of the couple is P x AB. 


Examples of a couple are the forces applied to the 
handle of a screw-press, or to the key of a clock in winding 
it up, or by the hands to the handle of a door in opening it. 


A couple is by some writers called a Torque; by others 
the word Torque is used to denote the Moment of the 


Couple. 
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69. Theorem. he algebraic sum of the moments of 
the two forces forming a couple about any point in thewr 
plane is constant, and equal to the moment of the couple. 

Let the couple consist of two forces, each equal to P, 
and let O be any point in their plane. 


Draw OAB perpendicular to the lines of action of the 
forces to meet them in A and B respectively. 


The algebraic sum of the moments of the forces about O 
=P.OB—P,.0A=P(OB-OA)=P.AB 
=the moment of the couple, and is therefore the same 


whatever be the point O about which the moments are 
taken. 


70. Theorem. 7'wo couples, acting in one plane upon 
a rigid body, whose moments are equal and opposite, balance 
one another, 

Let one couple consist of two forces (P, P), acting at 
the ends of an arm », and let the other couple consist of 
two forces (Q, Q), acting at the ends of an arm gq. 


Case I. Let one of the forces P meet one of the forces 
@ in a point O, and let the other two forces meet in 0’. 
From 0’ draw perpendiculars, O’Jf and O’N, upon the 


forces which do not pass through 0’, so that the lengths of 
these perpendiculars are p and q respectively. 
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Since the moments of the couples are equal in magni- 

tude, we have 
P.p=Q.% 
Le. OMA. ON. 

Hence, (Art. 64), O' is on the 
line of action of the resultant of 
P and Q acting at O, so that OO’ 
is the direction of this resultant. 

Similarly, the resultant of P 
and @ at O’ is in the direction 
O'0. 

Also these resultants are equal in magnitude ; for the 
forces at O are respectively equal to, and act at the same 
angle as, the forces at O'. 

Hence these two resultants destroy one another, and 
therefore the four forces composing the two couples are in 
equilibrium. 


Case II. Let the forces composing the couples be all 
parallel, and let any straight line perpendicular to their 
directions meet them in the points A, B, C, and D, as in 
the figure, so that, since the moments are equal, we have 

P ABQ. CD ois cscpeescececeenes Ge: 

Let L be the point of application of the resultant of Q 

at GO and P at B, so that 
P.BL=Q.CL _ (Art.52)..-... (ii). 


~“I 
(os) 
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By subtracting (1i) from (i), we have 
PALA A) od 
so that L is the point of application of the resultant of P 
at A, and Q at D. 

But the magnitude of each of these résultants is 
(P+), and they have opposite directions ; hence they are 
in equilibrium. 

Therefore the four forces composing the two couples 
balance. 


71. Since two couples in the same plane, of equal but 
opposite moment, balance, it follows, by reversing the 
directions of the forces composing one of the couples, that 

Any two couples of equal moment in the same plane are 
equivalent. 

It follows also that two like couples of equal moment 
are equivalent to a couplé of double the moment. 


72. Theorem. Any number of couples in the same 
plane acting on a rigid body are equivalent to a single 
couple, whose moment is equal to the algebraic sum of the 
moments of the couples. 

For let the couples consist of forces (P, P) whose arm 
is p, (Q, @) whose arm is g, (2, R) whose arm is 71, ete. 
Replace the couple (Q, Q) by a couple whose components 
have the same lines of action as the forces (P, P). The 
magnitude of each of the forces of this latter couple will 
be X, where Y.p=(Q.q, (Art. 115 


so that x=Q!t) 
Pp 


So let the couple (2, R) be replaced by a couple © 


: (ze, n*), whose forces act in the same lines as the 
forces bP), 


x 
’ 
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Similarly for the other couples, 


Hence all the couples are equivalent to a couple, each of 
whose forces is P + Q + Re +... acting at an arm p. 
The moment of this couple is 
(P+ Q iy eles ses) 
3 iv 


te, Pipt+Q.qth.rt.... 
Hence the original couples are equivalent to a single 
couple, whose moment is equal to the sum of their moments. 


If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same 


proof will apply. 
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1, ABCD is asquare whose side is 2 feet; along 4B, BC, CD, and 
DA act forces.equal to 1, 2, 8, and 5 Ibs. wt., and along AC and DB 
forces equal to 5,/2 and 2,/2 lbs. wt. ; shew that they are equivalent 
to a couple whose moment is equal to 16 foot-pounds weight. 


9, Along the sides 4B and CD of a square ABCD act forces each 
equal to 2 lbs. weight, whilst along the sides AD and CB act forces 
each equal to 5 Ibs. weight; if the side of the square be 3 feet, find 
the moment of the couple that will give equilibrium. 


3. ABCDEF isa yegular hexagon; along the sides 4B, CB, DE, 
and FF act forces respectively equal to 5, 11, 5, and 11 lbs. weight, 
and along CD and FA act forces, each equal to x lbs. weight. - Find » 
x, if the forces be in equilibrium. 


4, A horizontal bar AB, without weight, is acted upon by a 
vertical downward force of 1 lb. weight at A, a vertical upward force 
of 1 1b. weight at B, and a downward force of 5 lbs. weight at a 
given point C inclined to the bar at an angle of 30°. Find at what 
point of the bar a force must be applied to balance these, and find - 
also its magnitude and direction. 


73. Theorem. The effect of a couple upon a rigid 
body is unaltered of at be transferred to any plane parallel to | 
its own, the arm remaining parallel to its original position, 


rae ot 
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Let the couple consist of two forces (P, P), whose arm 
is AB, and let their lines of action be AC and BD. 


Let A,B, be any line equal and parallel to AS. 

Draw A,C, and B,D, parallel to AC and BD respec- 
tively, 

At A, introduce two equal and opposite forces, each 


equal to P, acting in the direction 4,C, and the opposite 
direction A,Z. 


At B, introduce, similarly, two equal and opposite forces, 
each equal to P, acting in the direction b,D, and the 
opposite direction BY. 

These forces will have no effect on the equilibrium of 
the body. 

Jom AB, and 4,8, and let them meet in O; then O is 
the middle point of both AB, and A,B. 

The forces P at B and P acting along A,Z have a re- 
sultant 2P acting at O parallel to BD. 

The forces P at A and P acting along BF have a 

resultant 2P acting at O parallel to AC. 
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These two resultants are equal and opposite, and there- 
fore balance. Hence we have left the two forces (P, P) at 
A, and &, acting in the directions A iC, and B,D,, 1.e., 
parallel to the directories of the forces of the Seige! 
couple. | 

Also the plane through 4,0, and B,D, is parallel to the 
plane through AC and BD. 

Hence the theorem is proved. 


Cor. From this proposition and Art. 71 we conclude 
that A couple may be replaced by any other couple acting in 
a parallel plane, provided that the moments of the two couples 
are the same. 


74. Theorem. A single force and a couple acting in 


_ the same plane upon a rigid body cannot produce equilibrium, 


| 


\ 


but are equivalent tothe single force acting in a direction 


| parallel to its original direction. 


Let the couple consist of two forces, each equal to P,— 
their lines of action being OB and O,C respectively. 
Let the single force be Q. 


Case I. If @ be not parallel to the forces of the couple, 
let it be produced to meet one of them in 0. 

Then P and Q, acting at O, are equivalent to some force 
, acting in some direction OL which lies between OA and 


OR. 


ile 


Let OL be produced (backwards if necessary) to meet 
the other force of the couple in O,, and let thé point of 
application of & be transferred to O,. 

Draw 0,4, parallel to OA. 

Then the force & may be resolved into two forces Q and 
P, the former acting in the direction O,A,, and the latter in 
the direction opposite to 0,0. 


L. 8. | 2S 6 
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This latter force P is balanced by the second force P of 
the couple acting in the direction O,C. 


Hence we have left as the resultant of the system a 
force @ acting in the direction O,A, parallel to its original 
direction OA. 

Case II. Let the force @ be parallel to one of the 
forces of the couple, 


Let 0,0 meet the force Q in O,. 

The parallel forces P at O and Q at O, are, by Art, 52, 
equivalent to a force (P + Q) acting at ‘some point O, in a 
direction parallel to OB. The unlike parallel forces (P+ Q) 
at O; and P at O,'are, similarly, equivalent to a force Q 
acting at some point 0, in a direction parallel to O,D. 

Hence the resultant of the system is equal to the single 
force @ acting in a direction parallel to its original direc- 
tion. 
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75. If three forces, acting upon a rigid body, be repre- 
sented in magnitude, direction, and line of action by the sides 
of aw triangle taken in order, they are equivalent to a couple 
whose moment is represented by twice the area of the triangle. 

Let ABC be the triangle and P, Q, and R the forces, so 
that P, Q, and F are represented by the sides BC, C'A, and 
AB of the triangle. 

Through 4 draw LBM parallel to the side AC, and in- 
troduce two equal and opposite 
forces, equal to Q, at B, acting 4 

in the directions BZ and BM 
respectively. By the triangle ' Frage 
of forces (Art. 36) the forces P,  * ae cae 
kt, and Q acting in the straight 4 
line BZ, are in equilibrium. 
Hence we are left with the 
two forces, each equal to Q, 
acting in the directions (A and BM respectively. 
These form a couple whose moment is Q x BN, where 
BN is drawn perpendicular to CA. 
Also Q x BN=CA x BN = twice the area of the triangle 
ABC. 
Cor. In a similar manner it may be shewn that if 
+a system of forces acting on one plane on a rigid body be 
represented in magnitude, direction, and line of action by 
the sides of the polygon, they are equivalent to a couple 
whose moment is represented by twice the area of the 


_ polygon. 


OQ 


CHAPTER VIL 


EQUILIBRIUM OF A RIGID BODY ACTED ON BY 
THREE FORCES IN A PLANE. 


76. In the present chapter we shall discuss. some 
simple cases of the equilibrium of a rigid body acted upon 
by three forces lying in a plane. 

By the help of the theorem of the next article we shall 
find that.the conditions of equilibrium reduce to those of a 
single particle. 


77. Theorem. // three forces, acting m one plane 
upon a rigid body, keep it in equilibrium, they must either 
meet in a point or be parallel, 

If the forces be not all parallel, at least two of them 
must meet; let these two be P and Q, 


and let their directions meet in 0. 5 % 
The third force’ # shall then, pass x = Gara 
through the point 0. /O 


Since the algebraic sum of the | 
moments of any number of forces about } R 
a point in their plane is equal to the 
moment of their resultant, 

therefore the sum of the moments of P, Q, and R about 
O is equal to the moment of their resultant. 


But this resultant vanishes since the forces are in equi- 
librium, 
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Hence the sum of the moments of P, Q, and R about O 
is zero. p 

But, since P and Q both pass through O, their moments 
about O vanish. 

Hence the moment of & about O vanishes. 

Hence by Art. 57, since & is not zero, its line of action 
must pass through 0. 

Hence the forces meet in a point. 


% 


Otherwise. The resultant of P and Q must be some force passing 
through O. 

But, since the forces P, Q, and Rare in equilibrium, this resultant 
must balance R. 

But two forces cannot balance unless they have the same line of 
action. 

Hence the line of action of R must pass through O. 


78. By the preceding theorem we see that the 
conditions of equilibrium of three forces, acting in one 
plane, are easily obtained. For the three forces must meet 
in a point; and by using Lami’s Theorem, (Art. 40), or 
by resolving the forces in two directions at right angles, 
(Art. 46), or by a graphic construction, we can obtain 
the required conditions. 


Ex. 1.. A heavy uniform rod AB is hinged at A to a fixed point, 
and rests in a position inclined at 60° 
to the horizontal, being acted upon by 
a horizontal force F applied at the 
lower end B: find the action at the 
hinge and the magnitude of F. 


Let the vertical through OC, the 
middle point of the rod, meet the 
horizontal line through B in the point 
D and let the weight of the rod be WV. 


There are only three forces acting 
on the rod, viz., the force F, the 
weight WW, and the unknown reaction, 
P, of the hinge. 7 


These three forces must therefore 
' meet in a point. 
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Now F and W meet at D; hence the direction of the action at 
the hinge must be the line DA. 


Draw AE perpendicular to EB, and let the angle ADE be @. 


AE 2AE ; 
= C = =2, . 
Then tan 6 ED ~ EB 2 tan 60°=2,/3 
Also, by Lami’s Theorem, * 
Beg Wi ee P 
sn WDA sin ADB” sin WDB’ 
: F = ie EO 5 
“+> Sin (90°40) sin (180°— 6) sin 90°" 
cos 6 Ww oer s 
- gf Oa er =W cot @= 2/37 gv3 
1 Se ~ 118 
= — = Si 2 =F z a. 
and P=W WN/1 + cot?@=W = 


Otherwise; 4 DE is a triangle of forces, since its sides are parallel 
to the forces. Hence @ can be measured, and ; 


‘ eager 
AD BD 4 
Ex. 2. A uniform rod, AB, is inclined at an angle of 60° to the 
vertical with one end A resting against a smooth 
vertical wall, being supported by a string attached D 
to a point C of the rod, distant 1 foot from B, and 
abso to a ring in the wall vertically above A; if 
the length of the rod be 4 feet, find the position of 


the ring and the inclination and tension of the 
string. 


Let the perpendicular to the wall through A 
and the vertical line through the middle point, 
G, of the rod meet in O. 


The third force, the tension 7 of the string, 
must therefore pass through O. Hence CO pro- 
duced must pass through D, the position of the 
ring. 

Let the angle CDA be 6, and draw CEF horizontal to meet OG in 
£E and the wall in F. 


CE CGsinCGE 
Then tan 6=tan COR=—5=— a 
Jt .pin 60° 01 
~ 8. cos 60° ,/3° 
wi G@==30re 


“. A4CD=60° - 0=30°. 
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Hence dD=AC=3 feet, giving the position of the ring. 


If R be the reaction of the wall, and W be the weight of the 
beam, we have, since the forces are proportional to the sides of the 
triangle AOD, 


2 ROS Se 
OD =A0=DA- 
pd 9) ee ee 2g 
Be aa * 3” 
AO 1 
d R= —_= = W 
an Wha W tan 30 W 3 


Ex. 3. A rod whose centre of gravity divides it into tito portions, 
whose lengths are a and b, has a string, of length 1, tied to its two ends 
and the string is slung over a small smooth peg; find the position of 
equilibrium of the rod, in which it is not vertical. 


[N.B. The centre of gravity of a body is the point at which its 
weight may be assumed to act.] 


Let AB be the rod and C its centre of gravity; lei O be the peg 
and let the lengths of the portions AO 
and OB of the string be # and y respec- 
tively. 

Since there are only three forces 
acting on the body they must meet in 
a point. 

But the two tensions pass through 
O; hence the line of action of the 
weight W must pass through O, and 

—hence the line CO must be vertical. 


Now the tension T of the string is 
not altered, since the string passes 
round a smooth ;-hence, since W : 
balances the resultant of two equal forces, it must bisect the angle 
- between them. wey 


». £AOC= £4 BOC=a (say). 


Hence = ss = a ; [Hue. vr. 3.] 
Also > e+y=l. * 
+, solving these equations, we have 
DR ar tle ot Sama aa net (i) 
ab a+b 
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Also, from the triangle AOB, we have 
(a+ b)?=a? + y? — 2xy cos 2a= (x+y)? — 2ay (1+ cos 2a) 


=(r+y)?— 4zy cos?a = 12-4 aay cos?a. 
oe b)2 (a+b)? ee aa 
7a GOB == SACS = yee (ii). 


. This equation gives a. 
Let 6 be the inclination of the rod to the horizon, so that 
OCA=90° +0. 
From the triangle 4CO we have 
sin(90°+0) AO «_ 1 
sin on i 2elGee ae asebe 


by (i). 


tsina 3 
. ESE giving é. 

Also, by resolving the forces vertically, we have 2f%cosa=W, 
giving T. 


Numerical Example. If the length of the rod be 5 feet, the length 
of the string 7 feet, and if the centre of gravity of the rod divide it in 
the ratio 4:3, shew that the portions of the string are at right angles, 
that the inclination of the rod to the horizon is tan! +, and that the 
tension of the string is to the weight of the-rod as ,/2: 2. 


Ex. 4. A heavy uniform rod, of length 2a, rests partly within and 
partly without a fixed smooth hemisphericalbowl, of radiusr ; the rim 
of the bowl is horizontal, and one point of the rod is in contact with the 
rim; if 0 be the inclination of the rod to the horizon, shew that 


2r cos 286=a cos 6. 


Let the figure represent that vertical section of the hemisphere 
which passes through the rod. 


Let AB be the rod, G its centre of gravity, and C the point where 
the rod meets the edge of the bowl. 


The reaction at A is along the line to the centre, O, of the bowl; 


for AO is the only line through A which is perpendicular to the 
surface of the bowl at A. 


Also the reaction at @ is perpendicular to the rod; for this is the - 


only direction that is perpendicular to both the rod and the rim, of © 
the bowl, 


These two reactions meet in a point D; also, by Euc. m. 31, 
D must lie on the geometrical sphere of which the bowl is a portion. 


~ Hence the vertical line through G, the middle point of the rod, 
must pass through D. ~ 
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Through 4 draw AE horizontal to meet DG in EH and join OC. 


Since OC and AE are parallel, 
 LOCA= £4 CAE=0. 


Since OC=O0A, +. ZOAC= LOCA=6. 
Also ZGDC=90°- 2 DGC=8. 
Now AE=AG cos 6=acos6, 

and AE=AD cos 26=2r cos 26. 


. 2rcos20=a cos 6, giving 6. 
Also, by Lami’s Tiaeo if Rand S be the reactions at A and C, 


we have 
Tae S eee 
sin@ sin dADG sin ADC’ 
eee Dae 
'"sin@ cos2@ coséd © 


Numerical Example. Tfir= ve a, then we have @=30°, and 


R=s=w. 


Ex. 5. A beam whose centre of gravity divides it into two por- 
tions, a and b, is placed inside a smooth sphere; shew that, if 0 be its 
inclination to ‘the horizon in the position of equilibrium and 2a be the ; 
angle subtended by the beam at the centre of the sphere, then 

tan @= des tan a. 
b+a 
- In this case both the reactions, R and S, at the ends of the rod 
ae through the centre, O, of the sphere. Hence the centre of gravity, 
G, of the rod must be vertically below O. cee 
Let OG meet the horizontal line ones ae in N, 


Draw OD perpendicular: to AB. 


Reve 
Ve pea ey ted 
eras e 


ae 
y= ere 7 
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Then ; ZAOD= LBOD=nz, 
and ZDOG=90°- 2 DGO= £4 DAN=6. 


Hence 


a AG AD-GD_ODtan AOD—OD tan GOD 
b GB BD+GD ODtanBOD+ODtanGOD | 


_ tana—tan @ 
~ tan a+tan @~ 
* tan @=— 2 tana. 
b+a 
This equation gives @. 
Also, by Lami’s Theorem, 
R Bee ae 
sin BOG sin dOG~ sin AOB’ 
R S W 


‘ sm(a+0) sin(a—@) sin2a’ 
giving the reactions. 
Numerical Example. If the rod be of weight 40 lbs., and subtend 


a right angle at the centre of the sphere, and if its centre of gravity . 


divide it in the ratio 1:2, shew that its inclination to the horizon 


is tan-1} 3, and that the reactions are 8/5 and 16/5 Ibs. weight 
respectively. 


Ex. 6. Shew how the forces which act on a kite maintain it in 


equilibrium, proving that the perpendicular to the kite must lie between — 


the direction of the string and the vertical. 


Let AB be the middle line of. the kite, B being the point at which 
the tail is attached; the plane of the kite is perpendicular to the 
plane of the paper. Let G be the centre of gravity of the kite 
including its tail. ; 

The action of the wind may be resolved at each point of the kite 
into two components, one perpendicular to the kite and the other 


— 


y 


a 
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along its surface. The latter components have no effect on it and 
may be neglected. The former components compound into a single 


AM 


force R perpendicular to the kite which acts at a point H which is 
a short distance above G. 

Rand W meet at a point O and through it must pass the direction 
of the third force, viz. the tension T of the string. 

Draw KL vertically to represent the weight W, and LM parallel 

to HO to represent R. ~ 

Then, by the triangle of forces, MK must represent the tension 7’ 
of the string. 

It is clear from the figure that the line WK must make a greater 


angle with the vertical LK than the line LM, 
i.e. the perpendicular to the kite must lie between the vertical 


ee and the direction of the string. 


From the triangle of forces it is clear that both 7 and W must 
be smaller than the force R exerted by the wind. 
_ 9. Trigonometrical Theorems. There are two 
trigonometrical theorems which are useful in Statical 
Problems, viz. If P be any point in the base AB of a 
triangle ABC, and if OP divides AB into two parts m 
and n, and the angle C into two parts a and B, and if 
the angle CPB be 6, then ; 


(m+ n) cot 6 = m-cot a —n cot B.. cares ie (1); 
and (m+n) cot0=ncot A—meot B ......1. (2). 


AL 
— 2 , 
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For 
AP. “AP £C ~awAC? sms BU 
n PB PC’ PB” sin PAC’ sin PCB 
sin a sin (6+ B) 
~sin(@—a)’ sing 
_ sin a (sin cos 8+ cos @sin B) cot B + cot 
en ee ee 


, since L PBC = 180° —-(8 +6), 


*. mcota—n cot B=(m+n) coté. 


Again , 
m sin ACP sin PBC 
n sin PAC sin PCB c 


sin (6 — A) sin B 
~ sind ~ sin(O+B) 
» __ (sin 6 cos A — cos @ sin A) sin B 
~ sin A (sin 6 cos B + cos 0 sin B) P 
_ cot A— cot 0 ies 
~ cot B+ cot O° 


“. (m+n) cot @= 2 cot A—m cot B. 


As an illustration of the use of these formula take Ex. 5 of 
Art. 78. Here formula (2) gives : 


(a+b) cot OGB=b cot OAB-—acot OBA, 
te. (a+b) tan d=) tana—a tana. : 
Other illustrations of their use will be found later on in this book. 
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1, A uniform rod, AB, of weight W, is movable in a vertical 
plane about a hinge at A, and is sustained in equilibrium by a weight 
P attached to a string BCP passing over a smooth peg C, AC being 
vertical; if AC be equal to AB, shew that P=W cos ACB. 


2. A uniform rod can turn freely about one of its ends, and is 
pulled aside from the vertical bya horizontal force acting at the 


other end of the rod and equal to half its weight; at what inclination 
to the vertical will the rod rest? 


/ 


+ Ss 
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3. A rod AB, hinged at A, is supported in a horizontal position 
by a string BC, making an angle of 45° with the rod, and the rod has 
a mass of 10 Ibs. suspended from B. Neglecting the weight of the 
rod, find the tension of the string and the action at the hinge. 


4, A uniform heavy rod AB has the end 4 in eontact with a 
smooth vertical wall, and one end of a string is fastened to the rod 
at a point C, such that AC=44B, and the other end of the string is 
fastened to the wall; find the length of the string, if the rod rest in 
a position inclined at an angle to the vertical. 


ACB is a uniform rod, of weight W; it is supported (B being 
uppermost) with its end A against a smooth vertical wall AD by means 
of a string CD, DB being horizontal and CD inclined to the wall at 
an angle of 30°. Find the tension of the string and the reaction of 


the wall, and prove that AC=44B. 


6, A uniform rod, AB, resting with one end A against a smooth 
vertical wall is supported by a string BC which is tied to a point C 
vertically above A and to the other end B of the rod. Draw a diagram 
shewing the lines of action of the forces which keep the rod in equi- 
librium, and shew that the tension of the string is greater than the 
weight of the rod. 


7, A uniform beam AB, of given length, is supported with its 
extremity, A, in contact with a smooth wall by means of a string CD 
fastened to-a, known point C of the beam and to a point D of the wall ; 
if the inclination of the beam to the wall be given, shew how to find 
by geometrical ¢onstruction the length of the string CD and the height 
of D above 4. 


For the problem to be possible, shew that the given angle BAD 
must be acute or obtuse according as AC is less or greater than SAB. 


8. A uniform rod, of length a, hangs against a smooth vertical 


“wall being supported by means of a string, of length J, tied to one end 
- of the rod, the other end of the string being attached to a point in the 
wall ; Pa that the rod can rest inclined to the wall at an angle @ 


given by cos? = What are the limits of the ratio of a: that 


= 
a2 


‘equilib Mum may be possible > 


9. Equal weights P and P are attached to two. strings ACP and 
BCP passing over a smooth peg C. AB isa heavy beam, of weight W, 
whose centre of gravity is a feet from A and b feet from B; shew that - 
AB is inclined to the horizon at an angle 


5 ‘eee icee [ant (D end 
tan~! “a= tan (sin 3p) |: 
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10. A heavy uniform beam is hung from a fixed point by two 
strings attached to its extremities; if the lengths of the strings and 
beam be as 2:3: 4, shew that the tensions of the strings and the 


weight of the beam are as 2:3: »/10. 


1]. <A heavy uniform rod, 15 inches long, is suspended from a 
fixed point by strings fastened to its ends, their lengths being 9 and 
12 inches; if @ be the angle at which the rod is inclined to the vertical, 
shew that 25 sin @= 24, 


a & 

12. A straight uniform rod, of weight 3 lbs., is suspended from a 
peg by two strings, attached at one end to the peg and at the other to 
the extremities of the rod; the angle between the strings is a right 
angle and one is twice as long as the other; find their tensions. - 


13. Two equal heavy spheres, of 1 inch radius, are in equilibrium 
within a smooth spherical cup of 3 inches radius. Shew that the 
action between the cup and one sphere is double that between the two 
spheres. 


14. A sphere, of given weight W, rests between two smooth 
planes, one vertical and the other itclined at a given angle a to the 
vertical; find the reactions of the ‘planes. 


15, A solid sphere rests upon two parallel bars which are in the 
same horizontal plane, the distance between the bars being equal to 
the radius of the sphere; find the reaction of each bar. 


16. A smooth sphere is supported in contact with a smooth 
vertical wall by a string fastened to a point on its surface, the other 
end being attached to a point in the wall; if the length of the string 
be equal to the radius of the sphere, find the-inclination of the string 
to the vertical, the tension of the string, and the reaction of the wall. 


17. A picture of given weight, hanging vertically against a smooth 
wall, is supported_by a string passing over a smooth peg driven into 
the wall; the ends of the string are fastened to two points in the 
upper rim of the frame which are equidistant from the centre of the 
rim, and the angle at the peg is 60°; compare the tension in this case 


“ae Bag it will be when the string is shortened to two-thirds of its 
ength, 


18. A picture, of 40 Ibs. wt., is hung, with its upper and lower 
edges horizontal, by a cord fastened to the two upper corners and 
passing over a nail, so that the parts of the cord at the two sides of 
the nail are inclined to one another at an angle of 60°. Find the 
tension of the cord in lbs. weight. 


19. A picture hangs symmetrically by means of a, string passing 
over a nail and attached to two rings in the picture; what is the 
tension of the string when the picture weighs 10 Ibs., if the string be 


4 feet long and the nail distant 1 ft. 6 inches from the horizontal line 
joining the rings? : 
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20. A picture frame, rectangular in shape, rests against a smooth 
vertical wall, from two points in which it is suspended by parallel 
strings attached to two points in the upper edge of the back of the 
frame, the lgngth of each string being equal to the height of the 
frame. Shew that, if the centre of gravity of the frame coincide with 
its centre of figure, the picture will hang against the wall at an angle 


tant to the vertical, where a is the height and b the thickness of 


the picture. 


21, It is required to hang a picture on a vertical wall so that it 
may rest at a given inclination, a, to the wall and be supported by a 
cord attached to a point in the wall at a given height h above the 
lowest edge of the picture; determine, by a geometrical construction, 
the point on the back of the picture to which the cord is to be 
attached and find the length of the cord that will be required. 


22. A rod rests wholly within a smooth hemispherical bowl, of 
radius 7, its centre of gravity dividing the rod into two portions of 
lengths a and b. Shew that, if @ be the inclination of the rod to the 
horizon in the position of equilibrium, then sin Eas 7 , and 

r—@ 


find the reactions between the rod and the bowl. 


23. Ina smooth hemispherical cup is placed a heavy rod, equal 
in length to the radius of the cup, the centre of gravity of the rod 
being one-third of its length from one end; shew that the angle made 
by the rod with the vertical is tan (3,/3). 


24. A uniform rod, 4 inches in length, is placed with one end 
inside a smooth hemispherical bowl, of which the axis is vertical and 
the radius ,/3 inches; shew that a quarter of the rod will project over 
the edge of the bowl. 

-Prove also that the shortest rod that will thus rest is of length 
2,/2 inches. 


The following examples are to be solved graphically. 


< 25. A heavy beam, AB, 10 feet long, is supported, A uppermost, 
by two ropes attached to it at 4 and B which are respectively inclined 
at 55° and 50° to the horizontal; if AB be inclined at 20° to the 
horizontal, find at what distance from 4 its centre of gravity is. 
Also, if its weight be 200 lbs., find the tensions of the two ropes. 


26. A light rod AB, of length 2 feet, is smoothly jointed to a fixed 
support at A and rests horizontally; at D, where AD=9 inches, it 
carries a weight of 10 lbs., being supported by a light rod CB, where 
C is exactly underneath 4 and AC=6 inches; find the thrust in se 
rod C e - 
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27. AB is a uniform beam turning on a pivot at C and kept in 
equilibrium by a light string 4D attached to the highest point A and 
to a point D vertically below C. If AB=3 ft., AC=1ft., CD=2ft., 
and DA=2°7 ft., and the weight of the beam be 10°Ibs., find the 
tension of the string and the reaction of the pivot. 


28. A cantilever consists of a horizontal rod AB hinged to a, fixed 
support. at A, and a rod DC hinged at a point C of AB and also 
hinged to a fixed point D vertically below A. A weight of 1 ewt. 
is attached at B; find the actions at A and C, given that AB=6 ft., 
AC=2 ft., and AD=3 ft., the weights of the rods being neglected. 


29. The plane of a kite is inclined at 50° to the horizon, and its 
weight is 10 lbs. The resultant thrust of the air on it acts at a point 
8 inches above its centre of gravity, and the string is tied at a point 
10 inches above it. Find the tension of the string and the thrust 
of the air. 


F 


CHAPTER VIII. 


GENERAL CONDITIONS OF EQUILIBRIUM OF A 
BODY ACTED ON eee. FORCES IN ONE PLANE. 


80. Theorem. An ali of forces acting in one 


plane upon a rigid body, can be reduced to either a single 


| Jorce or a single couple. 


i 


By the parallelogram of forces any two forces, whose 
directions meet, can. be compounded into one force : ; also, 
by Art. 52, two parallel forces can be compounded into one 
force eomided they are not equal and unlike. 

First compound together all the parallel forces, or sets 
of parallel forces, of the given system. 

Of the resulting system take any two forces, not form- 
ing a couple, and find their resultant R,; next find the 
resultant J, of 2, and a suitable third force of the system ; 
then determine the resultant of R, and a suitable fourth 
force of the system; and so on until all the forces have 
been exhausted. 

Finally, we must either arrive at a single force, or we 
shall have two equal soca St unlike forces forming a 
couple. 


81. Theorem. // a system of forces act in one 
plane upon a rigid body, and if the algebraic sum of their 
moments about each of three points in the plane (not lying in 
the same straight line) vanish ae sistiaee the system of forces 


is in equilibrium. 


Ls 8. ; ' aT 
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For any such system of forces, by the last article, 
reduces to either a single force or a single couple. 

In our case they cannot reduce to a single couple ; for, 
if they did, the sum of their moments about any point in 
their plane would, by Art. 69, be equal to a constant which 
is not zero, and this is contrary to our hypothesis. 

Hence the system of forces cannot reduce to a single 
couple, 

The system must therefore either be in equilibrium or 
reduce to a single force /. 

Let the three points about which the moments are taken 
be A, B, and C. 

Since the algebraic sum of the moments of a system of 
forces is equal to that of their resultant (Art. 62), therefore 
the moment of / about the point A must be zero. 

Hence Fis either zero, or passes through A. ' 

Similarly, since the moment of / about B vanishes, 
JF’ must be either zero or must pass through B, 

i.e, F is either zero or acts in-the line AB. 


Finally, since the moment about C' vanishes, / must be 
either zero-or pass through C. 


‘ 


But (since the points A, B, C are not in the same 


straight line) the force cannot act along AB and, also pass 
through C. 


Hence the only admissible case is that /’ should be zero, - 
- ie. that the forces should be in equilibrium. : 


The system will also be in equilibrium if (1) the sum of the 
moments about each of two points, A and B, separately vanish, and 
if (2) the sum of the forces resolved along AB be zero. For, if (1) 
holds, the resultant, by the foregoing article, is either zero or acts 
along AB. Also, if (2) be true there is no resultant in the direction 
AB; hence the resultant force is zero. Also, as in the foregoing 
Tene there is no resultant couple. Hence the system is in equi- 

rium, 


Si 


a 


GENERAL CONDITIONS OF EQUILIBRIUM 99 


82. Theorem. 4 s system of forces, acting in one plane 
upon a riged body, 1s in equilibrium, if the sum of their compo- 
nents parallel to each of two lines in their plane be zero, and if 
the algebraic sum of their moments about any point be zero also, 

For any such system of forces, by Art. 80, can be 
reduced to either a single force or a single couple. 

In our case they cannot reduce to a single force, 

For, since the sums of the components of the forces 
parallel to two dines in their plane are separately zero, 
therefore the components of their resultant force parallel to 
these two lines are zero also, and therefore the resultant 
force vanishes. 

Neither can the forces reduce to a single couple ; for, if 
they did, the moment of this couple about any point in its 
plane would be equal to a constant which is not zero; this, 
however, is contrary to our hypothesis. 

Hence the system of forces must be in equilibrium. 


83. It will be noted that in the enunciation of the last 
erticle nothing is said about the directions in which we are 
to resolve. In practice, however, it is almost always desir- 


_able to resolye along two directions at right angles, 


Hence the conditions of equilibrium of any system of — 
forces, acting in one plane upon a rigid body, may be ob- 
tained ag follows ; 

I. Equate to zero the algebraic sum of the re- 


_ solved parts of all the forces in some fixed direction. 


II. Equate to zero the algebraic sum of the 
resolved parts of all the forces in a perpendicular 
direction. : 

Ill. Equate to zero the algebraic sum of the 
moments of the forces about any point in their 


. plane. 
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T and II ensure that there shall be no motion of the 
body as a whole; III ensures that there shall be no motion 
of rotation about any point. 


The above three statical relations, together with the 
geometrical relations holding between the component 
portions of a system, will, in general, be sufficient to deter- 
mine the equilibrium of any system acted on by forces 
which are in one plane. 


In applying the preceding conditions of equilibrium to 
any particular case, great simplifications can often be intro- 
duced into the equations by properly choosing the directions 
along which we resolve. In general, the horizontal and 
vertical directions are the most suitable. 


Again, the position of the point about which we take 
moments is important; it should be chosen so that as few 


of the forces as possible are introduced into the equation of 
moments. 


84. We have shewn that the conditions given in the previous 
article are sufficient for the equilibrium of the system of forces; they 
are also necessary. 


Suppose we knew only that the first two conditions were satisfied. 
The system of forces might then reduce to a single couple; for the 
forces of this couple, being equal and opposite, are such that their 
components in any direction would vanish. Hence, resolving in any 
third direction would give us no additional condition. In this case 
ee reg would not be in equilibrium unless the third condition were 
satisfied. 


Suppose, again, that we knew only that the components of the 
system-along one given line vanished and that the moments about a 
given point vanished also; in this case the forces might reduce to a, 
single force through the given point perpendicular to the given line; 
hence we see that it is necessary to have the sum of the components 
parallel to another line zero also, 
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85. We shall now give some examples of the applica- 
tion of the general conditions of equilibrium. In solving 
any statical problem the student should proceed as 
follows ; 

(1) Draw the figure according to the conditions given. 

(2) Mark all the forces acting on the body or bodies, 
taking care to assume an unknown reaction (to be deter- 
mined) wherever one body presses against another, and 
to mark a tension along any supporting string, and to 
assume a reaction wherever the body is hinged to any other 
body or fixed point. ; 

(3) For each body, or system of bodies, involved in 
the problem, equate to zero the forces acting on it resolved 
along two convenient perpendicular directions (generally 
horizontal and vertical). 

(4) Also equate to zero the moments of the forces 
about any convenient point. 

(5) Write down any geometrical relations connecting 
the lengths or angles involved in the figure. 

Ex. 1. A heavy uniform beam rests with one end upon a horizontal 
plane, and the other end upon a given inclined plane; it is kept in 
equilibrium by a string which is attached to the end resting on the 
horizontal plane and to the intersection of the inclined and horizontal 
planes; given that the inclination (a) of the beam to the horizontal is 
one-half that of the inclined plane, find the tension of the string and the 
reactions of the planes. E 


Let AB be the beam, 40 the horizontal, and OB the inclined 
plane. 
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Let J’ be the tension of the string 40, W the weight of the body, 
R and §S the reactions at A and B respectively vertical and perpen- 
dicular to OB. 


Resolving horizontally and vertically we have 


Tee 8 Sin Dasher eee (1), 
Wes IB A-S5 GOB 266 Woe. savsan tz daaceclre> cov (2). 

Also, taking moments about 4, we have 
W.acosa=S.ABsin ABL=S.2acosa,......... (3), 


where 2a is the length of the beam. 
These three equations give the circumstances of the equilibrium. 
From (3), we have. S=iW. 
. from (2),  R=W-4Wcos2a=W (1-4 cos 2a). 
Also, from (1), 


= tall oe 
a= 9 Sin 2a. 
Hence the reactions and the tension of the string are determined. 


Suppose that, instead of the inclination of the beam to the horizon 
being given, the length of the string were given (=1 say). 


Let us assume the inclination of the beam to the horizon to be @. 
The equations (1) and (2) remain the same as before. 
The equation of moments would be, however, 
W.acosé@=S.ABsin ABL=S.2acos ABO 
S29 5 COB (2G =O) row iccaviesis Canieweeieavenns (4). 
We should haye a geometrical equation to determine @, viz., 
1 OA_ sinABO _ sin(2a- 6) 


: So AB smth singe Te (6). 
This latter equation determines 6, and then the equations (1), (2), 
and (4) would give 7, R, and &. - 


This question might have been solved by resolving along and 
perpendicular to the beam; in each equation we should then have 
involved each of the quantities 7, R, S, and W, so that.the resulting 
equations would have been more complicated than those above. 


It was also desirable to take moments about 4; for this is the 


only convenient point in the figure through which pass two of the 
forces which act on the body. 


Ex. 2. A beam whose centre of gravity divides it into portions, of 
lengths a and b respectively, rests in equilibrium with its ends resting 
on two smooth planes inclined at angles a and B respectively to the 
horizon, the planes intersecting in a horizontal line; find the inclination 
of the beam to the horizon and the reactions of the planes. ; 


™ 
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Let the planes be OA and OB, and let AB be the rod, whose centre 
of gravity is G, so that GA and GB are a and b respectively. . 
Let R and S be the reactions at A and B perpendicular to the 


inclined planes, and let @ be the inclination of the beam to the 
_ horizon. 


Resolving vertically and horizontally, we have 
JRCOS Cote COS B= Wea .na0. sobs sven opment (1), 
STUBID) to S12) 8) Patacwanisay aaron (2). 
Also, by taking moments about G, we have 
R,GAsinGAL=S.GBsin GBM. 
Now Z GAL=90° — BAO=90° —(a- 8), 
and Z GBM =90° — ABO=90° — (B+ 6). 
Hence the equation of moments becomes 
R.acos (a= O0)=S .BCOS(B+G) -ireseeereereeees (3). 
From (2), we have 
Re © iy, Booat 8 cops -- Ww tl) 
sinB sina sinfcosa+sinacosB sin(a+)’ 
These equations give R and S; also substituting for R and S in (3) 
we have 
asin B cos (a — 6)=b sin a cos (8+ 4); 
». asin B (cos a cos +sin a sin 6)=b sin a (cos 8 cos 6 — sin f sin 8) ; 
“. (a+) sin a sin B sin @=cos 6 (b sin a cos B—a Cos a sin £) ; 
2 (a+) tan 0=D cot B—ACObA weerirereeerese(4)s 
giving the value of 0. 


Otherwise thus; Since there are only three forces acting on the 
body this question might have been solved by the methods of the last 
chapter, : 


sal 
ie 


Pty ger 
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For the three forces R, S, and W, must meet in a point O’. 


The-theorem of Art. 79 then gives 
(a+b) cot O'GA=b cot B—acota, 
i.€. (a+b) tan 6=b cot B—acota, 
which is equation (4). 
Also Lami’s Theorem (Art. 40) gives 


jek eon 9 
sinBO'G sin AO’G sin AO’B’ 
R S Ww 
i.e —————, | 


Sng. daa Tan e+h) 


Ex. 3. A ladder, whose weight is 192 lbs. and whose length is 25 
feet, rests with one end against a smooth vertical wall and with the 
other end upon the ground; if it be prevented from slipping by a peg 
at its lowest point, and if the lowest point be distant 7 feet from the 
wall, find the reactions of the peg, the ground, and the wall. 


Let AB be the rod and G its middle point; let R and R, be the 


reactions of the ground and wall, and S the hori- 
zontal reaction of the peg. Let the angle GAO be 
a, so that 


cos a= AO 7 
AB -25’ 
. and hence 
One ees ILS 
625 625 25 


Equating. to. zero the horizontal and vertical 
components of the forces acting on the rod, we have 


R~192=0 nc cssseeneneseed (1); 
and eS = Oy Sitecmettwaverescs (2). 
Also, taking moments about 4, we haye 
192 x AG cosa=R, x AB sin a 
. R,=192 x F cot a=96 x y= 28. 
Hence, from (1) and (2), 
R=192 and S=28, 


wet eeeee 


R, O’ 


Fi] 
My 


The required reactions are therefore 28, 192, and 28 Ibs. weight 


respectively. 


The resultant of Rand S must by the last chapter pass through 0’, 


the point of intersection of the weight and R,. 
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Ex. 4. One end of a uniform rod is attached to a hinge, and the 
other end is supported by a string attached to the extremity of the rod, 
and the rod and string are inclined at the same angle, 0, to the hori- 
zontal; if W be the weight of the rod, shew that the action at the 


hinge is as /8 + cosec? 6. 


Let AB be the rod, C its middle point, and BD the string meeting 
the horizontal line through A in D. 


yi 


m 


Let the tension of the string be 1’. 

The action at the hinge is unknown both in magnitude and 
direction. Let the horizontal and vertical components of this action 
be X and Y, as marked in the figure. Draw BE perpendicular to AD. 
Then AD=2AH=2AB cos 0. 


Resolving horizontally and vertically, we have 


NUT CORD certcmesprau cule eiNa Lie arfaalits (1), 
Nas SM ES Wi) ae a Ron PRR (2). 
Also, taking moments about 4, we have 
W.ACcos6=T.ADsind=T.2ABcosdsin#@ ...... (3). 
- AG re W. 
ie T=Wsapsind 45nd" 
Hence, by (1) and (2), 
= =a Ligeia ao 
Se coud, an = = 4 => 7 . 


Therefore the action at the hinge= ./X?+ Y? 
7 ——— y ————— 
=" »/9-+ cot? 0 = zs »/8 + cosec? 0. 


If DB meet the direction of WV’ in M, then, by the last chapter, 
_ AM is the direction of the action at 4. Hence, if CN be parallel to 
AM, then CIN is a triangle of forces. — 


-— 


A 
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Ex. 5. A uniform heavy rod can turn freely about one end, which 
is fixed; to this end is attached a string which supports a sphere of 
radius a. If the length of the rod be 4a, the length of the string a, and 
the weights of the sphere and rod be each W, find the inclinations of the 
rod and string to the vertical and the tension of the string. = 


Let OA be the rod, OC the string, B the centre of the sphere, and 
D the point in which the rod touches the sphere. - 


A 


Between the sphere and the rod at D there is a reaction, R, per- 
pendicular to.OD, agting in opposite directions on the two bodies. 


The forces which act on the sphere only must be in equilibrium ; 
and so also must the forces which act on the rod. 

Since there are only three forces acting on the sphere they must 
meet in a point, viz,, the centre of the sphere. 

Hence OCB is a straight line. 


Let @ and ¢ be the inclination of the rod and string to the 
vertical, 


‘ DEG AT 
Then Se par  ghala eh 
pes) Gea at 

so that 0} Gs BOR, nlctchanpeete ana nagere O8 s 


The forces acting on the rod are the reaction at D, the weight of 
the rod, and the action at the hinge O. 


: If we take moments about O we shall avoid this action, and we 
aye 


W.2asin 0=R.OD=R. 2a 608 80° ........0.66086 (2). 
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From the conditions of equilibrium of the sphere, 
Bak tk 5 5 W 
sin (p+60°) sing sin 60° 

Therefore, from (2) and (8), 

sin @ Rk sing 


cos 30° W sin 60°" 
. ~=8, and hence, from (1), 
d=9¢=15°. 
Substituting in (3), we have 


sin 75° /3+1_W 
a => / Z r 
PAW nc [6 Co NNT ew, 
sin 15° -B- ~~ 
ee le sin 60° ¥ af /6 


tin g (8/2 — 0/6) = "2988 x 


EXAMPLES. XII. 


1, A uniform beam, 4B, whose weight is W, rests with one end, 
A, on a smooth horizontal plane AC. The other end, B, rests on a 
plane CB inclined to the former at an angle of 60°. If a string CA, 
equal to CB, prevent motion, find its tension. 


2. Aladder, of weight W, rests with one end against a Per 
vertical wall and with the other resting on a smooth floor; if the 
inclination of the ladder to the horizon be 60°, find, by calculation 
and graphically, the horizontal force that must be applied to the lower 
end to prevent the ladder from sliding down. + 


3. A beam, of weight W, is divided by its centre of gravity C into 
two portions AC and BC, whose lengths are a and 6 respectively. The 
beam rests in a vertical plane on a smooth floor AD and against a 
smooth yertical wall DB. A string is attached to a hook at D and to 
the beam at a point P. If T be the tension of the string, and 6 and } 
be the inclinations of the beam and string respectively to the horizon, 


acos 0 
shew that fe W G+b)sin (6-9) . 

4, A ladder rests at an angle a to the horizon, with its ends rest- 
ing on a smooth floor and against a smooth vertical wall, the lower 
end being attached by a string to the junction of the wall "and floor ; 
find the tension of the string. 

Find also the tension of the string when a man, whose weight is 
one-half that of the ladder, has ascended the Jaddex two- pane of its - 


length, 


NN 
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5, Oneend of a uniform beam, of weight W, is placed on a smooth 
horizontal plane; the other end, to which a string is fastened, rests 
against another smooth plane inclined at an angle a to the horizon; the 
string, passing over a pulley at the top of the inclined plane, hangs 
vertically, and supports a weight P; shew that the beam will rest in 
all positions if 2P=W sin a. 


6. A heavy uniform beam rests with its extremities on two smooth 
inclined planes, which meet in a horizontal line, and whose inclinations 
to the horizon are a and 8; find its inclination to the horizom in the 
position of equilibrium, and the reactions of the planes. 


7, A uniform beam rests with a smooth end against the junction 
of the ground and a vertical wall, and is supported by a string 
fastened to the other end of the beam and to a staple in the wall. 
Find the tension of the string, and shew that it will be one-half 
the weight of the beam if the length of the string be equal to the 
height of the staple above the ground. 


. A uniform rod BC, of weight 2 lbs., can turn freely about B 
and is supported by a string AC, 8 inches long, attached to a point 4 in 
the same horizontal line as B, the distance 4B being 10 inches. If 
the rod be 6 inches long, find the tension of the string. Verify by 
a drawing and measurement. 


9, A uniform rod has its upper end fixed to a hinge and its other 
end attached by a string to a fixed point in the same horizontal plane 
as the hinge, the length of the string being equal to the distance 
between the fixed point and the hinge. Ifthe tension of the string be 
equal to the weight W of the rod, shew that the rod is inclined to the 


horizon at an angle tan! 4, and that the action of the hinge is equal 
to a force ua ,/10 inclined at an angle tan! 4 to the horizon. 


10. Arod is movable in a vertical plane about a hinge at one end, 
and at the other end is fastened a weight equal to half the weight of 
the rod; this end is fastened by a string, of length J, to a point at a 
height c vertically over the hinge. Shew that the tension of the string 


is Ls where JW is the weight of the rod. 


11. AB is a uniform rod, of length 8a, which ean turn freely - 
about the end A, which is fixed; C is a smooth ring, whose weight is | 
twice that of the rod, which can slide on the rod, and is attached by a 
string CD to a point D in the same horizontal plane as the point 43 if 
AD and CD.be each of length a, find the position of the ring and the 
tension of the string when the system is in equilibrium. 


Shew also that the action on the rod at the fixed end A is a hori- 
zontal force equal to ,/31V, where W is the weight of the rod. 
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12. Avxigid wire, without weight, in the form of the arc of a circle 
subtending an angle a at its centre, and having two weights P and 
Q at its extremities, rests with its convexity downwards upon a hori- 
zontal plane; shew that, if @ be the inclination to the vertical of the 
radius to the end at which P is suspended, then 


Q sina 
tan 6 = ——_—_—__. 
i P+Q cosa 


13. A smooth hemispherical bowl, of diameter a, is placed so 
that its edge touches a smooth vertical wall; a heavy uniform rod is 
in equilibrium, inclined at 60° to the horizon, with one end resting on 
the inner surface of the bowl, and the other end resting against the 


wall; shew that the length of the rod- must be a+ aig 


14, Acylindrical vessel, of height 4 inches and diameter 3 inches, 
stands upon a horizontal plane, and a smooth uniform rod, 9 inches 
long, is placed within it resting against the edge. Find the actions 
between the rod and the vessel, the weight of the former being 6 ounces. 


15. A thin ring, of radius h and weight W, is placed round a 
vertical cylinder of radius r and prevented from falling by a nail 
projecting horizontally from the cylinder. Find the horizontal re- 
actions between the cylinder and the ring. 


16. A heavy carriage wheel, of weight W and radius 7, is to be 
dragged over an obstacle, of height h, by a horizontal force F’ applied 
to the centre of the wheel; shew that F must be slightly greater than 


17, A uniform beam, of length 2a, rests in equilibrium, with one 
end resting against a smooth vertical wall and with a point of its 
length resting upon a smooth horizontal rod, which is parallel to the 
wall and at a distance b from it; shew that the inclination of the 
beam to the vertical is 

sin-1 Gy) c 
a - 


18, Acircular dise, BCD, of radius a and weight W, is supported 
by a smooth band, of inappreciable weight and thickness, which sur- 
rounds the dise along the are BCD and is fastened at its extremities to 
the point A in a, vertical wall, the portion 4D touching the wall and 
the plane of the disc being at right angles to the wall. If the length 
of the band not in contact with the disc be 2b, shew that the tension 

24 H2 
of the bands ua ate , and find the —— De 


nap) “i 


= oe 
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19, Two equal uniform heavy straight rods are connected at one 
extremity by a string and rest upon two smooth pegs in the same 
horizontal line, one rod upon one peg and the other upon the other ; 
if the distance between the pegs be equal to the length of each rod and 
the length of the string be half the same, shew that the rods rest at an 
angle @ to the horizon given by 2 cos? @=1. 


90,..A uniform rod, whose weight is W, is supported by two fine 
strings, one attached to each end, which, after passing over small 
fixed smooth pulleys, carry weights w, and w, respectively at the other 
ends. Shew that the rod is inclined to the horizon at an angle 

wy? — we 2 
W/2 (w2+w2)—-W? 

21. Auniform rod, of weight W, is supported in equilibrium by 
a string, of length 27, attached to its-ends and passing over a smooth 
peg. * If a weight W’ be now. attached to one end of the rod, shew that 
it can be placed in another position of equilibrium by sliding a length 

iw’ . ; 
W+w’ 

92. ABis a straight rod, of length 2a and weight AIV, with the 
lower end A on the ground at the foot of a vertical wall AC, Band C 
being at the same vertical height 2b. above A; a heavy ring, of weight 
W, is free to move along a string, of length 27, which joins B and C. 


If the system be in equilibrium with the ring at the middle point of 
the string, shew that 


sin} 


of the string over the peg. 


2 2 yo Xt?) 
P=a4 (\+1)2 . 


93. A given square board ABCD, of side b, is supported hori- 
zontally by two given loops of string OACO and OBDO passing under 
opposite corners.and hung over a fixed hook O; find the tensions of 
the strings, if the height of O above the board be b. 


24, A gate weighing 100 lbs. is hung on two hinges, 3 feet apart, 
in a vertical line which is distant 4 feet from the centre of gravity of 
the gate. Find the magnitude of the reactions at each hinge on the 
assumption that the whole of the weight of the gate is borne by the 
lower hinge. 


. 25. A triangle, formed of three rods, is fixed in a horizontal 
position and a homogeneous sphere rests on it; shew that the 
reaction on each rod is proportional to its length. 


_26. A light triangular frame ABC stands in a vertical plane, C — 
being uppermost, on two supports, 4 and B, in the same _hori- 
zontal line and a mass of 18 lbs. weight is suspended from C. If 
AB=AC=18 feet, and BC=5 feet, find the reactions of the supports. 


neg The sides of a triangular framework are 13, 20, and 21 inches 
in length; the longest side rests on a horizontal smooth table and a 
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weight of 63 lbs. is suspended from the opposite angle. Find the 
tension in the side on the table. Verify by a drawing and measure- 
ment. 


98. A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the rim 
makes an angle a with the vertical, whilst the radius drawn to a point 
A of the bow! makes an angle 8 with the vertical ; ; if a smooth uniform 
rod remain at rest with one end at A and a point of its length in 
contact with the rim, shew that the length of the rod is 


: C= 
4a sin B sec Pa . 
2 


86. In the following articles the conditions of equi- 
librium enunciated in Art. 83’will be obtained in a slightly 
different manner. 


*g7. Theorem. Any system of forces, acting in one 
plane upon a rigid body, 1s equivalent to a force acting 
at an arbitrary point of the body together with a couple. 

Let P be any force of the system acting at a point A of 
the body, and let O be any-arbitrary point. At O introduce 


two equal and opposite forces, the magnitude of each Riaz 
P, and let their line of action be parallel to that of P. 
These do not alter the state of equilibrium of the body. 

The force P at A and the opposite parallel force P 
at O form a couple of moment LP’. p, where p is the per- 
pendicular from O upon the bne of amen of the original 


force P. 
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Hence the force P at A is equivalent to a parallel force 
P at O and a couple of moment P. p. 

So the force Q at B is equivalent to a parallel force 
Q at O and to a couple of moment Q.g, where ¢ is the 
perpendicular from O on the line of action of Q. 

The same holds for each of the system of forces. 

Hence the original system of forces is equivalent to 
forces P, Q, R... acting at O, parallel to their original 
directions, and a number of couples; these are equivalent 
to a single resultant force at O, and a single resultant 
couple of moment 

P.p+Q.qt..-. : 

*88. By Art. 74 a force and a couple cannot balance 
unless each is zero. 

Hence the resultant of P, Q, R,... at O must be zero, 
and therefore, by Art. 46, the sum of their resolved parts 
in two directions must separately vanish. 

Also the moment Pp+Q@q+... must be zero, i.e., the 
algebraic swm of the moments of the forces about an arbitrary 
point O' must vanish also. 


*s9. Ex. ABCD is a square; along the sides AB, BC, DC, and 
DA act forces equal to 1, 9, 5, and 3 Ibs. weight; find the force, passing 
through the centre of the square, and the couple which are together 
equivalent to the given system. 


Let O be the centre of the square and let OX and OY be perpendi- 
cular to the sides BC, CD respectively. Let 
the side of the square be 2a. 


The force 9 is equivalent to a force 9 
along OY together with a couple of moment 
9.a. 


The force 3 is equivalent to a force —3 
along OY together with a couple of moment 
3.a. 


The force 5 is equivalent to a force 5 
pte OX together with a couple of moment 
~5.a. 


4 


GENERAL CONDITIONS OF EQUILIBRIUM 113 


The force 1 is equivalent to a force 1 along OX together with a 
couple of moment 1.a. 


Hence the moment of the resultant couple is 9a+3a-—5a+1.a, 
a.0o. Sie 

The component force along OX is 6 and the component along OY 
is 6. 

Hence the resultant force is one of 6,/2 lbs. weight inclined at 45° 
to the side AB. 


EXAMPLES. XIII. 


1, A square is acted upon by forces equal to 2, 4, 6, and 8 lbs. 
weight along its sides taken in order; find the resultant force and the 
resultant couple of these forces, when.the resultant force goes through 
the centre of the square. > 


2. ABCD isa square; along DA, AB, BC, CD, and DB act forces 
equal to P, 3P, 5P, 7P, and 9,/2P; find the forcey passing through 4, 
and the couple, which are together equivalent to the system. 


3. Forces equal to 1, 2, 3, 4, 5, and 6 lbs. weight respectively act 
along the sides 4B, BC, CD, DE, EF, and FA of a regular hexagon; 
find the force, passing through A, and the couple, which are together 
equivalent to the system. 


4, Given in position a force equal to 10 lbs. weight and a couple 
consisting of two forces, each equal to 4 lbs. weight, at a distance of 
2 inches asunder, draw the equivalent single force. 


Constrained body. 


90. A body is said to be constrained when one or 
more points of the body are fixed. For example, a rod 
attached to a wall by a ball-socket has one point fixed and 
is constrained. 

If a rigid body have two points A and BS fixed, all the 
points of the body in the line AB are fixed, and the only 
way in which the body can move is by turning round 
AB as an axis. For example, a door attached to the door- 
post by two hinges can only turn about the line joining the 
hinges. 3 

If a body have three points in it fixed, the three points 
not being in the same straight line, it is plainly immovable. 


Lome - 8 
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The only cases we shall consider are (1) when the 
body has one point fixed and is acted upon by a system 
of forces lying in a plane passing through the fixed point, 
and (2) when the body can only move about a fixed axis 
in it and is acted upon by a system of forces whose 
directions are perpendicular to the axis. 


91. Whena rigid body has one point fixed, and is acted 
upon by a system of forces in a plane passing through the 
point, it will be in equilibrium if the algebraic sum of the ~ 
moments of the forces about the fixed point vanishes. 

When a body has one point A fixed (as in the case 
of Ex. 4, Art. 85), there must be exerted at the point some 
force of constraint, /, which together with the given 
system of forces is in equilibrium. Hence the conditions 
of equilibrium of Art. 83 must apply. 

If we resolve along two directions at right angles, we 
shall have two equations to determine the magnitude and 
direction of the force F. 

If we take moments about A for all the forces, the 
force / (since it passes through A) does not appear in 
our equation, and hence the equation of moments of Art. 
83 will become an equation expressing the fact that the 
algebraic sum of the moments of the given system of 
forces about A is zero. 

Hence for the equilibrium of the body (unless we wish 
to find the force of constraint /’) we have only to express 
that the algebraic sum of the moments of the forces about 
the fixed point A is zero, 


92. Ex. dAvrod AB has one end A fixed, andis kept in a horizontal 
position by a force equal to 10 lbs. weight acting at B in a direction 
inclined at 30° to the rod; if the rod be homogeneous, and of length 
4 feet, find its weight. 


The moment of the weight about A must be equal to the moment 
of the force about A. 
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If W be the weight, the former moment is Wx 2, and the latter is 
10 x 4sin 30°. 
“. 2W=10 x 4sin 30°=20. 


W=10 lbs. wt. 


93. When a rigid body has an axis fixed, and is acted 
upon by forces, whose directions are perpendicular to this 
axis, it will be in equilibrium if the algebraic sum of the 
moments of the forces about the fixed axis vanishes. 


[If a force be perpendicular to a given axis and do not meet it, its 
moment about the axis is the product of the force and the perpen- 
dicular distance between the axis and the force.] 


Suppose AB to be the fixed axis in the body, and let 
the body be acted on by forces P, Q...; these forces need 


not be parallel but their directions must be perpendicular 
to the axis. 

Draw CC’ perpendicular to both the axis and P, and 
DD’ perpendicular to the axis and @; let their lengths be 
pand q. ; 

At ©” introduce two equal and opposite forces, each 
equal to P, one of these being parallel to the original 
force P. 

The force P at C and the two forces (P, P) at C’ are 
equivalent to a force P, parallel to the original P, and a 
couple of moment P. p. 

Similarly, the force Q at D is equivalent to a force Q 
at D’ and a couple of moment @. q. 

Similarly for the other forces. 
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The forces, since they intersect the axis, can have no 
effect in turning the body about the axis and are balanced 
by the forces of constraint applied to the axis. 

The couples are, by Arts. 72 and 73, equivalent to a couple 
of moment P.y+Q.q+... ina plane perpendicular to the 
axis, é 

Hence the body will be in equilibrium if 

P.p+Q.q+... be zero; 


also the latter expression is the algebraic sum of the 
moments of the forces about the axis. 
Hence the theorem is true. 


94. Ex. A circular uniform table, of weight 80 lbs., rests on four 
equal legs placed symmetrically round 
its edge; find the least weight which hung 
upon the edge of the table will just over- 
turn it. 


Let AE and BF be two of the legs of 
the table, whose centre is O; the weight 
of the table will act through the point O. 


If the weight be hung on the portion 
of the table between A and B the table 
will, if it turn at all, turn about the line 
joining the points H and F. Alsoit will 
be just on the point of turning when the 
weight and the weight of the table have equal moments about EF. 


Now the weight will clearly have the greatest effect when placed at 
M, the middle point of the are AB. 


Let OM meet AB in L, and let « be the required weight. Taking 
a Sie about EJ’, which is the same as taking moments about AB, 
we haye 


F 


«.LM=80. OL. 
But IM=OM-OL=0O4A — OA cog 45° 


=0OA (1-35). 
1 J 
on 1-—. (6) = . = — 
«( Ay A=80.O0L SD ess 
sari W240) 
=193°1 Ibs. wt. 


and C= 


we Ga 
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95. Theorem. /f three forces acting on a body keep 
it in equilibrium, they must lie in a plane. 

Let the three forces be P, Q, and R. 

Let P, and Q, be any two points on the lines of action ° 
of P and Q respectively. 

Since the forces are in equilibrium, they can, takén 
together, have no effect to turn the body 
about the line P,Q,. But the forces P 
and @ meet this line, “and therefore 
separately have no effect to turn the body 
about P,Q,. Hence the third force 2 
can have no effect to turn the body about 
P. 191- 

Therefore the line P,Q, must meet L. 

Similarly, if @., Q3,... be other points 
on the line of action of Q, the lines P,Q,, 
P,Qs3,... toust meet LF. 

Hence & must lie in the plane through /, and the line 
of action of Q, 1.¢., the lines of action of Q and & must be 
in a plane which passes through P,. 


But P, is any point on the line of action of P; and 
hence the above plane passes through any point on the 
line of action of P, 


i.¢., it contains the line of action of P. 


Cor. From Art. 77 it now follows that the three forces 
must also meet in a point or be parallel. 


EXAMPLES. XIV. 


1, A square uniform plate is suspended at one of its vertices, and 
a weight, equal to half that of the plate, is suspended from the 
adjacent vertex of the square. Find the position of equilibrium of the 
plate. 
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9. A hollow vertical cylinder, of radius 2a and height 3a, rests on 
a horizontal table, and a uniform rod is placed within it with its 
lower end resting on the circumference of the base; if the weight, of 
the rod be equal to that of the cylinder, how long must the rod be so 
that it may just cause the cylinder to topple over? 


3. A cylinder, whose length is b and the diameter of whose base 
is c, is open at the top and rests on a horizontal plane; a uniform 
rod rests partly within the cylinder and in contact with it at its upper 
and lower edges; supposing the weight of the cylinder to be m times 
that of the rod, find the length of the rod when the cylinder is on the 
point of falling over. : 


4, A square table stands on foulegs placed respectively at the 
middle points of its sides; find the greatest weight that can be put at 
one of the corners without upsetting the table. 


5, Around table stands upon three equidistant weightless legs at 
its edge, and.a man sits upon its edge opposite a leg. It just upsets 
and falls upon its edge and two legs. He then sits upon its highest 
point and just tips it up again. Shew that the radius of the table is 
,/2 times the length of a leg. 


6. Acircular table, whose weighi is 10 lbs., is provided with three 
vertical legs attached to three points in the circumference equidistant 
from one another; find the least weight which hung from any point 
in the edge of the table will just cause it to overturn. 


7, A square four-legged table has lost one leg; where on the table 
should a weight, equal to the weight of the table, be placed, so that 
the pressures on the three remaining legs of the table may be equal ? 


8. A square table, of weight 20 lbs., has legs at the middle points 
of its sides, and three equal weights, each equal to the weight of the 
table, are placed at three of the angular points. What is the greatest 
weight that can be placed at the fourth corner so that equilibrium 
may be preserved ? 


9, Acircular metallic plate, of uniform thickness and of weight 
w, is hung from a, point on its circumference. A string wound on its 
edge, carries a weight p. Find the angle which the diameter through 
the point of suspension makes with the vertical. 


A uniform circular disc, of weight nW, has a particle, of 
weight W, attached to a point on its rim. If the disc becehainial 
from a point 4 on its rim, B is the lowest point; also, if suspended 


from B, A is the lowest point. Shew that the angle subt 
at the centre of the dis¢ is 2 see!2 (n+1). Feet ees 


11, A heavy horizontal circular ring rests on three supports at 
the points A, B, and C of its circumference, Given its wuight aha 
_ the Fre and angles of the triangle ABC, find the reactions of the — 
supports, 


CHAPTER IX. 
CENTRE OF GRAVITY. 


96. Every particle of matter is attracted to the 
centre of the Earth, and the force with which the Earth 
attracts any particle to itself is, as we shall see in 
Dynamics, proportional to the mass of the particle. 

Any body may be considered as an agglomeration of 
particles. 

If the body be small, compared with the Earth, the 
lines joining its component particles to the centre of the 
Earth will be very approximately parallel, and, within the 
limits of this book, we shall consider them to be absolutely 
parallel. 

On every particle, therefore, of a rigid body there is 
acting a force vertically downwards which we call its 
weight. 

These forces may by the process of compounding 
parallel forces, Art. 52, be compounded into a single 
force, equal to the sum of the weights of the particles, 


~ acting at some definite point of the body. Such a point 


7 


- ig called the centre of gravity of the body. 


Centre of gravity. Def. The centre of gravity of a 


body, or system of particles rigidly connected together, 1s 


that_povnt through which the line of action of the weight of 
the body always passes in whatever position the body ws 
placed. é e 


‘ 


Vv 


ae 
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97. Lvery body, or system of particles rigidly connected 
together, has a centre of gravity. 


Let A, B, C, D... be a system of particles whose 
weights are wW,, Wz, W3...- 


1 2 G, op 
“lS 
Join AB, and divide it at G, so that 
AG, : GB zw, 2 w. 
Then parallel forces w, and w,, acting at A and B, are, 
by Art. 52, equivalent to a force (w, + w,) acting at G,. 
Join GC, and divide it at G, so that 
GG. : GeO 3: We 1 Wy + We. 
Then parallel forces, (2, +.) at G, and w, at C, are 
equivalent to a force (w,+w,+ ws) at G. 
Hence the forces w,, w,, and w; may be supposed to be 
applied at G', without altering their effect. 
Similarly, dividing G,D in G, so that 
GG, 2 G@gD 2: wy Wy, + Wy + Wes 
we see that the resultant of the four weights at A, B, C, 
and D is equivalent to a vertical force, 2, + w+ 23 + W,, 
acting at G;. 
Proceeding in this way, we see that the weights of any 
number of particles composing any body may be supposed 


to be applied at some point of the body without altering 
their effect. 


98. Since the construction for the position of the 
resultant of parallel forces depends only on the point of 
application and magnitude, and not on the direction of 
the forces, the point we finally arrive at is the same if 


ea 
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the body be turned through any angle; for the weights 
of the portions of the body are still parallel, although they 
have not the same direction, relative to the body, in the 
two positions. 

We can hence shew that a body can only have one 
centre of gravity. For, if possible, let it have two centres 
of gravity G and G,. Let the body be turned, if necessary, 
until GG, be horizontal. We shall then have the resultant 
of a system of vertical forces acting both through G and 
through G,. But the resultant force, being itself neces- 
sarily vertical, cannot act in the horizontal line GG. 

Hence there can be only one centre of gravity. 

99. If the body be not so small that the weights of its component 


parts may all be considered to be very approximately parallel, it has 
not necessarily a centre of gravity. 


In any case, the point of the body at which we arrive by the con- 
struction of Art. 97, has, however, very important properties and is 
called its Centre of Mass, or Centre of Inertia. If the body he of 
uniform density its centre of mass coincides with its Centroid. 

100. We shall now proceed to the determination of 


the centre of gravity of some bodies of simple forms. 


. I. A uniform rod. 
Let AB be a uniform rod, and G' its middle point. 


i ne erage gee ae Pa 
G 

Take any point P of the rod between @ and A, and a 
point Q in GB, such that 
z GQ=GP. 

The centre of gravity of equal particles at P and Q 
is clearly @; also, fot every particle between G and A, 
there is an equal particle at an equal distance from G, 


lying between G and B. . 


~ 
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The centre of gravity of each of these pairs of particles 
is at G; therefore the centre of gravity of the whole rod 
is at G. 

yo" 101. II. A uniform parallelogram. 
a Ted BOD be a parallelogram, and let # and F be the 
middle points of 4D and BC. 

Divide the parallelogram 
into a very large number of 
strips, by means of lines parallel 
to AD, of which PR and Qs ® F Cc 
are any consecutive pair. Then 
PQSR may be considered to be a uniform straight line, 
whose centre of gravity is at its middle point G4. 

So the centre of gravity of all the other strips lies on 
EF, and hence the centre of gravity of the whole figure 
lies on EF. i 

So, by dividing the parallelogram by lines parallel to 
AB, we see that the centre of gravity lies on the line 
joining the middle points of the sides.AB and CD. 

Hence the centre of gravity is at G the point of inter- 
section of these two lines. 


G is clearly also the point of intersection of the diagonals 
of the parallelogram. 


A E D 


102. It is clear from the method of the two previous 
articles that, if in a uniform body we can find a point @ 
such that the body can be divided into pairs of particles 
balancing about it, then G@ must be the centre of gravity 
of the body. 3 

The centre of gravity of a uniform circle, or uniform 
sphere, is therefore its centre. ; 

It is also clear that if we can divide a lamina into 
strips, the centre of gravity of which all lie on a straight 


“ 
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line, then the centre of gravity of the lamina must lie on 
that line. 

Similarly, if a body can be divided into portions, the 
centres of gravity of which lie in a plane, the centre of 
gravity of the whole must lie in that plane. 


103. III. Uniform triangular lamina. 


Let ABC be the triangular lamina and let D and F be. 
the middle points of the sides BC 
and CA. Join AD and BE, and 
let them meet in G. Then G 
shall be the centre of gravity of 
the triangle. 7 

Let B,C, be any line parallel Be 
to the base BC meeting AD in D,. 

As in the case of the parallelogram, the triangle may 
be considered to be made up of a very large number of 
strips, such as B,C,, all parallel to the base BC. 

Since B,C, and BC are parallel, the triangles AB,D, 
and ABD are similar; so also the triangles AD,C, and 
ADC are similar. : 

Hence a = oe = ae : 

But BD=DC; therefore B,D,=D,C,. Hence the 
centre of gravity of the strip B,C, lies on AD. 

So the centres of gravity of all the other strips lie on. 
AD, and hence the centre of gravity of the triangle lies 
on AD. 

Join BE, and let it meet AD in G. 

By dividing the triangle into strips parallel to AC’ we 
see, similarly, that the centre of gravity lies on BE. 

Hence the required centre of ar must be at G. 


pm <a 
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Since D is the middle point of BC and /# is the middlé 
point of CA, therefore D£ is parallel to AB. 

Hence the triangles GDZ and GAZ are similar, 

- GDSDE LOE 
LGA. tA Be AOA 8. 
“sothat 2G@D=GA, and 3GD=@A+GD=AD. 
«- GD=2AD. 

Hence the centre of gravity of a triangle is on the 
line joining the middie point of any side to the opposite 
vertex at a distance equal to one-third the distance of 
the vertex from that side. 


104. Zhe centre of gravity of any uniform triangular 
lamina is the same as that of three equal particles placed at 
the vertices of the triangle. 

Taking the figure of Art. 103,-the centre of gravity of 
two equal particles, each equal to w, at B and C, is at D 
the middle point of BC ;. also the centre of gravity of 2w _ 
at D and w at A divides the line DA in the ratio of 1: 2. 
But G, the centre of gravity of the lamina, divides DA in 
the ratio of 1; 2. 

Hence the centre of gravity of the three particles is the 
same as that of the lamina. | 


105. IV. Three-rods forming a triangle. 


Let BC, CA, and AB be the three rods, of the same thickness and 
material, forming the triangle, and let D, E, and F be the middle 
points of the rods. Join DE, EF, and FD. Clearly DE, EF, and 
FD ave half of AB, BC, and CA respectively. The centres of gravity 
of the three rods are D, EF, and F’. 


The centre of gravity of the rods AB and AC is therefore a point 
I on EF such that 


EL: LF :: weight at F : weight at E 
Sets Le, 
3: DE; DF, : 
a0 that DL bisects the angle FDE. (Bue. vr. 3.) 


‘ 
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Also the centre of gravity of the three rods must lie on DL. 


Similarly the centre of gravity must lie on EM which bisects the 
angle DEF. p 


Hence the required point is the point at which EM and DL meet, 
and is therefore the centre of the circle inscribed in the triangle DEF, 


i.e., the centre of the circle inscribed in the triangle formed by 
joining the middle points of the rods. 


106. V. Tetrahedron. 
Let ABCD be the tetrahedron, 7 the middle point of 
AB, and G, the centre of gravity of the base ABC. 


B % : 
Take any section A’B’C’ of the tetrahedron which is 
parallel to ABC; let DH meet A'B' in H' and let DG, 
meet Z'C" in G’. : 


Then : 
ee e ee , by similar As D#'G', DEG, 
1 1- 
= CE, by similar As DOC, DAC, 
; 7 


Pe _ #G HG, 1 
. ie 1 ey 


“oe grr 
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Hence G" is the centre of gravity of the section A’ BC’. 

By considering the tetrahedron as built up of triangles 
parallel to the base ABC, it follows, since the centre of 
gravity of each triangle is in the line DG,, that the centre 
of gravity of the whole lies in DG). 


B 


Similarly, it may be shewn that the centre of gravity 
lies on the line joining C to the centre of gravity G, of the 
opposite face, Also G, lies in the line ZD and divides it in 
the ratio 1 : 2. 


Hence G, the required point, is the point of intersection 
of CG, and DG. 


Join G,G,, 
Then ; 
4.4 Gg fs 
GG Do by similar As G'@,G, and GCD, 
EG, . . 
=e by similar As #G,@, and ECD, 
ae 
eis 
GC = 3.64.4, 


-» GO=4. GG. 
Similarly GD = 44,4. 
Hence the centre of gravity of the pyramid lies on the 
line joining the centre of gravity of any face to the opposite 
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angular point of the tetrahedron at a distance equal to one- 
quarter of the distance of the angular point from that face. 

Cor. The centre of gravity of the tetrahedron is the 
same as that of equal particles placed at its vertices. 

For equal weights 2 placed at the angular points ABC 
of a triangle are equivalent, by Art. 104, to a weight 3w 
placed at G;, the centre of gravity of ABC. Also 3w at G, 
and w at D are equivalent to 4 at G, since & divides GD 
in the ratio 1 : 3. 


107. VI. Pyramid on any base. Solid Cone. 


Tf the base of the pyramid in the previous article, instead 
of being a triangle, be any plane figure ABCLILN... whose 
centre of gravity is G,, it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the 
line joining D to Gj. 

Also by drawing the planes DAG,, DBG,... the whole 
pyramid may be split into a number of pyramids on tri- 
angular bases, the centres of gravity of which all lie on 
a plane parallel to ABCL... and at a distance from D 
of three-quarters that of the latter plane. 

Hence the centre of gravity of the whole lies on the line 
GD, and divides it in the ratio 1 : 3. 

Let now the sides of the plane base form a regular 
polygon, and let their number be indefinitely increased. 
" Ultimately the plane base becomes a circle, and the pyramid 
becomes a solid cone having D as its vertex ; also the point 
G, is now the centre of the circular base. 

Hence the centre of gravity of a solid right circular 
cone is on the line joining the centre of the base to the 
vertex at a distance equal to one-quarter of the distance of 


_ the vertex from the base. 


’ 


a 
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108. WII. Surface of a.hollow cone. 


Since the surface of a cone can be divided into an 
infinite number of triangular laminas, by joining the vertex 
of the cone to points on the circular base indefinitely close 
to one another, and since their centres of gravity all lie in 
a plane parallel to the base of the cone at a distance from 
the vertex equal to two-thirds of that of the base, the centre 
of gravity of the whole cone must lie in that plane. 


But, by symmetry, the centre of gravity must lie on the 
axis of the cone. 


Hence the required point is the point in which the: 
above plane meets the axis, and therefore is on the axis at 
a point distant from the base one-third the height of the 
cone. 


EXAMPLES. XV. 


1. An isosceles triangular lamina has its equal sides of length 
5 feet and its base of length 6 feet; find the distance of the centre of 
gravity from each of its sides. 


9. The sides of a triangular lamina are 6, 8, and 10 feet in 
length; find the distance of the centre of gravity from each of the 
sides. 


8. The base of an isosceles triangular lamina is 4 inches and the 
equal sides are each 7 inches in length; find the distances of its 
centre of gravity from the angular’ points of the triangle. 


4, Dis the middle point of the base BC of a triangle ABC; shew 
that the distance between the centres of gravity of the triangles ABD 
and ACD is $BC. 


5. A heavy triangular plate ABC lies on the ground; if a vertical 

force applied at the point A be just great enough to begin to lift that 

aoe from the ground, shew that the same force will suffice, if applied 
at B or C. 


_ 6, Three men carry a weight, W, by putting it on a smooth 
triangular board, of weight w, and supporting the system on their 


shoulders placed respectively at the angular points; find the weight 
that each man supports. 
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7. ‘The base of a triangle is fixed, and its vertex moves on a given 
straight line; shew that the centre of gravity also moves on a straight 
line. 


8. The base of a triangle is fixed, and it has a given vertical 
angle; shew that the centre of gravity of the triangle moves on an 
are of a certain circle. 


9. A given weight is placed anywhere on a-triangle; shew that 
the centre of gravity of the system lies within a certain triangle. 


10. A uniform equilateral triangular plate is suspended by a 
string attached to a point in one of its sides, which divides the side 
in the ratio 2 : 1; find the inclination of this side to the vertical. 


11. A uniform lamina in the shape of a right-angled triangle, and 
such that one of the sides containing the right angle is three times 
the other, is suspended by a string attached to the right angle; in the 
position of equilibrium, shew that the hypotenuse is inclined at an 
angle sin-! to the vertical. 

12. A uniform triangular lamina, whose sides are“3, 4, and 5 
inches, is suspended by a string from the middle point of the longest 
side; find the inclination of this side to the vertical. 


109. General formulae for the determination 
of the centre of gravity. : 

In the following articles will be obtained formulae 
giving the position of the centre of gravity of any system 
of particles, whose position and weights are known. 

Theorem. J// a system of particles whose weights wre 
Wy, Wa, ... Wy be on a straight line, and ¢f their distances 


measured from a fixed point O in the line be 
¢ 


X,5 Xo» aes ens 
the distance, &, of their centre of gravity from the fixed point 
is given by 
Wy HF Wylg + v0 + Wy Ly, 
Net oe eee ee 
Let A, B, C, D... be the particles and let the centre of 
gravity of w, and w, at A and B be G,; let the centre of 


re) A B Cix D 
oxy G2|G3 
Uy W, We Ws 
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gravity of (w, + 2w,) at G, and 2, at C be G,, and so for the 
other particles of the system. : 
By Art. 97, we have w,. AG, =w,. GB; 
*, w, (OG, — OA) = w,(OB—0G;). 
Hence (w+ 2%). OG,=w,. OA + w,. OB, 
; WX, + Wey 
tibiy Ee Sa ee (1). 
Similarly, since G, is the centre of gravity of (2, + w.) 
at G, and w, at C, we have 


_ (w+ W,) OG, + w;. OC 


G 
OG: (w, + Ws) + Ws 
_ Wik, + Wrky + W3hy by Gb 
Wy + We + Wy 
Bose Oe (wy + We + Ws). OG, + wy. OD 


(Wy + Wy + Ws) + Wy 


WH, + Woy + Wyly + Wy 

Wy tH Wy bh Wg hey 
Proceeding in this manner we easily have 
WX, + Welly + 0.4 + Wyn 
WF Wet Wy 
whatever be the number of the particles in the system. 


x= 


by 


Otherwise, The above formula may be obtained by the use of 
Article 65. For the weights of the particles form a system of parallel 
forces whose resultant is equal to their sum, viz. 20, + Wet... +Wy. 
Also the sum of the moments of these forces about any point in their 
plane is the same as the moment of their resultant. But the sum of 
the moments of the forces about the fixed point O is 


WyT + Wye + 4. Wy Ty. 


Also, if % be the distance of the centre of gravity doom O, the moment 
of the resultant is 


(00 + Wy +... +W,) XZ. 


. Hence H (Wy + Wot... -+ Wy) = Wye, + Wy + 2. + Wynd 
; 3 ear WX, + Wek, + i: + Wy Xp, 
.€.5 Cg 
Wy + Wet eet Wy 
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110. Ex.1. 4 rod AB, 2 feet in length, and of weight 5 lbs., is 
trisected in the points C and D, and at the points A, C, D, and B are 
placed particles of 1, 2, 3, and 4 lbs. weight respectively; find what 
point of the rod must be supported so that the rod may rest in any 
position, i.e., find the centre of gravity of the system. 

Let G be the middle point of the rod and let the fixed point O of 
the previous article be taken to coincide with the end A,of the rod. 
The ‘quantities x,, 7, 73, 4, and x; are in this case 0, 8, 12, 16, and 
24 inches respectively. 

Hence, if X be the point required, we have 

1.04+2.84+5.12+3.1644.24 


age 142454344 
a a 
=75 =l43 inches. 


Ex. 2. If, in the previous question, the body at B be removed and 
another body be substituted, find the weight of this unknown body so that 


the new centre of gravity may be at the middle point of the rod. 


‘ 


Let lbs. be the required weight. 


Since the distance of the new centre of gravity from A is to be 
12 inches, we have ; 


_1.04+2.84+5.1243.16+2.24 124424” 


io = 
: 14+24+54+3+A 11+ 
7, 182-+12A\=124+ 24x. 


Ex.3. To the end of a rod, whose length is 2 feet and whose weight 
is 3 lbs., is attached a sphere, of radius 2 inches and weight 10 lbs. ; 
jind the position of the centre of gravity of the compound body. 

Let OA be the rod, G, its middle point, G, the centre of the sphere, 
and G the required point. 

_3.0G,+10. 0G, 


‘But OG,=12 inches; OG,=26 inches. 
/ es. 2100 26 ©2965 547 0. : 
. OG ig = 13 = 22535 Dene» 


EXAMPLES. XVI. 


1. Astraight rod, 1 foot in length and of mass 1 ounce, has an 
ounce of lead fastened to it at one end, and another ounce fastened to 
it at a distance from the other end equal to one-third of its length; 
find the centre of gravity of the system. 
aes or 9—2 
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9. A uniform bar, 3 feet in length and of mass 6 ounces, has 
3 rings, each of mass 3 ounces, at distances 3, 15, and 21 inches from 
one end. About what point of the bar will the system balance? 


3, A uniform rod AB is four feet long and weighs 3 lbs. One Ib. is 
attached at A, 2 lbs. at a point distant 1 foot from A, 3 Ibs. at 2 feet 
from A, 4 lbs. at 3 feet from A, and 5 Ibs. at B. Find the distance 
from A of the centre of gravity of the system. 


4, A telescope consists of 3 tubes, each 10 inches in length, 
one within the other, and of weights 8, 7, and 6 ounces. Find the 
position of the centre of gravity when the tubes are drawn out at full 
length. 


5. Twelve heavy particles at equal intervals of one inch along a 
straight rod weigh 1, 2, 3,...12 grains respectively; find their centre 
of gravity, neglecting the weight of the-rod. 


6. Weights proportional to 1, 4, 9, and 16 are placed in a straight 
line so that the distances between them are equal; find the position 
of their centre of gravity. 


7, A rod, of uniform thickness, has one-half of its length com- * 
posed of one metal and the other half composed of a different metal, 
and the rod balances about a point distant one-third of its whole 


length from one end; compare-the weight of equal quantities of the 
metal. — 


8, An inclined plane, with an angle of inclination of 60°, is 3 feet 
long; masses of 7, 5, 4, and 8 ounces are placed on the plane in order 
at distances of 1 foot, the latter being the highest; find the distance 
of their centre of gravity from the base of the inclined plane. 

9, AB isa uniform rod, of length » inches and weight (n+1) W. 
To the rod masses of weight W, 21, 31V,...n]V are attached at distances 
1, 2, 3,,..m inches respectively from A. Find the distance from A of 
the centre of gravity of the rod and weights. 


10. A rod, 12 feet long, has a mass of 1 Ib. suspended from one 


7 end, and, when 15 Ibs. is suspended from the other end, it balances 


~ 


about a point distant 3 ft. from that end; if 8 Ibs. be suspended there, 
it balances about a point 4 ft. from that end. Find the weight of the. 
rod and the position of its centre of grayity. : 

111. Theorem. Jf a system of particles, whose 
weights are W,, We, ... Wa, Ve in a plane, and if OX and OY 
be two fixed straight lines in the plane at right angles, and if. 
the distances of the particles from OX be y,, Ys, ... Yn, and 
the distance of their centre of gravity be y, then 


eae WeYo +... + WnYn 
Wy FWA He Wy 


Reh 


JENTRE OF GRAVITY 133 
Similarly¢ if the distances of the particles from OY be 
Hy, Hy... X, aud that of their centre of gravity be %, then 


os Wry 55 Who t+... + Wy zr 


Wy + Wz +... + Wy 


B 
om 6 
HAGE 


PGK: PRS REN 
7: ‘ ; ; ‘ "D 


' 
OS 
4 ‘ 
' 1 
1 { 4 

1 1 
t 1 
a 1 
2% ' 
‘ 

1 
4 
' 


fe) LR; MA = R, vo OX 
Let A, B, C,... be the particles, and AZ, BM, CN... the 
perpendiculars on OX. 
Let G, be the centre of gravity of w, and w,, G, the 
centre of gravity of (w, + w,) at G, and w, at C, and so on. 
Draw G,R,, G,R;, ... perpendicular to OX, and through 
G, draw HG,K parallel to OX to meet AL and BM in IT 
and X. 
Since G, is the centre of gravity of w, and w,, we have 
BGs | 
G,B w," 
‘Now AGH and BG, K are similar triangles, 
HAAG, _ er 


(Art. 97.) 


Bk. GB wy. 
But - HA=AL-AL=G6,h,-—y, 
and BK=BM—KM=y,- GR, ; 
GR, — IH, _ Ur 


; va- —G@R, wy $ 


— 
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Hence w, (GR, — yy) = Wz (Y2— GR) > 


he WY + WoYfs (1) 
. ivan ce : 
Similarly, since G, is the centre of sary of (w, +2) 
at G, and w, at C, we have 
_@™ + Wy). GR, + WsYs As Seat ees , by 
W, + Wy + Ws Wy + Wy + Ws; 


Gk. 


(1). 
Proceeding in this way we easily obtain 


WY, + WoYa F ++. + WnYn 
W, + We nk Wy 


Again, since the triangles AGH and BGK are similar, 
we have 


ye 


HG, AG, _w, 
GK GB w,’ 
But HG,=LR,=0R,=OL=OR,-x, 
and G,K = R,M = OM —OR,=2,— OR.. 


*, w, (OR, —x,) = w,(a,— OR,). 
Hence OR = pote Wai oe 
W, + We 


Proceeding as before we finally have 
wp a ita + Way + 2. + Wrkn 
; Wy + Wet ict Wy, - 


The theorem of this article may be put somewhat 
differently as follows; 


The distance of the centre of gravity from any line in 
the plane of the particles is equal to a fraction, whose 
numerator is the sum of the products of each weight into its 
distance from the given line, and whose denominator is the 
sum of the weights. 


In other words, the distance of the centre of gravity is 
equal to the average distance of the particles. 
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112, The formula of the preceding article may be deduced from 
Article 93, Tor, since the resultant weight (w,+w,+...+ w,) acting 
at G, where G is the centre of gravity of all the weights, is equivalent 
to the component weights w,, w,,... the resultant would, if the line 
OX be supposed to be a fixed axis, have the same moment about 
this fixed axis that the component weights have. 


But the moment of the resultant is 
(01 + Wa+ v0. +Wp) J, 
and the sum of the moments of the weights is 
WY F WYg + oe FWY 
Hence y = Wy - Wo CO WrYn - 
Wy + Wot ...+Wy 
In a similar manner we should have 
a Wy, + Woy a WX q 
Wy + We + 2. + Wy 


1138. Ex.1. A square lamina, whose weight is 10 lbs., has attached 
to its angular points particles whose weights, taken in order, are 8, 6, 5, 
and J lbs. respectively. Find the position of the centre of gravity of 
the system, if the side of the lamina be 25 inches. 

Let the particles be placed at the angular points O, 4, B, and C. 
Let the two fixed lines from which the distances are measured be Od 
and OC. 


Oo LMA 
@* 


The weight of the lamina acts at its centre D. Let G be the 
required centre of gravity and draw DL and GM perpendicular 
to OX. 

The distances of the points 0, A, B, C, and D from OX are clearly 
0, 0, 25, 25, and 124 inches respectively. : 

3.0+6.045.25+4+1.25410.125 275 , 
ee ea . 

Bae Sls 34+6+5+1+10 Tee Be 

So the distances of the particles from OY are 0, 25, 25, 0, and 
124 inches respectively. 


4 8,04+6.95+5.954+1.0+10.124 400 14; 
ee 3+64+5+1+10 ~ 35 5 
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Hence the required point may be obtained by measuring 16 inches 
from O along OA and then erecting a perpendicular of length 11 inches. 


Ex. 2. OAB is an isosceles weightless triangle, whose base OA ts 
6 inches and whose sides are each 5 inches; at the points O, A, and B 
are placed particles of weights 1, 2, and 3 lbs.; find their centre of 
gravity. - 


Let the fixed line OX coincide with OA and let OY be a perpen- 
dicular to OA through the point O. 


If BL be drawn perpendicular to OA, then OL=3 ins., and 
LB=,/5?—3?=4 ins. 


Hence, if G be the required centre of gravity and GM be drawn 
perpendicular to OX, we have 


1.042.643.3291 


OM= 14943 oe =3} inches, 
rr__1-0+2.043.4° 12 : 
and MG 14943) aa =2 inches. 


Hence the required point is obtained by measuring a distance 


34 inches from O along OA-and then erecting a perpendicular of 
length 2 inches. 


114. Centre of Parallel forces. 


The methods and formulae of Arts. 109 and 111 will 
apply not only to weights, but also to any system of parallel 
forces and will determine the position of the resultant of 
any such system. The magnitude of the resultant is the 
sum of the forces, _ Each force must, of course, be taken 
with its proper sign prefixed. 

There is one case in which we obtain -no satisfactory 
result ; if the algebraic sum of the forces be zero, the 
resultant force is zero, and the formulae of Art. 111 give 


=o, and Y= 00. 
In this case the system of parallel forces is, as in 
Art. 53, equivalent to a couple. 
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: EXAMPLES, XVII. 


1. Particles of 1, 2, 3, and 4 lbs. weight are placed at the angular 
points of a square; find the distance of ‘their c.a. from the centre of 
the square. 


2. At two opposite corners 4 and C of a square ABCD weights 
of 2 lbs. each are placed, and at B and D are placed 1 and 7 \bs. 
respectively ; find their centre of gravity. 


8. Particlés of 5, 6, 9, and 7 lbs. respectively are placed at the 
corners A, B, C, and D of a horizontal square, the length of whose side 
is 27 inches; find where a single force must be applied to preserve 
equilibrium. 


4. Five masses of 1, 2, 3, 4, and 5 ounces respectively are placed 
on a square table. The distances from one edge of the table are 2, 4, 
6, 8, and 10 inches and from the adjacent edge 3, 5, 7, 9, and 11 inches 
respectively. Find the distance of the centre of gravity from the two 
edges. 


5. Weights proportional to 1, 2, and 3 are placed at the corners 
of an equilateral triangle, whose side is of length a; find the distance 
of their centre of gravity from the first weight. 


Find the distance also if the weights be proportional to 11, 18, 
and 6., 


6. ABC is an equilateral triangle of side 2 feet. At A, B, and C 
are placed weights proportional to 5, 1, and 3, and at the middle 
points of the sides BC, CA, and AB weights proportional to 2, 4, 
and 6; shew that their centre of gravity is distant 16 inches from B. 


7. Equal masses, each 1 oz., are placed at the angular points of 
a heavy triangular lamina, and also at the middle points of its sides; 
find the position of the centre of gravity of the masses. 


8. ABC is a triangle right-angled at A, AB being 12 and AC 
15 inches; weights proportional to 2, 3, and 4 respectively are placed 
at A, C, and B; find the distances of their centre of gravity from B 
and C. 


9. Particles, of mass 4, 1, and 1 Ibs., are placed at the angular 
points of a triangle; shew that the centre of gravity of the particles 
bisects the distance between the centre of gravity and one of the 
vertices of the triangle. 


10. ‘Three masses are placed at the angular points of a triangle 
ABC. Find their ratios if their centre of inertia be halfway between 
A and the middle point of BC. : 


~ 


138 STATICS Exs. XVII 


11. Bodies of mass 2, 3, and 4 lbs. respectively are placed at the 
angular points 4, B, and C of a triangle; find their centre of gravity G, 
and shew that forces 2G4, 3GB, and 4GC are in equilibrium. 


12. ABC is a uniform triangular plate, of mass 3 lbs. Masses 
of 2, 3, and 5 lbs. respectively are placed at 4, B, and. Find the 
position of the centre of gravity of the whole system. 


13. To the vertices A, B, and C of a uniform triangular plate, 
whose mass is 3 lbs. and whose centre of gravity is G, particles of 
masses 2 lbs., 2 lbs., and 11 lbs., are attached; shew that the centre 
of gravity of the system is the middle point of GC. : 


14, Masses of 2, 3, 2, 6, 9, and 6 lbs. are placed at the angular 
corners of a regular hexagon, taken in order; find their centre of 
gravity. 


15, Weights proportional to 5, 4, 6, 2, 7, and 3 are placed at the 
angular points of a regular hexagon, taken in order; shew that their 
centre of gravity is the centre of the hexagon. 


16. Weights proportional to 1, 5, 3, 4, 2, and 6 are placed at the 
angular points of a regular hexagon, taken in order; shew that their 
centre of gravity is the centre of the hexagon. 


17. If weights proportional to the numbers 1, 2, 3, 4, 5, and 6 be 
placed at the angular points of a regular hexagon taken in order, 
shew that the distance of their centre of gravity from the centre of 


the circumscribing circle of the hexagon is #thsof the radius of the circle. 


18. At the angular points of a square, taken in order, there act 
parallel forces ‘in the ratio 1: 3:5:7; find the distance from the 
centre of the square of the point at which their resultant acts. 


19. A,B, C, and D are the angles of a parallelogram taken in 
order ; like parallel forces proportional to 6, 10, 14, and 10 respectively 
act at 4, B, C, and D; shew that the centre and resultant of these 
parallel forces remain the same, if, instead of these forces, parallel 
forces, proportional to 8, 12, 16, and 4; act at the points of bisection 
of the sides AB, BC, CD, and DA respectively. 


20. Find the centre of parallel forces equal respectively to P, 2P, 
3P, 4P, 5P, and 6P, the points of application of the forces being at 
distances 1, 2, 8, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AB. 


DA Three parallel forces, P, Q, and R, act at the vertices A , B, and 
C, of Ss and are proportional respectively to a, b, and. Find 
the magnitude and position of their resultant, 


™ 
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115. Given the centre of gravity of the two portions of a 
body, to find the centre of gravity of the whole body. 

Let the given centres of gravity be G, and G,, and let 
the weights of the two portions be W, and Wy; 


quired point G, by Art. 97, divides G,G, so that 
GG: @G,:: W,: Wy 
The point G may also be obtained’ by the use of 
Art. 109. , 


Ex. On the same base AB, and on opposite sides of it, isosceles 
triangles CAB and DAB are described whose 
altitudes are 12 inches and 6 inches respectively> — Cc 
Find the distance from AB of the centre of 
gravity of the quadrilateral CADB. 

Let CLD be the perpendicular to AB, meet- 
‘ing it in L, and let G, and G, be the centres of 
gravity of the two triangles CAB and DAB 


the re- 


respectively. Hence : A B 
CG,=} .CL=8, 
and CG,=CL+LG,=12+4+2=14. 
The weights of the triangles are propor- D 


tional to their areas, i.e., to 4AB .12 and 4AB 2/66 
If G be the centre of gravity of the whole figure, we have 
_ ACABx CG,+ ADAB x CG, 


ssa 4 CAB+ ADAB . 
_}4B.12x8+3AB.6x14 48442 _90_ 1, 
oe, Ciceet 2 SP eee eee ener 

Hence LG=CL—-CG=2 inches. 


This result may be verified experimentally by cutting the figure 
out of thin cardboard. 


116. Given the centre of gravity of the whole of a body 
and of a portion of the body, to find the centre of gravity of 
the remainder. — 

Let G be the centre of gravity of a body ABCD, and G, 


that of the portion 4 DC. 
Let W be the weight of the whole body and IW, that of 


the portion ACD, so that W,(= W— W,) is the weight of 
the portion ABC. ¢ 
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Let G be the centre of gravity of the portion ABC. 
Since the two portions of the body make up the whole, 
therefore W, at G, and JW, at G, must have their centre of 
gravity at @. : 


- Hence @ must lie on GG, and bé such that : 
W,. GG, = W,. GG,. 


Hence, given G and G,, we obtain G, by producing G,@ 
to G,, so that 


The required point may be also obtained by means of 
Art. 109. 


Ex. 1. From a circular disc, of radius 1, is cut out a circle, whose 


diameter is a radius of the disc; jind the ‘centre of gravity of the 
remainder. ; 


ae the areas of circles are to one another as the squares of their — 
radii, 


~ area of the portion cut out 
: area of the whole circle 


See: © 


Hence the portion cut off is one- 
quarter, and the portion remaining is 
three-quarters, of the whole, so that. 


W, = 4 Wy 


~ 
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Now the portions W, and W, make up the whole disc, and therefore 
balance about O. 


Hence W,- OG,=W, .0G,=3W,.x $r. 
. OG,=$r. 
This may be verified experimentally. 
Ex. 2. From a triangular lamina ABC is cut off, by a line parallel 


to its base BC, one-quarter of its area; find the centre of gravity of the 
remainder. 


‘Let AB,C, be the portion cut off, A 
so that a 
: rages WERK aie Soot EL OER ian: Ber Sa 
By Eue. vr. 19, since the triangles’ Bees e251 
AB,C, and ABC are similar, we have C, 

AAB,C,: A ABC ::; AB? : AB. 

PW ER acers  W fee t Bub 
B Cc 

andhence AB,=+AB. D 


The line B,C, therefore bisects 4B, AC, and AD. 

Let G and G, be the centres of gravity of the triangles ABC and 
AB,C, respectively ; also let W, and W, be the respective weights of 
the portion cut off and the portion remaining, so that W,=3)j,. 

Since W, at G, and W, at G, balance about G, we have, by Art. 109, 
_W,.DG,+W,.DG,_ DG,+3DG, 


BA W,+W, y (6) ee 
But DG=3DA=$DD,, 
ae DG,=DD,+$D,4 =DD, +$DD,=$DDj. 
Hence (i)is  ‘ 4x §$DD, = ADD, 4+3DG,. 
. DG,=§DD,. 


This result can also be easily verified experimentally. 


? _ EXAMPLES. XVIII. 


[The student should verify some of the following questions caperi- 
mentally ; suitable ones for this purpose are Nos. 1, 2, 4, 5, 8, 9, 10, 
11, 17, 18, and 19.] 

j. A uniform rod, 1 foot in length, is broken into two parts, of 
lengths 5 and 7 inches, which are placed so as to form the letter T, the 
longer portion being vertical; find the centre of gravity of the system. 

9. Two rectangular pieces of the same cardboard, of lengths 6 and 
8 inches and breadths 2 and 24 inches respectively, are placed touching, 
but not overlapping, one another on a table so as to form a T-shaped 
figure, the longer portion being vertical. Find the position@f its centre 
of gravity. 
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3. A heavy beam consists of two portions, whose lengths are as 
3:5, and whose weights are as 3:1; find the position of its centre 
of gravity. 


4, Two sides of a rectangle are double of the other two, and on 
one of the longer sides an equilateral triangle is described; find 
the centre of gravity of the lamina made up of the rectangle and 
the triangle. 


5, A piece of cardboard is in the shape of a square 4 BCD with 
an isosceles triangle described on the side BC; if the side of the 
square be 12 inches and the height of the triangle be 6 inches, find the 
distance of the centre of gravity of the cardboard from the line AD. 


6. An isosceles right-angled triangle has squares described ex- 
ternally on all its sides. Shew that the centre of gravity of the figure 
so formed is on the line, which bisects the hypothenuse and passes 
through the right angle, and divides it in the ratio 1 : 26. 


7, Two uniform spheres, composed of the same materials, and 
whose diameters are 6 and 12 inches respectively, are firmly united; 
find the position of their centre of gravity. 


8, From a parallelogram is cut one of the four portions into 
which it is divided by its diagonals; find the centre of gravity of the 
remainder. : 


9. A parallelogram is divided into four parts, by joining the 
middle points of opposite sides, and one part is cut away; find the 
centre of gravity of the remainder. 


10. From a square a triangular portion is cut off, by cutting the 
square along a line joining the middle points of two adjacent sides; 
find the centre of gravity of the remainder. 


1]. From a triangle is cut off ath of its area by a straight line 
parallel to its base. Find the position of the centre of gravity of the 
remainder, ; 


i 
_ 12, ABC is an equilateral triangle, of 6 inches side, of which O 
is the centre of gravity. If the triangle OBC be remoyed, find the 
centre of gravity of the remainder. 


13, If from a triangle ABC three equal triangles 4RQ, BPR, 
and GQP, be cut off, shew that the centres of inertia of the triangles 
ABC and PQR are coincident. 


14, Gis the centre of gravity of a given isosceles triangle, right- 
angled at A, and having BC equal to a. The portion GBC is cut 
eee ete distance of the centre of gravity of the remainder 

om A, 


™ 
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15. On the same base BC are two triangles, ABC and A’BC, the 
vertex A’ falling within the former triangle. Find the position of A’ 
when it is the centre of gravity of the area between the two triangles. 


. a 
16. ‘Two triangles, each min of the whole, are cut off from a, 


given triangle at two of its angular points, B and C, by straight lines 
parallel to the opposite sides; find the c.c. of remainder. 


17. Out of a square plate shew how to cut a triangle, having one 
side of the square for base, so that the remainder may have its centre 
of gravity at the vertex of this triangle and therefore rest in any 
position if this point be supported. | 


18, A uniform plate of metal, 10 inches square, has a hole of area 
3 square inches cut out-of it, the centre of the hole being ot inches 
from the centre of the plate; find the position of the centre of gravity 
of the remainder of the plate. 


19, Where musta circular hole, of 1 foot radius, be punched cut 
of a circular disc, of 3 feet radius, so that the centre of gravity of 
the remainder may be 2 inches from the centre of the disc? 


90. Two spheres, of radii a and b, touch internally; find the 
centre of gravity of the solid included between them. 


21. If a right cone be cut by a plane bisecting its axis at right 
angles, find the distance of the vertex of the cone from the centre ot 
gravity of the frustum thus cut off.  - 


92 A solid right circular cone of homogeneous iron, of height 
64 inches and mass 8192 Ibs., is cut by a plane perpendicular to its 
axis so that the mass of the small cone removed is 686 Ibs. Find the 
height of the centre of gravity of the truncated portion above the base 
of the cone. - 


93. A solid right circular cone has its base scooped out, so that 
the hollow is a right cone on the same base; how much must be 
scooped out so that the centre of gravity of the remainder may coincide 
with the vertex of the hollow? © 


94. The mass of the moon is ‘013 times that of the earth. 
Taking the earth’s radius as 4000 milesand the distance of the moon’s 
centre from the earth’s centre as 60 times the earth’s radius, find the 
distance of the c.a. of the earth and moon from the centre of the earth. 
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117. Centre of gravity of a hemisphere. 
If a hemisphere be of radius 7, the centre of gravity 
lies on that radius which is perpendicular to its plane 


: ‘ 3r 
face, and is at a distance ¥ from the centre of the plane 


face. If the hemisphere be hollow, the distance is - ; 
The proofs of these statements are difficult by elementary 
methods ; they will be found in the last chapter. 
118. To find the centre of gravity of a quadrilateral 
lamina having two parallel sides. 
Let ABCD be the quadrilateral, having the sides AB 
and C'D parallel and equal to 2a and 26 respectively. 


Let # and F be the middle points of AB and CD 
respectively. Join D# and EC; the areas of the triangles 
ADE, DEC, and BEC are proportional to their bases 
AL, DC, and FR, «e., are proportional to a, 26, and a. 

Replace them by particles equal to one-third of their 
weight placed at their angular points (Art. 104). 

We thus have weights proportional to _ 


pees tee 


Yat each of A and B, 


d ee a 
a 3 g at #. 


en ae 
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Again, replace the equal weights at ( and D by a 
2 


weight proportional to =~ a at the middle point F 


of CD, and the equal weights at A and B by a weight, 


, 2a 
proportional to 3 at £. 
We thus have weights 
Ja 46 
3 ie 3 at Le 
4a 2b 
d a one wid . 
an 3 = 3 at #. 


Hence the required centre of gravity G is on the 
straight line #/, and is such that 
EG , weight at F a+2b 
27 weight at # 2a+6° 


EXAMPLES. XIX. 


1, A triangular table rests on supports at its vertices; weights of 
- 6, 8, and 10 Ibs. are placed at the middle points of thesides. Find by 
how much the pressures on the legs are increased thereby. 


2. Apiece of thin uniform wire is bent into the form of a four- 
sided figure, ABCD, of which the sides 4B and CD are parallel, and 
BC and DA are equally inclined to 4B, If AB be 18 inches, CD 
~ 12 inches, and BC and DA each 5 inches, find the distance from AB 
of the centre of gravity of the wire. 


8, AB, BC and CD are three equal uniform rods firmly joined, 
so as to form three successive sides of a regular hexagon, and are 
suspended from the point 4A; shew that CD is horizontal. 


4, ABC is a piece of uniform wire; its two parts 4B and BC are 
straight, and the angle ABC is 135°. It is suspended from a fixed 
point by a string attached to the wire at B, and the part AB is 


observed to be Horizontal. Shew that BC is to AB as 4/2 to 1. 


5. <A rod, of length 5a, is bent so as to form five sides of a regular 
hexagon; shew that the distance of its centre of gravity from either 


end of the rod is 19 M188. 6 
if 


Tigcs F a ae x 10 
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6. The side CD of a uniform trapezoidal lamina ABCD is twice 
as long as AB, to which it is opposite and parallel; compare the 
distances of the centre of gravity of ABCD from AB and CD, 


7, If the centre of gravity of a quadrilateral lamina ABCD 
coincide with one of the angles A, shew that the distances of A and C_ 
_ from the line BD are as 1: 2. 


8; A uniform quadrilateral ABCD has the sides AB and AD, and 
the diagonal AC all equal, and the angles BAC and CAD are 30° and 
60° respectively. If a‘weight, equal to two-thirds that of the triangle 
ABC, be attached at the point B, and the whole rest suspended from 
the point A, shew that the diagonal AC will be vertical. : 


9, Explain what will take place when 3 forces, represented by 
AB, BC, and CA respectively, act along the sides of a triangular board 
ABC which is supported on a smooth peg passing through its centre 
of gravity. 


10. Three forces act at a point O in the plane of a triangle ABC, 
being represented by OA, OB and OC; where must be the point O so 
that the three forces may be in equilibrium ? E 


ll. A particle P is attracted to three points A, B, C by forces 
equal to w.PA, w. PB, and «. PC respectively; shew that the re- 
Bae is 3u.PG, where G@ is the centre of grayity of the triangle 

C. 


12. A particle P is acted upon by forces towards the points 
A, B, C,.,. which are represented by \. PA, w. PB, v. PC,...; shew 
that their resultant is represented by pee ad: nen) 2GR where G is 
the centre of gravity of weights placed at 4, B, C,... proportional 
to A, pw, v,... respectively. 

[This is the generalised form of Art. 42, and m 
successive applications of that article.] oe 


18, A uniform rod is hung up by two strings attached to it; 
the other ends of the strings being attached a fixed joints ae 
that the tensions of the strings are proportional to their lengths. 


Prove that the same relation holds for a uniform triangula. i 
hung up by three strings attached to its angular points. tues 


14, Find the vertical angle of a cone in order that th. t 

: : f 
gravity of its whole surface, including its pl b Bae is 
with the centre of gravity of its voli e. ye pe Pias es bse ca 


15, A’ cylinder and a cone have their bases joined to 
: . th 
bases being of the same size; find the ratio of the height ay choca : 


to the height of the cylinder so that th : 
Pe tkieinnitine Gi ae poets a € common centre of gravity may 
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16, Shew how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 


17. If the diameter of the base of a cone be to its altitude as 
1: ,/2, shew that, when the greatest possible sphere has been cut 
out, the centre of gravity of the remainder coincides with that of the 
cone. 


18, From a uniform right cone, whose vertical angle is 60°, is cut 
/ out the greatest possible sphere; shew that the centre of gravity of 
the remainder divides the axis in the ratio 11: 49. : 


19. A solid in the form of a right circular cone has its base 
scooped out, so that the hollow so formed is a right circular cone on 
the same base and of half the height of the original cone; find the 
position of the centre of gravity of the cone so formed. 


20. A uniform equilateral triangle ABC is supported with the 
angle A in contact with a smooth wall by means of a string BD, equal 
in length to a side of the triangle, which is fastened to a point D ver- 
tically above A. Shew that the distances of B and C from the wall 
areas 1: 5. 


"91. Acone, whose height is equal to four times the radius of its 
base, is hung from a point in the circumference of its base; shew that 
it will rest with its base and axis equally inclined to the vertical. 


22. ‘Two right cones, consisting of the same material, have.equal 
slant slides and vertical angles of 60° and 120° respectively, and are 
so joined that they have a slant side coincident. Shew that, if they 
be suspended from their common vertex, the line of contact will be 
inclined at 15° to the vertical. 


23. A triangular piece of paper is folded across the line bisecting 
two sides, the vertex being thus brought to lie on the base of the 
triangle. Shew that the distance of the centre of inertia of the paper 
in this position from the base of the triangle is three-quarters that of 

the centre of inertia of the unfolded paper from the same line. 

94. <A rectangular sheet of stiff paper, whose length is to its 
breadth as ,/2 to 1, lies on a horizontal table with its longer sides 
perpendicular to the edge and projecting over it. The corners on the 
table are then doubled over symmetrically, so that the creases pass 
through the middle point of the side joining the corners and make 
angles of 45° with it. The paper is now on the point of falling over; 


shew that it had originally {ths of its length on the table. 


95, At each of n—1 of the angular points of a regular polygon of 
nm sides a particle is placed, the particles being equal; shew that the 
distance of their centre of gravity from the centre of the circle 


circumscribing the polygon is —, where 7 is the radius of the 
circle. 5 
ge Fede ree S109 
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96. A square hole is punched out of a circular lamina, the 
diagonal of the square being a radius of the circle. Shew that the 
a 
87 —4 
centre of the circle, where a is the diameter of the circle. 


from the 


centre of gravity of the remainder is at a distance 


97. From a uniform triangular board a portion consisting of the 
area of the inscribed circle is removed; shew that the distance of the 
centre of gravity of the remainder from any side, a, is 


S 2s3—37aS 
8as st—-7rS ’ 
where S is the area and s the semiperimeter of the board. 


98. Acircular hole of a given size is punched out of a uniform cir- 
cular plate; shew that the centre of gravity lies within a certain circle. 


29. The distances of the angular points and intersection of the 
diagonals of a plane quadrilateral lamina from any line in tts plane 
are a, b,c, d, and e; shew that the distance of the centre of inertia 
from the same line is  (at+b+c+d-—e). 


Let A, B, C, D be the angular points, and EZ the intersection of the 
diagonals. Then 


AACD _ perpendicularfrom DonAC DE _d-e 
AACB perpendicular from Bon AC EB e—b° 
By Arts. 104 and 111 the distance of the centre of gravity of the 


A ACD trom *OX ia oa and that of the-a JOB is ee 


Hence distance of required c.g. from OX © 
_ AACD x} (ate+d)+ AACBx} (a+ d+0) 
~ AACD+ AACB 
_1 (de) (at+o+d)+ (e—b) (a+b+e) 
totmagaei sate) es 
=+(a+b+c+d-e), on reduction. 


80. If A and B be the positions of two masses, m and n, and if 
G be their centre of gravity, shew that, if P be.any point, then 


m.AP®?+n.BP?=m.AG?+n. BG?+ (m+n) PG?. 


Similarly, if there be any number cf masses, m, n, p, ... at points 
A, B, C, ..., and G@ be their centre of gravity, shew that 


m.AP?+n,BP?+p.CP*+... 
=m, AG +n, BG? +p, CG?+,,,+(m+n+pt...) PG? 


CHAPTER X. 
CENTRE OF GRAVITY (continued). 


119. [fa rigid body be in equilibrium, one point 
only of the body being jimed, the centre of gravity of the body 
will be im’ the vertical line passing through the fixed point of 
the body. 

Let O be the fixed point of the body, and @ its centre of 
gravity. 


* 


The forces acting on the body are the reaction at 
the fixed point of support of the body, and the weights of 
the component parts of the body. 

The weights of these component parts are equivalent to 
a single vertical force through the centre of gravity of the 


body. 
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Also, when two forces keep a body in equilibrium, they 
must be equal and opposite and have the same line of action. 
But the lines of action cannot be the same unless the vertical 
line through G passes through the point 0. 

Two cases arise ; the first, in which the centre of gravity 
G is below the point of suspension O, and the second, in 
which G@ is above 0. 

In the first case, the body, if slightly displaced from its 
position of equilibrium, will tend to return to this position ; 
in the second case, the body will not tend to return to its 
position of equilibrium. 


120. To find, by experiment, the centre of gravity of 
a body of any shape. 

Take a flat piece of cardboard of any shape. Bore 
several small holes A, B, 0, D,... in it 
of a size just large enough to freely 
admit of the insertion of a small pin. 


Hang up the cardboard by the 
hole A and allow it to hang freely 
and come to-rest. Mark on the card- 
board the line Ad’ which is now 
vertical. This may be done by hang- 
ing from the pin a fine piece of string 
with a small plummet of lead at the other end, the string 
having first been well rubbed with chalk. If the string be 
now flipped against the cardboard-it will leave a chalked 
line, which is 4A’, Now hang up the cardboard with the 
hole B on the pin, and mark in a similar manner the line 
BB which is now vertical. 


Perform the experiment again with the points C, D, # 
as the points through which the small pin passes, and 
obtain the corresponding vertical lines CC’, DD’, HE’. 


—— 


: 


= 
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These chalked lines 44’, BB’, CO’, DD’, HE’ will all be 
found to pass through the same point G. If the thickness 
of the cardboard be neglected, this point @ is its centre of 
gravity. If the pin be now passed through G, the card- 
board will be found to rest in any position in which it is 


placed. 


121. [fa bedy be placed with its base in contact with 
a horizontal plane, it will stand, or fall, according as the 
vertical line drawn through the' centre of gravity va the body 
meets the plane within, or without, the base, 


The forces acting on the body are its weight, which acts 
at its centre of gravity G, and the reactions of the plane, 


acting at different points of the base of the body. These _ 
reactions are all vertical, and hence they may be com- 
pounded into a single vertical force acting at some point 
of the base. 

Since the resultant of two lke parallel forces acts 
always at a point between the forces, it follows that the 
resultant of-all the reactions on the base of the body 


cannot act through a point outside the base. 


Hence, if the vertical line through the centre of gravity 


of the body meet the plane at a point outside the base, 


it cannot be balanced by the resultant reaction, and the 
body cannot therefore be in equilibrium, but must fall over. 


~ 
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If the base of the body be a figure having a re-entrant 


angle, as in the above figure, we must extend the meaning 
of the word “base” in the enunciation to mean the area 
included in the figure obtained by drawing a piece of thread 
tightly round the geometrical base. In the above figure 
the “base” therefore means the area ABDEFA. 


For example, the point C, at which the resultant 


reaction acts, may lie within the area 4B, but it cannot 


lie without the dotted line AS. 


If the point C were on the line 4B, between A and B, 
the body would be on the point of falling over. 


Ex. A cylinder, of height h, and the radius of whose base is 1, is 
placed on an inclined plane and prevented 
from sliding; if the inclination of the 
plane be gradually increased, find when 
the cylinder will topple. 


Let the figure represent the section 
of the cylinder when it is on the point of 
toppling over; the vertical line through 
the centre of gravity G of the body must 
therefore just pass through the end A of 
the base. * Hence CAD must be equal to 
the angle of inclination, a, of the plane. ~ 


Cc 


h CB 
Hence >= = 7Ro tan CAB=cota; 
: “. tan a=, 


giving the Rjaivea inclination of the plane. 
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Stable, unstable, and neutral equilibrium. 


122. We have pointed out in Art. 119 that the body 
in the first figure of that article would, if slightly dis- 
placed, tend to return to its position of equilibrium, and 
that the body in the second figure would not tend to return 
to its original position of equilibrium, but would recede 
still further from that position. 

These two bodies are said to be in stable and unstable 
equilibrium respectively. 

Again, a cone, resting with its flat circular base in 
contact with a horizontal plane, would, if slightly displaced, 
return to its position of equilibrium; if resting with its 
vertex in contact with the plane it would, if slightly dis- 
placed, recede still further from its position of equilibrium ; 
whilst, if placed with its slant side in contact with the 
plane, it will remain in equilibrium in any position. The 
equilibrium in the latter case is said to be neutral. 


123. Consider, again, the case of a heavy sphere, 
resting on a horizontal plane, whose centre of gravity is 
not at its centre. 

Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre O, as G, 


A 


or above, as G,. Let the second figure iepravenk the sphere 
turned through a small angle, so that B is now the point of 
contact with the plane. 


ti 
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The reaction of the plane still acts through the centre 
of the sphere. 

If the weight of the body act through G}, it is clear that 
the body will return towards its original position of equi- 
librium, and therefore the body was originally in stable 
equilibrium. 

If the weight act through @,, the body will move still 
further from its original position of equilibrium, and there- 
fore it was originally in unstable equilibrium. 

If however the centre of grayity of the body had been 
at O, then, in the case of the second figure, the weight 
would still be balanced by the reaction of the plane; the 
body would thus remain in the new position, and the 
equilibrium would be called neutral. 


124. Def. A body is said to be in stable equi- 
librium when, if it be slightly displaced from its position 
of equilibrium, the forces acting on the body tend to 
_ make it return towards its position of equilibrium ; it is 
in unstable equilibrium when, if it be slightly displaced, 
_ the forces tend to move it still further from its position of 
equilibrium ; it is in neutral equilibrium, if the forces 
acting on it in its displaced position are in equilibrium. 

In general bodies which are “ top-heavy,” or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
point on a horizontal table so as to be in equilibrium ; in 
practice the “base” would be so small that the slightest 
displacement would bring the vertical through its centre of 
gravity outside its base and it would fall. So with a billiard 
cue placed vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest 


~ 
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position it can take up; examples are the case of the last 
article, and the pendulum of a clock ; the latter when dis- 
placed always returns towards its position of rest. 


Consider again the case of a man walking on a tight 
rope. He always carries a pole heavily weighted at one 
end, so that the centre of gravity of himself and the pole is 
always below his feet. When he feels himself falling in one 
direction, he shifts his pole so that this centre of gravity 
shall be on the other side of his feet, and then the resultant 
weight pulls him back again towards the upright position. 


If a body has more than one theoretical position of 
equilibrium, the one in which its centre of gravity is lowest 
will in general be the stable position, and that in which the 
centre of gravity is highest will be the unstable one. 


125. Ex. A homogencous body, consisting of a cylinder and 
a hemisphere joined at their bases, is placed with the hemispherical end 
on a horizontal table; is the equilibrium stable or unstable? 


Let G, and G, be the centres of gravity of the hemisphere and 
cylinder, and let A be the point of the body 
which is initially in contact with the table, 
and let O be the centre of the base of the’ B 
hemisphere. 


If h- vf the height of the cylinder, and 
r be the radius of the base, ‘we have 
* 


OG,=8r, and 0G,=% (Art. 117). 


Also the weights of the hemisphere and 
cylinder are proportional to grr? and m.r°h. 


The reaction of the plane, in the dis- 
placed position of the body, always passes 
through the centre O. 


The equilibrium is stable or unstable according as G, the centre 
of gravity of the compound body, is below or above O, 


i.e., according as 
OG, x wt. of hemisphere ss OG, x wt. of cylinder, 


ae 


hs 
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: a 2 aim sh 
i.e., according as Br x Zar is_ 5x rh, 
2 - 
; “di pee > 72 
i.c., according as 7 sl, 
: : :_ > 9 
i.e., according as ris_J/2h, 
. > 
ves = wx 1-42... 
16.5 ot , 


**126. Within the limits of this book we cannot 
enter into the general discussion of the equilibrium of one 
body resting on another; in the following article we shall 
discuss the case in which the portions of the two bodies 
in contact are spherical. 

A body rests in equilibrium upon another fixed body, 
the portions of the two bodies in contact being spheres of 
radu r and KR respectively; if the first body be slightly 
displaced, to find whether the equilibrium is stable or un- 
stable, the bodies being rough enough to prevent sliding. 

Let O be the centre of the spherical surface of the 
Tower body, and QO, that of 
the upper body; since there 
is equilibrium, the centre of 
gravity G, of the upper body 
must be in the line 00,, which 
passes through the point of 
contact A, of the bodies. 

Let A,G, be A. 

Let the upper body be 
slightly displaced, by rolling, 
so that the new position of 
the centre of. the upper body 
is O,, the new point of contact 
is A,, the new position of the 
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centre of gravity is G,, and the new position of the point 
A,isC. Hence CG, is h. 


Through A, draw A,Z vertically to meet O,C in L, 
and draw 0,M vertically downwards to meet a horizontal 
line through A, in J. 


Let the angle 4,04, be 6, and let A,0,0 be ¢, so that 
the angle CO,/ is (6+ ¢). 

Since the upper body has rolled into its new position, 
the arc A,A, is equal to the aré CA,. 

Hence (Elements of Trigonometry, Art. 158) we have 


where 7 and & are respectively the radii of the upper and 
lower surfaces. 


The equilibrium is stable, or unstable, according as G, 
lies to the left, or right, of the line A,Z, 
2.¢., according as the distance of G, from O,/ is 


> or < the distance of Z from 0,1, 2.¢., A.M, 
2.é., according as 
0,G, sin (6 + ) is > or < OA, sin 9, 
1.¢., according as 
(r—h) sin (6 + #) is > or < rsin 8, 


4.¢€., according as 


r—h. sin 0 
is> or * sin (0+ $)' 
sin 6 6 


ae sin (0+) O46" 
since @ and ¢ are both very small, 
=> a by equation (1). 


(nes “7 
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Hence the equilibrium is stable, or unstable, according as 


ie Y bd 
13) Or pai 
¥ 


+ R? 


9 


° : r 3 
a.e., according as *———--, is> or <h, 
i 


+R 


: : dea. 
2.€., according as ——, is > or <h, 
= 


+R 


i.e., according as 


i: Sree : 1 
i is>or< 5 Rr 
| Peat Eas aurea 4 : : 
If eee the equilibrium is sometimes said to be 


neutral; it is however really unstable, but the investiga- 
tion is beyond the limits of this book. 


Hence the equilibrium is stable only when 
is = ; < 
TR ae ie 
in all other cases it is unstable, , 


Cor. 1. lf the surface of the lower ae instead of 
being convex, as in the above 
figure, be concave, as in the follow- 
ing figure, the above investigation 
will still apply provided we change 
the sign of 2. 


Hence the equilibrium is stable 


when p 
1. Et i : 
eet 


otherwise it is, in general, un- 
stable, 
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Cor. 2. If the upper body have a plane face in 
contact with the lower body, as in the following figure, r 


: : aN lee 
is now infinite in value, and therefore — is zero. 
r 


Hence the equilibrium is stable 


if 

La oe 

h ae? a, 
t.€.5 hbe < BR. 


Hence the equilibrium is stable, 
if the distance of the centre of 
gravity of the upper body from its 
plane face be less than the radius of the lower body; 
otherwise the equilibrium is unstable. 


Cor. 3. If the lower body be a plane, so that RP is 
infinity, the equilibrium is stable if 
ae ay 2.6, if h be =<”, 
h r 
Hence, if a body of spherical base be placed on a hori- 
zontal table, it is in stable equilibrium, if the distance of 
its centre of gravity from the point of contact be less than 


the radius of the spherical surface, 


Oo 


EXAMPLES. XX. - 


1, Acarpenter’s rule, 2 feet in length, is bent into two parts at 
right angles to one another, the length of the shorter portion being 
8inches. Ifthe shorter be placed on a smooth horizontal table, what 
is the length of the least portion on the table that there may be equi- 
librium ? 

9. <A piece of metal, 18 cubic inches in volume, is made into a 
cylinder which rests with its base on an inclined plane, of 30° slope, 
and is prevented from slipping. How tall may the cylinder be made 
so that it may just not topple over? 


3. Ifa triangular lamina ABC can just rest in a vertical plane 
with its edge AB in contact with a smooth table, prove that 


BO ~AC?=3AB*, 


oe 
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4, The side CD of a uniform square plate ABCD, whose weight 
is W, is bisected at H and the triangle A4HD is cut off. The plate 
ABCEA is placed in a vertical position with the side CH on a hori- 
zontal plane. What is the greatest weight that can be placed at A 
without upsetting the plate? 


5. ABC is a fiat board, A being a right angle and AC in contact 
with a flat table; D is the middle point of AC and the triangle ABD 
is cut away; shew that the triangle is just on the point of falling 
over. 


6. A brick is laid with one-quarter of its length projecting over 
the edge of a wall; a brick and one-quarter of a brick are then laid 
on the first with one-quarter of a brick projecting over the edge of the 
first brick; a brick and a half are laid on this, and so on; shew that 
4 courses of brick laid in the above manner will be in equilibrium 
without the aid of mortar, but that, if a fifth course be added, the 
structure will topple. 


7. How many coins, of the same size and having their thick- 
nesses equal to 545th of their diameters, can stand in a eylindrical pile 


on an inclined plane, whose height is one-sixth of the base, assuming 
-that there is no slipping? 


If the edge of each coin overlap on one side that of the coin below, 
find by what fraction of the diameter each must overlap so that a 
pile of unlimited height may stand on the plane. 


8, A number of bricks, each 9 inches long, 4 inches wide, and 
3 inches thick, are placed one on another so that, whilst their narrowest 
surfaces, or thicknesses, are in the same vertical plane, each brick 
overlaps the one underneath it by half an inch; the lowest brick 
being placed on a table, how many bricks can be so placed without 
their falling over? 


9. ABC is an isosceles triangle, of weight W, of which the angle 
A is 120°, and the side AB rests on a smooth horizontal table, the 


plane of the triangle being vertical; if a weight uA be hung on at C, 
shew that the triangle will just be on the point of toppling over. 


10, The quadrilateral lamina ABCD is formed of two uniform 
isosceles triangles ABC and ADC, whoke vertices are B and D, on 
opposite sides of a common base AC, the angle 4BC being a right 
angle. Shew that it will rest in a vertical plane with BC on a hori- 
Pers provided the area of ADC be not greater than four times 

at of ABC. : 
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11, A body, consisting of a cone and a hemisphere on the same 
base, rests on a rough horizontal table, the hemisphere being in con- 
tact with the table; find the greatest height of the cone so that the 
equilibrium may be stable. 


12. A solid consists of a cylinder and a hemisphere of equal 
radius, fixed base to base; find the ratio of the height to the radius of 
the cylinder, so that the equilibrium may be neutral when the spherical 
surface rests on a horizontal plane. 


13. A hemisphere rests in equilibrium on a sphere of equal radius; 
shew that the equilibrium is unstable when the curved, and stable 
when the flat, surface of the hemisphere rests on the sphere. 


14, A heavy right cone rests with its base on a fixed rough sphere 
of given radius; find the greatest height of the cone if it be in stable 
_ equilibrium, 


15, A uniform beam, of thickness 2b, rests symmetrically on a 

perfectly rough horizontal cylinder of radius a; shew that the equi- 

© librium of the beam will be stable or unstable according as b is less or 
greater than a. 


16. A heavy uniform cube balances on the highest point of a 
sphere, whose radius is r. If the sphere be rough enough to prevent 


- sliding, and if the side of the cube be ae , shew that the cube can rock 
through a right angle without falling. 


“17, A lamina in the form of an isosceles triangle, whose vertical 
angle is a, is placed on a sphere, of radius 7, so that its plane is vertical 

-_ and one of its equal sides is in contact with the sphere; shew that, if 
the triangle be slightly displaced in its own plane, the equilibrium is 


stable if sin a be less than La , where a is one of the equal sides of the 
triangle. 


18, A weight W is supported on a smooth inclined plane by a 
given weight P, connected with W by means of a string passing round 
a fixed pulley whose position is given. Find the position of W 
on the plane, and determine whether the position is stable or un- 


_ stable. 


19, A rough uniform circular disc, of radius r and weight p, is 
movable about a point distant ¢ from its centre. A string, rough 
enough to prevent any slipping, hangs over the circumference and 
carries unequal weights W and w at its ends. Find the position of 
equilibrium, and determine whether it is stable or unstable. 
ae ess 11 


5 


L. Se 
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90. A solid sphere rests inside a fixed rough hemispherical bowl 
of twice its radius. Shew that, however large a weight is attached to 
the highest point of the sphere, the equilibrium js stable. 


91, A thin hemispherical bowl, of radius b and weight W, rests 
in equilibrium on the highest point of a fixed sphere, of radius a, 
which is rough enough to prevent any sliding. Inside the bowl is 
placed a small smooth sphere of weightw. Shew that the equilibrium 
is not stable unless 


CHAPTER XI. 
WoRK. 


127. Work. Def. A force is said to do work 
when its point of application moves in the direction of the 
force, 


The force exerted by a horse, in dragging a waggon, does work. 

The force exerted by a man, in raising a weight, does work. 

The pressure of the steam, in moving the piston of an engine, 
does work. 

When a man winds up a watch or a clock he does work. 


The measure of the work done by a force is the product 
of the force and the distance through which it moves its 
point of application in the direction of the force. 

Suppose that a force acting at a point A of a body 

| Ee ra 

A D B 
moves the point A to D, then the work done by ais 
measured by the product of P and AD. 

If the point D be on the side of A toward which the 
force acts, this work is positive; if D lie on the opposite 
side, the work is negative. 

Next, suppose that the point of Pecliaution ‘of the force 
is moved to a point C, which. does not lie on the line ABS 

11—2 


~~ 
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Draw CD perpendicular to AB, or AB produced. Then 
AD is the distance through which the point of application 
is moved in the direction of the force. Hence in the first 
figure the work done is Px AD; in the second figure the 


Cc Cc ~ 
Pee alee Nee 
A D 45) B DA P B 


work done is — Px 4D. When the work done by the force 
is negative, this is sometimes expressed by saying that the 
force has work done against it. 

In the case when AC’ is at right angles to AB, the 
points A and D coincide, and the work done by the force 
P vanishes. 


As an example, if a body be moved about on a horizontal table the 
work done by its weight is zero. So, again, if a body be moved on an 
inclined plane, no work is done by the normal reaction of the plane. 

128. The unit of work, used in Statics, is called a 
Foot-Pound, and is the work done by a force, equal to the 
weight of a pound, when it moves its point of application 
through one foot in its own direction. A better, though 
more clumsy, term than “ Foot-Pound” would be Foot- 
Pound-weight. 


Thus, the work done by the weight of a body of 10 pounds, whil 
the body falls through & distance of 4 feet, is 10x 4 ec younds = 


The work done by the weight of the body, if it i 
a vertical distance of 4 feet, would be —10 2 4 footpoanda seers 
129. It will be noticed that the definition of work, 
given in Art. 127, necessarily implies motion. A man may 
use great exertion in attempting to move a body, and yet 
do no work on the body. 3 hs 
For example, suppose a man pulls at the shafts of a 
heavily-loaded van, which he cannot move. He may pull 
to the utmost of his power, but, since the force which he — 
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e 
exerts does not move its point of application, he does no 
work (in the technical sense of the word). 


130. Theorem. 7 shew that the work done in 
raising a number of particles from one position to another is 
Wh, where W is the total weight of the particles, and h is the 
distance through which the centre of gravity of the particles 
has been raised. 

Let w,, w., W3, -.- Wy, be the weights of the particles; in 
the initial position let 2, 2, 23,...%, be their heights 
above a horizontal plane, and % that of their centre of 
gravity, so that, as in Art. 111, we have 


Wy + Welln +... + Wyn 
Wy + Wet... + Wy, 


ae At). 


In the final position let a’, x,',...2,' be the heights of 
the different particles, and Z the height of the new centre 
of gravity, so that 

Fie a Maral OEP oe 
Wy, + Wet... Wn 
But, since w,+w,+...= W, equations (1) and (2) give 
Wy, HW t+... = W. Hi, 
and Wy) + Welly +... = WH. 
By subtraction we have 
W, (coy! — 2) + Wy (ata! — Hy) +... = WH —2). 

But the left-hand member of this equation gives the 
total work done in raising the different particles of the 
system from their initial position to their final position ; 
also the right-hand side 
= Wxheight through which the centre of gravity has been 

raised 


m= Ws he 


jis 


Hence the proposition is proved. ; 


- 
pe 
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131. Power. Def. Zhe power of an agent is 
the amount of work that would be done by the agent if 
working uniformly for the unit of time. 

The unit of power used by engineers is called a Horse- 
Power, An agent is said to be working with one horse- 
power when it performs 33,000 foot-pounds in a minute, é.e., 
when it would raise 33,000 lbs. through a foot in a minute, 
or when it would raise 330 lbs. through 100 feet- in a 
minute, or 33 lbs. through 1000 feet in a minute, 

This estimate of the power of a horse was made by 
Watt, but is above the capacity of ordinary horses. The 
word Horse-power is usually abbreviated into H.p. 


132. It will be noted that the result of Art. 130 does 
not in any way depend on the initial or final arrangement 
of the particles amongst themselves, except in so far as the 
initial and final positions of the centre of gravity depend 
on these arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the 
top of the hole. We only want the positions of the c.c. 
of the soil initially and finally, and then the work done is 
known. This work is quite independent of the path by 
which the soil went from its initial to its final position. 

Ex. A well, of which the section is a square whose side is 4 feet, 


and whose depth as 300 feet, is full of water; find the work done, in 
foot-pounds, in pumping the water to the level of the top of the well. 


Find also the H.P. of the engine which would just accomplish this 
work in one hour. 


[N.B. A cubic foot of water weighs 1000 ounces. | 


Initially the height of the centre of gravity of the water above the 
bottom of the well was 150 feet and finally it is 8300 feet, so that the 
height through which the centre of gravity has been raised is 150 feet. 


The volume of the water=4 x 4 x 300 cubic feet. 
Therefore its weight=4 x 4 x 300 x 292° hs. =300,000 lbs. 
Hence the work done =300,000 x 150 ft.-lbs. = 45,000,000 ft.-lbs. 
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Let 2 be the required u.p. Then the work done by the engine in 


one hour . =z x 60-x 33,000. 
Hence we have x x 60 x 33,000 = 45,000,000; 
t= 22%, 


133. Graphical representation of the work done by a 
Sorce. 


It is sometimes difficult to calculate directly the work 
done by a varying force, but it 
may be quite possible to obtain 
the result to a near degree of pak : 
approximation. C 


Suppose the force to always 
act in the straight line OX, and 
let us find the work done as its 
point of application moves from A to B. At A and B erect 
ordinates AC’ and DB to represent the value of the force 
for these. two points of application. For any and every 
intermediate point of application Z erect the ordinate LP to 
represent the corresponding value of the acting force; then 
the tops of these ordinates will clearly lie on some such 
curve as OPD, 


Take Ma very near point to Z, so near that the force 
may be considered to have remained constant as its point 
of application moved through the small distance 2M. 

Then the work done by the force 
=its magnitude x distance through which its 

point of application has moved 
=LP x LM=area PM very nearly. 

Similarly whilst the point of prkicaictas moves from M 
to V the work done 

=area (NV very nearly, and so on, 


OA LMN B X 
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Hence it follows that the work done as the point of 
application moves from 4 to B is, when fhe lengths LJ, 
MN, ... are taken indefinitely small, equal more and more 
nearly to the area AC DB. 


[Where the shape of the curve CPD is irregular a rough 
approximation to its area may be found as follows ; divide 
AB into a number, say 10, of equal strips ; take the middle 
ordinates of these strips and obtain the average of these 
middle ordinates; and multiply this average ordinate by 
the distance 4B. This clearly gives an approximation to 
the area of ACDB. | 


134. As an example of the above construction let us find the 
work done by a force which was initially zero and which varied as the 
distance through which its point of application was moved. 


In: this case AC is zero, and NP=\.AN, where \ is some 
constant, 


D 
.. tan PAN =iN=h so that P lies on a straight a 
line passing through A. The work done=area ABD A NB 


= AB . BD=4. displacement of the point of applica- 
tion x the final value of the force. 


EXAMPLES. XXI. 


1, How much work is done by a man 


(1) in climbing to the top of a mountain 2700 feet high, if his 
weight is 10 stone? 


(2) in eycling 10 miles if the resistance to his motion be equal 
to 5 lbs. wt.? 


_ 2, A chain, whose mass is 8 lbs. per foot, is wound up from a 
shaft by the expenditure of four million units of work; Nand tis 
length of the chain. 


4 


38. A shaft, whose horizontal section is a rectangle 10 ft. by 8 ft 
is to be sunk 100 ft. into the earth. If the average highs of the soil 
is 150 lbs. per cubic foot, find the work done in bringing the soil 
to the surface. 
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' 4. How many cubic feet of water will an engine of 100 H.p. raise 
in one hour from a depth of 150 feet? 


5. In how many hours would an engine of 18 u.p. empty a vertical 
pare oY of water if the diameter of the shaft be 9 feet, and the depth 
ee 


6. Find the u.p. of an engine that would empty a cylindrical 
shaft full of water in 32 hours, if the diameter of the shaft be 8 feet 
and its depth 600 feet. 


7. Find how long an engine of 20 u.p. would take to pump 
5000 cubie feet of water to a height of 100 feet, one-third of the 
work being -wasted by friction, etc. . 


8. A man whose weight is 10 stone climbs a rope at the rate 
of 18 inches per second. Prove that he is working at just under 


2 
5 H.-P. 


9, A tower is to be built of brickwork, the base being a rectangle 
whose external measurements are 22 ft. by 9 ft., the height of the 
tower 66 feet, and the walls two feet thick; find the number of hours 
in which an engine of 3 H.P. would raise the bricks from the ground, 
the weight of a cubic foot of brickwork being 112 lbs. 


10, At the bottom of a coal mine, 275 feet deep, there is an iron 
cage containing coal weighing 14 cwt., the cage itself weighing 4 cwt. 
109 Ibs., and the wire rope that raises it 6 lbs. per yard. Find the 
work done when the load has been lifted to the surface, and the H.P. 
of the engine that can do this work in 40 seconds. : ; 


‘ J], Asteamer is going at the rate of 15 miles per hour; if the 
effective H.p. of her engines be 10,000, what is the resistance to her 


motion? 
12, A man is cycling at the rate of 6 miles per hour up a hill 


whose slope is 1 in 20; if the weight of the man and the machine be 
200 Ibs. prove that he must at the least be working at the rate of 


16 H.P. 
13. A man rowing 40 strokes per minute propels a boat at the 


rate of 10 miles an hour, and the resistance to his motion is equal to 
8 lbs. wt.; find the work he does in each stroke and the u.P, at which 


he is working. 


14, A Venetian blind consists of 30 movable bars, the thickness 
of each bar being negligible, and, when it is hanging down, the distance 
between each pair of consecutive bars is 21 inches; if the weight 
of each bar be 4 ozs., find the work done in drawing up the blind. 


If there were n such bars, what would be the corresponding work ? 


‘ 
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15. <A Venetian blind consists of n thin bars, besides the top fixed 
bar, and the weight of the movable part is 7. When let down the 
length of the blind is a, and when pulled up it is 6; shew that the 
work done against gravity in drawing up the blind is 


n+1 
W. on (@—»)- 


16. A solid hemisphere of weight 12 lbs. and radius 1 foot rests 
with its flat face on a table. How many foot-lbs. of work are required 
to turn it over so that it may rgst with its curved surface in contact 
with the table? [Use the result of Art. 130.] 


17. A uniform log weighing half a ton is in the form of a 
triangular prism, the. sides of whose cross section are 1} ft., 2 ft., 
and 23 ft. respectively, and the log is resting on the ground on its 
narrowest face. Prove that the work which must be done to raise it 


on its edge so that it may fall over on to its broadest face is approxi- 
mately -27 ft.-tons. 


18, A force acts on a particle, its initial value being 20 Ibs. wt. 
and its values being 25, 29, 382, 31, 27, and 24 lbs. wt. in the direction 
of the particle’s motion when the latter has moved through 1, 2, 3m. 
5, and 6 feet respectively ; find, by means of-a graph, the work done 
by the force, assuming that it varies uniformly during each foot of 
the motion, 


CHAPTER XII. 
MACHINES. 


135. In the present chapter we shall explain and 
discuss the equilibrium of some of the simpler machines, 
viz., (1) The Lever, (2) The Pulley and Systems of Pulleys, 
(3) The Inclined Plane, (4) The Wheel and Axle, (5) The 
Common Balance, (6) The Steelyards, and (7) The Screw. 

The Lever, The Wheel and Axle, The Balance, and the 
Steelyards are similar machines. In each we have either 
a point, or an axis, fixed about which the machine can 
revolve. . 

In the: pulleys an essential part is a flexible string or 
strings. 

We shall suppose the different portions of these 
machines to be smooth and rigid, that all cords or strings 
used are perfectly flexible, and that the forces acting on 
the machines always balance, so that they are at rest. 


In actual practice these conditions are not even approxi- 
mately satisfied in the cases of many machines, 


136. When two external forces applied to a machine 
balance, one may be, and formerly always was, called the 
Power and the other may be called the Weight. 
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A machine is always used in practice to overcome some 
resistance; the force we exert on the machine is the power; 
the resistance to be overcome, in whatever form it may 
appear, is called the Weight. 


Unfortunately the word Power is also used in a different 
sense with reference to a machine (Art. 131); of late years 
the word Effort has been used to denote what was formerly 
called the Power in the sense of this article. The word 
Resistance is also used instead of Weight; by some writers 
Load is sybstituted for Weight. 


137. Mechanical Advantage. If in any 
machine an effort P balance a resistance W, the ratio 
W: P is called ‘the mechanical advantage of the machine, 
so that 


Resistance : 
fore Mechéinical Advantage, 


and Resistance = Effort x Mechanical Advantage. 


Almost all machines are constructed so that the me- 
chanical advantage is a ratio greater than unity. 


If in any machine the mechanical’ advantage be less 
than unity, it may, with more accuracy, be called me- 
chanical disadvantage, 


The term Force-Ratio is-sometimes used instead of 
Mechanical Advantage. 


Velocity Ratio. The velocity ratio of any machine 
is the ratio of the distance through which the point of 
application of the effort or “ power” moves to the distance 
through which the point of application of the resistance, or 
“weight,” moves in the same time; so that 


Velocity Ratio = ae stance through which P moves 
Distance through which W moves’ 


1 
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If the machine be such that no work has to be done in 
lifting its component parts, and if it be perfectly smooth 
throughout, it will be found that the Mechanical Advantage 
and the Velocity Ratio are equal, so that in this case 

W _ Distance through which P moves 


P Distance through which W moves’ 
and then 


P x distance through which P moves . 
= W x distance through which W moves, 
or, in other words, 
work done by P will = ‘vork done agaiust W. 

138. The following_we shall thus find to be a uni- 
versal principle, known as the Principle of Work, viz., 
Whatever be the machine we use, provided that there be no 
friction and that the weight of the machine be neglected, the 
work done by the effort is always equivalent to the work done 


against the weight, or resistance. 

Assuming that the machine we are using gives me- 
chanical advantage, so that the effort is less than the 
weight, the distance moved through by the effort is there- 
fore greater than the distance moved through by the weight 
in the same proportion. This is sometimes expressed in 
‘popular language in the form; What is gained in power 18 
lost in speed. ; 

More accurate is the statement that mechanical ad- 
vantage is always gained at a proportionate diminution 
of speed. No work is ever gained by the use of a machine 
though mechanical advantage is generally obtained. 

139. It will be found in the next chapter that, as 
a matter of fact, some work, in practice, is always lost by 
the use of any machine. ; 

The uses of a machine are — 
(1) to enable a man to lift weights or overcome 
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resistances much greater than he could deal with unaided, 
e.g., by the use of a system of pulleys, or a wheel and axle, 
or a screw-jack, etc., 

(2) to cause a motion imparted to one point to be 
changed into a more rapid motion at some other point, 
é.g-, in the case of a bicycle, 

(3) to enable a force to be applied at a more con- 
venient point or-in a more convenient manner, e.g., in the 
use of a poker to stir the fire, or in the lifting of a bucket 
of mortar by means of a long rope passing over a pulley at 
the top of a building, the other end being pulled by a man 
standing on the ground. 


I. The Lever. 


140. The Lever consists essentially of a rigid bar, 
straight or bent, which has one point fixed about which 
the rest of the lever can turn, This fixed point is called 
the Fulcrum, and the perpendicular distances between the 
fulcrum and the lines of action of the effort and the weight 
are called the arms of the lever. 

When the lever is straight, and the effort and weight 
act perpendicular to the lever, it is usual to distinguish 
three classes or orders. 


Class I. Here the effort P A 
and the ‘weight W act on opposite 
sides of the fulcrum C. 


Class II. Here the effort P 
and the weight W act on the 
same side of the fulcrum C, but 
the former acts at a greater dis- 
tance than the latter from the 
fulcrum. ) 
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Class III. Here the effort 


P and the weight W act on the 2g app \ 
same side of the fulcrum C, but , 
the former acts at a less dis- : - 


tance than the latter from the 


fulcrum. 


141. Conditions of equilibrium of a straight lever. 


In each case we have three parallel forces acting on 
the body, so that the reaction, R, at the fulerum’ must 
be equal and opposite to the resultant of P and W. 


In the first class P and W are like parallel forces, so 
that their resultant is P+W. Hence 
R=P+W. 


In the second class P and W are unlike parallel forces, 

so that 
R=W-P. 

So in the third class R= P— W. 

In the first and third classes we see that R and P act 
in opposite directions ; in the second class they act in the 
same direction. 

In all three classes, since the resultant of P and W 
passes through CO, we have, as in Art. 52, 


PEA = W:..BC, 
1.€. P x the arm of P= W x the arm of W. 
W arm of P 


Since we observe that generally in 


P arm of W’ 
Class I., and always in Class II., there is mechanical 
advantage, but that in Class III. there is mechanical 
_ disadvantage. - bots mt 


- o 


| ae - 
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The practical use of levers of the latter class is to 
apply a force at some point at which it is not convenient 
to apply the force directly. 

In this article we have neglected the weight of the 
lever itself. 

If this weight be taken into consideration we mus® 
as in Art. 91, obtain the conditions of equilibrium by 
equating to zero the algebraic sum of the moments of the 
forces about the fulerum C. 2 

The principle of the lever was known to Archimedes 
who lived in the third century B.c. ; until the-discovery of 
the Parallelogram of Forces in the sixteenth century it was 
the fundamental principle of Statics. 


142. Examples of the different classes of levers are ; 

Class I. <A Poker (ehen used to stir the fire, the bar 

of the grate being the fulerum); A Claw-hammer (when 

used to extract nails); A Crowbar (when used with a point 

‘in wt resting on a jixed support); A Pair of Scales; The 
Brake of a Pump. 


Double levers of this class are; A Pair of Scissors, A 
Pair of Pincers. 


Class II. A Wheelbarrow ; A Cork Squeezer; A 
Crowbar (with one end in contact with the ground); An 
Oar (assuming the end of the oar in contact with the water 
to be at rest). 

A Pair of Nutcrackers is a double lever of this class. 


Class III. The Treadle of a Lathe; The Human 
Forearm (when the latter is used to support a weight placed 
on the palm of the hand. The Fulcrum is the elbow, and 
the tension exerted by the muscles is the effort). 


A Pair of Sugar-tongs is a double lever of this class, © 


- Let the lever balance about a ful- 


P, W’', and W in L, N,; and M re- 
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143. Bent Levers. 

Let AOB be a bent lever, of which O is the fulcrum, and let OL 

and OM be the perpendiculars from O upon the lines of action AC and 
BC of the effort P and resistance W. : 

The condition of equilibrium of Art. 91 again applies, and we have, 

by taking moments about O, 


Pr Olea WON potas 1h caters (1); 
ee OM 
ee rome OF 


__ perpendicular from fulerum on direction of resistance 
"perpendicular from fulcrum on direction of effort 
To obtain the reaction at O let the directions of P and W meetin C. 
Since there are only three forces acting 
on the body, the direction of the reaction 


whe 
Cc 
f at O must pass through C, and then, os 


by Lami’s Theorem, we have 


to a oe ON 
sinACB sin BCO sin ACO" A 8 
The reaction may also be obtained, O 
as in Art. 46, by resolving the forees R, R 


F, and W in two directions at right 
angles. 
It the effort and resistance be parallel forces, the reaction R is 


_ parallel to either of them and equal to (P+JV), and, as before, we 


haye P.OL=W.OM, 
where OL and OM are the perpendiculars from O upon the lines of 
action of the forces. 

If the weight W’ of the lever be not neglected, we have an additional 
term to introduce into our equation of moments. 


144. If two weights balance, about a fixed fulerum, at the 
extremities of a straight lever, in any position inclined to the vertical, 
they will balance in any other position. 

Let AB be the lever, of weight W’, 
and let its centre of gravity be G. 


crum O in any position inclined at an 
angle @ to the horizontal, the weights 
at A and B being P and W respectively. 


Through O draw a horizontal line 
LONM to meet the lines of action of 


spectively. 
Since the forces balance about O, 


—. . P.OL=W.OM+W'. ON. 


we have 


a 1..8, ii eee 12 


178 STATICS 


-. P.OAcos0=W.OBcos 6+ W’'. OG cos 6. 
- P.OA=W.OB+4W’.0G. 


This condition of equilibrium is independent of the inclination @ of 
the lever to the horizontal; hence in any other position of the lever 
the condition would be the same. 


Hence, if the lever be in equilibrium in one position, it will be in 
equilibrium in all positions. 


é EXAMPLES. XXII. 


1. Ina weightless lever, if one of the forces be equal to 10 lbs. wt. 
and the thyust on the fulcrum be equal to 16 lbs. wt., and the length - 
of the shg@@Mer arm be 3 feet, find the length of the longer arm. 


9. Where must fulcrum be so that a weight of 6 lbs. may 
balance a weight of 8 lbs. on a straight weightless lever, 7 feet long? 


If each weight be increased by 11b., in what direction will the 
lever turn? 


3, If two forces, applied to a weightless lever, balance, and if the 
thrust on the fulcrum be ten times the difference of the forces, find 
the ratio of the arms. 


4, A lever, 1 yard long, has weights of 6 and 20 lbs. fastened to 
its ends, and balances about a point distant 9 inches from one end; 
find its weight. : 


5, A straight lever, AB, 12 feet long, balances about a point, 
1 foot from A, when a weight of 13 lbs. is suspended from 4. It will 
balance about a point, which is 1 foot from B, when a weight of 
11 lbs. is suspended from B. Shew that the centre of gravity of the 
lever is 5 inches from the middle point of the lever. 


6, A straight uniform lever is kept in equilibrium by weights of 
12 and 5 lbs. respectively attached to the ends of its arms, and the 


length of one arm is double that of the other. What is the weight of 
the lever? 


7. A straight uniform lever, of length 5 feet and weight 10 lbs., 
has its fulcrum at one end and weights of 3 and 6 Ibs. are fastened to 
it at distances of 1 and 3 feet respectively from the fulcrum; it is 


kept horizontal by a force at its other end; find the thrust on the 
fulcrum. 


8, A uniform lever is 18 inches long and is of weight 18 ounces; 
find the position of the fulerum when a weight of 27 ones at one 
end of the lever balances one of 9 ounces at the other. 


If the lesser weight be doubled, by how much mu 


: ¢ th iti 
the fulcrum be shifted so as to preserve equilibrium? st the position of 
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9, Two weights, of 8 and 4 ounces, are in equilibrium when 
attached to the opposite ends of a rod of negligible weight; if 2 ounces 
be added to the greater, the fulcrum must be moved through #ths of 
an inch to preserve equilibrium; find the length of the lever. 


10, ‘The short arm of one lever is hinged to the long arm of a 
second lever, and the short arm of the latter is attached to a press ; 
the long arms being each 3 feet in length, and the short arms 6 inches, 
find what thrust will be produced on the press by a force, equal to 
10 stone weight, applied to the long end of the first lever. 


ll. A straight heavy uniform lever, 21 inches long, has a ful- 
crum at its end. A force, equal to the weight of 12 lbs., acting at a 
distance of 7 inches from the fulcrum, supports a pte Soe 3 lbs. 
hanging at the other end of the lever. If the weight be eased by 
1 lb., what force at a distance of 5 inches from the fulerum will 
support the lever? 


12. On a lever, forces of 13 and 14 lbs. weight balance, and their 


directions meet at an angle whose cosine is —7%5; find the thrust 
on the fulcrum. 


13, A straight lever is acted on, at its extremities, by forces in 
the ratio ,/3+1: ,/3—1, and which are inclined at angles of 30° and 


- 60° to its length. Find the magnitude of the thrust on the fulcrum, 


Kin 


and the direction in which it acts. 


14. The arms of a bent lever are at right angles to one another, 
and the arms are in the ratio of 5 to1. The longer arm is inclined 
to the horizon at an angle of 45°, and carries at its end a weight of 
10 lbs.; the end of the shorter arm presses against a horizontal plane; 
find the thrust on the plane. - 


15. The arms of a uniform heavy bent rod are inclined to one 
another at an angle of 120°, and their lengths are in the ratio of 2:1; 
if the rod be suspended from its angular point, find the position in 
which it will rest. 


16. A uniform bar, of length 7 3 feet and weight 17 lbs., rests on 


a horizontal table with one end projecting 24 feet over the edge; find 
the greatest weight that can be attached to its end, without making 
the bar topple over. 


17. A straight weightless lever has for its fulcrum a hinge at one 


end 4, and from a point B is hung a body of weight W. If the strain 


at the hinge must not exceed 417 in either direction, upwards or down- 
wards, shew that the effort must act somewhere within a space equal 


to$4B, eae 


5S eae i=? 
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18. Shew that the propelling force on an eight-oared boat is 
224 lbs. weight, supposing each man to pull his oar with a force of 
56 lbs. weight, and that the length of the oar from the middle of the 
blade to the handle is three times that from the handle to the row- 
lock. 


19. In a pair of nutcrackers, 5 inches long, if the nut be placed 


at a distance of $ inch from the hinge, a force equal to 34 Ibs. wt. 
applied to the ends of the arms will crack the nut. What weight 
placed on the top of the nut will crack it? 


90. A man raises a 3-foot cube of stone, weighing 2 tons, by 
means of a crowbar, 4 feet long, after having thrust one end of the 
bar under the stone to a distance of 6 inches; what foree must be 
applied at the other end of the bar to raise the stone? 


91, A cubical block, of edge a, is being turned over by a crowbar 
applied at the middle point of the edge in a plane through its centre 
of gravity; if the crowbar be held at rest when it is inclined at an 
angle of 60° to the horizon, the lower face of the block being then 
inclined at 30° to the horizon, and if the weight of the block be » 
times the force applied, find the length of the crowbar, the force 
being applied at right angles to the crowbar. 


II. Pulleys. 


145. A pulley is composed of a wheel of wood, or 
metal, grooved along its circumference to receive a string 
or rope ; it can turn freely about an axle passing through 
its centre perpendicular to its plane, the ends of this axle 
being supported by a frame of wood called the block. 


A pulley is said to be movable or fixed according as its 
block is movable or fixed. 


The weight of the pulley is often so small, compared 
with the weights which it supports, that it may be neg- 
lected ; such a pulley is called a weightless pulley. 

We shall always neglect the weight of the string or 
rope which passes round the pulley. 

We shall also in this chapter consider the pulley to be 
perfectly smooth, so ‘that the tension of a string which 
passes round a pulley is constant throughout its length. | 


Se 
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146. Single Pulley. The use of a single pulley 
is to apply an effort in a different direction from that in 
which it is convenient to us to apply the effort. 

Thus, mn the first figure, a man standing on the ground | 
and pulling vertically at one end of the rope might support 
a weight W hanging at the other end ; in the second figure 
the same man pulling sideways might support the weight. 

In each case the tension of the string passing round 
the pulley is unaltered ; the effort P is therefore equal to 
the weight W. 

In the first figure the action on the fixed support to 
which the block is attached must balance the other forces 
on the pulley-block, and must therefore be equal to 


W+P+w, 
t.é., 2W+w, where w is the weight of the pulley-block. 


In the second figure, if the weight of the pulley be 
neglected, the effort P, and the weight W, being equal, 
must be equally inclined to the line OA. 

Hence, if 7 be the tension of the supporting string OB 
and 20 the angle between the directions of P and W, we 

have 


* 


T =P cos0+ Wcos 6 =2W cos 0. ° 
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If w be the weight of the pulley, we should have, 
T?=(W+w)?+P2+2 (W+w) . P. cos 20 
=2W242W w+ w2+2 (W+w) .W (2cos? 6-1), since P andW are equal, 
=w?+4W (W+w) cos. 


147. We shall discuss three systems of pulleys and 
shall follow the usual order; there is no particular reason 
for this order, but it is convenient to retain it for purposes 
of reference. 


First system of Pulleys. Lach string attached to 
the supporting beam. To find the relation between the effort 
or “power” and the weight. 


In this system of pulleys the weight is attached to the 
lowest pulley, and the string pass- 
ing round it has one end attached 
to the fixed beam, and the other 
end attached to the next highest 
pulley; the string passing round 
the latter pulley has one end 
attached to the fixed beam, and 
the other to the next pulley, and 
so on; the effort is applied to the 
free end of the last string. 

Often there is an additional 
fixed pulley over which the free 
end of the last string passes; the 
effort may then be applied as a Vw 


downward force. 


Let A,, A,... be the pulleys, beginning from the 
lowest, and let the tensions of the strings passing round 


them be 7,, Z,.... Let W be the weight and P the 
power. 


N.B. The string passing round any pull eee 
tically upwards, and pulls A, downrearas\| eee “i a 


be 
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I. Let the weights of the pulleys be neglected. 


From the equilibrium of the pulleys 4,, 4,,..., taken 
in order, we have 


oT, =W; «. T,=4W. 


2Ty=7,; 2. Ty=2T,=% W. 
pie) Slee 2 es Aligned 7 Aa ad i 3 W. 
See ge el 
2 ff =1 : 
AIA es EE oe T,=37T:=% W. 


But, with our figure, 7’, = P. 


Similarly, if there were 7 pulleys, we should have 
1 
am a Qn W. 


Hence, in this system of pulleys, the mechanical 
advantage 


af ae 


Pe 


Il. Let the weights of the pulleys im succession, be- 
ginning from the lowest, De. Wy Way vor 


In this case we have an additional downward force 
on each pulley. 
Resolving as before, we have 
27,=W+w, 
OT = Ty ys 
BIH 5 Fw; 
27, = Ty + Wy 
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1 Ww 
rr oe Oe 
tg. (W202; 
aay aes = 
T=31,+5 23 oa wee? 


OO ue WV o-00. ee 220820 
= =! 4. 1 ay ee a 
and P= Tels +5 = a+ 5+ Bs ats: 


Similarly, if there were m pulleys, we should have 


Ww ww 
Pao gn * on-it er) 


» P= W+ w+ 2. wy + 2s +... + 2"-le,, 


If the pulleys be all equal, we have 


W, = Wy =... = Wy = W. 
". 22P=W+w(l +2424... 49") 
= W+w (2"-1), 


by summing the geometrical progression. 
It follows that the mechanical advantage, Bs depends 


on the weight of the pulleys. 


In this system of pulleys we observe that the greater 
the weight of the pulleys, the greater must P be to support 
a given weight W; the weights of the pulleys oppose the 
effort, and the pulleys should therefore be made as light as 
is consistent with the required strength. 


_ Stress on the beam from which the pulleys are hung. 


Let R be the stress on the beam. Since R, together with the 
ee P, supports the system of pulleys, together with the weight W, 
_ we have 


R+P=WHW, +2054... Wy. 
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W +20, + 2w,.+ 273+... +2"1w0, 
<= on 


= 1 1 1 
= W € =e x) + m (4 - =) +3 (1 = a) 
I. 1 
+m, (1 - =) Tate “oS (2 od 5) . 


Ex. If there be 4 movable pulleys, whose weights, commencing 
with the lowest, are 4, 5, 6, and 7 Lbs., what effort will support a body 
of weight 1 ewt. 2 

Using the notation of the previous article, we have 

2T,=112+4; suuiel 7eaO8- 
2T,=T,+5=63; +.’ T,=314. 
2T,;=T,+6=3743 +. T,=18%. 
2P =T,+7=25¢; +. P=127 lbs. wi. 
148. Verification of the Principle of Work. 
Neglecting the weights of the pulleys we have, if there 


be four pulleys, , 


= R=W+wy + Wot sae 


P=5,¥. 

If the weight W be raised through a distance a, the 
pulley A, would, if the distance A,A, remained unchanged, 
rise a distance x; but, at the same time, the length of the 
string joining A, to the beam is shortened by a, and a 
portion « of the string therefore slips round A,; hence, 
altogether, the pulley A, rises through a distance 2a, 

Similarly, the pulley A, rises a distance 4a, and the 
pulley A, a distance 8. 

_ Since A, rises a distance 8a, the strings joining it to 
“the beam and to the point at which P is applied both 
shorten by 8x, 

Hence, since the slack string runs round the pulley A,, 
the point of application of P rises through 16a, 7.e., through 
sixteen times as far as the point of application of W. 
Hence the velocity-ratio (Art, 137) = 16, so that it is 

equal to the mechanical advantage in this case. 


_ 
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Also 


work done by the effort —P. 16x 
work done against the weight W.« 


Hence the principle is verified. 

Taking the weights of the “pulleys into account, and 
taking the case of four pulleys, we have 

Wo 2b, “thy 0, 
= or ts oA =i 93 3 or sé y . 

As before, if A, ascend a distance a, the other pulleys ascend 
distances 2a, 4a, and 8a, respectively. Hence the work 
done on the weight and the weights of the pulleys 


= W.xt+w,.2+W,. 20+ w;.4e4w,. 8x 
Wot, --20g yw 

=160[ + B+ +s S| 

= 16x x P=work done by the effort. 


A similar method of proof would apply, whatever be the 
number of pulleys. 


_ EXAMPLES. XXIII. 
1. In the following cases, the movable pulleys are weightless, 
their number is n, the weight is W, and the ‘‘ power’? or effort is P; 
(1) Ifm=4 and P=20 lbs. wt., find VW; 
(2) Ifn=4and W=1ewt., find P; 
(8) If W=56 lbs. wt. and P=7 Ibs. wt., find n. 


2._ In the following cases, the movable pulleys are of equal weight 
w, and are n in number, P is the ‘‘power’’ or effort, and W is the 


weight ; 
(1) Ifm=4, w=1]b. wt., and W=97 lbs. wt., find P; 


(2) Ifm=8, w=1} lbs. wt., and P= 7 lbs. wt., find W; 
(8) Ifn=5, W=775 lbs. wt., and P=31 Ibs. wt., find w; 


(4) If W=107 lbs. wt., P=2 Ibs. wt., and w=} Ibs. wt., find n. 


i 
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3, In the first system of pulleys, if there be 4 pulleys, each of 
weight 2lbs., what weight can be raised by an effort equal to the 
weight of .20 lbs.? 


_ 4, If there be 8 movable pulleys, whose weights, commencing 
with the lowest, are 9, 2, and 1 lbs. respectively, what force will sup . 
port a weight of 69 lbs. ? 


: 5. If there be 4 movable pulleys, whose weights commencing 
with the lowest, are 4, 3, 2, and 1 lbs. respectively, what force will 
support a weight of 54 lbs. ? ; 


6. If there be 4 movable pulleys, each of weight w, and the effort 
be P, shew that the stress on the beam is 15P—11w. 


7, If there be 3 movable pulleys and their weights beginning from 
the lowest be 4, 2, and 1 lbs. respectively, what force will be required 
to support a weight of 28 lbs.? 


8. Shew that, on the supposition that the pulleys are weightless, 
the mechanical advantage is greater than it actually is. 


9, In the system of pulleys in which each hangs by a separate 
string, if there be 3 pulleys, it is found that a certain weight can be 
supported by an effort equal to 7 Ibs. weight; but, if there be 4 pulleys, 
the same weight can be supported by an effort equal to 4 lbs. weight ; 
find the weight supported and the weight of the pulleys, which are 
equal. 


10. A system consists of 4 pulleys, arranged so that each 
hangs by a separate string, one end being fastened to the upper block, 
and all the free ends being vertical. If the weights of the pulleys, 
beginning at the lowest, be w, 2w, 3w, and 4w, find the power 
necessary to support a weight of 15w, and the magnitude of the single 
force necessary to support the beam to which the other ends of the 
string are attached. 


11. In the system of 4 heavy pulleys, if P be the effort and W 
the weight, shew that the stress on the beam is intermediate between 


+3W and 15P. 


12. Aman, of 12 stone weight, is suspended from the lowest of a 
system of 4 weightless pulleys, in which each hangs by a separate 
string, and supports himself by pulling at the end of the string which 
passes over a fixed pulley. Find the amount of his pull on this 
string. 


13. A man, whose weight is 156 Ibs., is suspended from the 
lowest of a system of 4 pulleys, each being of weight 10 Ibs., and 
supports himself by pulling at the end of the string which passes over 
the fixed pulley. Find the force which he exerts on the string; sup- 
posing all the strings to be vertical, : 
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149. Second system of pulleys. Zhe same 
string passing round all the pulleys. To find the relation 
between the effort and the weight. 

In this system there are two blocks, each containing 
pulleys, the upper block being fixed and the lower block 
movable. The same string passes round all the pulleys 
as in the figures. 

If the number of pulleys in the upper block be -the 
same as in the lower block (Fig. 1), one end of the string 


must be fastened to the upper block; if the number in 
the upper block be greater by one than the number in 
the lower block (Fig. 2), the end of the string must be 
attached to the lower block. 

Tn the first case, the number of portions of string con- 


neoting the blocks is even; in the second case, the number 
is odd, 


~ 
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In either case, let » be the number of portions of string 
at the lower block. Since we have only one string passing 
over smooth pulleys, the tension of each of these portions 
is P, so that the total. upward force at the lower block 
ag aes P. 

Let W be the weight supported, and w the weight of 
the lower block. 

Hence W+w=wnP, giving the relation required. 

In practice the pulleys of each block are often placed 
parallel to one another, so that the strings are not mathe- 
matically parallel; they are, however, very approximately 
parallel, so that the above relation is still very approxi- 
mately true. 


EXAMPLES. XXIV. 


]. If a weight of 5 lbs. support a weight of 24 Ibs., find the 
weight of the lower block, when there are 3 pulleys in each block. 


9. If weights of 5 and 6 lbs. respectively at the free ends of the 
string support weights of 18 and 22 lbs. at the lower block, find the 
number of the strings and the weight of the lower block. 


3. If weights of 4 Ibs. and 5 lbs. support weights of 5 Ibs. and 
18 lbs. respectively, what is the weight of the lower block, and how 
many pulleys are there in it? 


4, A weight of 6 lbs. just supports a weight of 28 lbs., and 
a weight of 8 lbs. just supports a weight of 42 Ibs.; find the number 
of strings and the weight of the lower block. 


. In the second system of pulleys, if a basket be suspended from 
the lower block and a man in the basket support himself and the 
basket, by pulling at the free end of the rope, find the tension he 
exerts, neglecting the inclination of the rope to the vertical, and 
assuming the weight of the man and basket to be W. 


If the free end of the rope pass round a pulley attached to the 
ground and then be held by the man, find the force he exerts. 


. A man, whose weight is 12 stone, raises 3 cwt. by means of 
a system of pulleys in which the same rope passes round all the 
pulleys, there being 4 in each block, and the rope being attached to 
the upper block; neglecting the weights of the pulleys, find what 
will be his thrust on the ground if he pull vertically downwards, 


wn 
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7. We are told that the cable by which ‘‘Great Paul,’’ whose 
weight is 18 tons, was lifted into its place in the cathedral tower, 
passed four times through the two blocks of pulleys. From this 
statement give a description of the pulleys, and estimate the strength 
of the cable. 


8. Prove the Principle of Work in this system of pulleys, and oA 
the Velocity Ratio. 


9, An ordinary block and tackle has two pulleys in the lower 
block and two in the upper. What force must be exerted to lift 
a load of 300 Ibs.? If on account of friction a given force will-only 
lift -45 times as much as if the system were frictionless, find the force 
required. 


10. Ima block and tackle the velocity ratio is 8:1. The friction 
is such that only 55 °/, of the force applied can be usefully employed. 
Find what force will raise 5 cwt. by its use. 


150. Third system of pulleys. All the strings 
attached to the weight. To find the relation between the effort 
and the weight. 


In this system the string passing round any pulley 
is attached at one end to a bar, from 


which the weight is suspended, and at 
the other end to the next lower pulley; 
the string round the lowest pulley is 
attached at one end to the bar, whilst 
at the other end of this string the 
power is applied. In this system the 
upper pulley is fixed. 

Let A,, A,, A3, ... be the movable 
pulleys, beginning from the lowest, 
and let the tensions of the strings 
passing round these pulleys respec- 
fively.be~7), 7s Tae 

If the power be P, we have clearly 

T= Pf. 


Uh, 
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I. Let the weights of the pulleys be neglected. 


For the equilibrium of the pulleys, taken in order and 
commencing from the lowest, we have 


Wo= 21 =2P, 
i ee ap 
and Pid peeks 


But, since the bar, from which W is suspended, is in 
equilibrium, we have 
W=T7,4+ 1,4 7,+%=P+2P+ PP + 2P 
24*—T 
2-1 


If there were n pulleys, of which (7—1) would be 
movable, we should have, similarly, 


W=T7,+ Ty + Tr+..+Ty 
=P+2P+PP+...+ 2° °P 
2-1 
= Aber 
by summing the geometrical progression, 


= PAU) ereseeeeteereeeteen (2). 


Hence the mechanical advantage is 2”—1. 


=P Beg nth Parner ToT (1). 


II, Let the weights of the movable pulleys, taken wm 
order and commencing with the lowest, be w,, Way... 
Considering the equilibrium of the pulleys in order, 
we have 
a T= 27, + Ww, =2P+U, 
Pigs 27, + Wy = PP + 2w,+ Wa; 
7',=2T,+w,=2P+ 2 ew, + QW. + Ws 


nas 
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But, from the equilibriuin of the bar, 
W=7,+7,4+7,+7, 
= (294+ 274241) P+(2?+241)w,4+(2+1)w,4 ws 


24-1 23-1] 27-1] 
Serres Pete al ce Pps 
= (24— 1) P+ (2-1) w, + (2?- l)w,tw, ...... (3). 


If there were 7 pulleys, of which (n—1) would be 
movable, we should have, similarly, 


Was Linde Dl ect est Lace Ee 


= (2"-1 4 2M + + 1) P42"? 4 "3 4... 4:1) w, 
+ (2-3 4 M44 tL) Wy to. + (241) Wy_g + Wns 


Oh aera | Oni jf) OR =1 >] 
= —~ P+ , + == = wy, 
2-1 2-};. > 2-F° 
2?—] 
penneaate Tye i Wy_g t Wp_y 


= (2"—1) P+ (2""1?— yw, + (2"2- l)w.+.. 
+ (2?— 1) wy_ot+(2—Djeoy_y eee. (4). 
If the pulleys be all equal, so that 

UW, = Wy=... = We, =U, 

the relation (4) becomes 

W = (2=1) P+ w [ort ¢ 94. 4 2 (nm 1)] 
= (2"—1) P+ w[2"—2—-1), 
by summing the geometrical progression. 


Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 


P+W+ Wy + Wot... +Wys 
and hence is easily found. 


Ex. If there be 4 pulleys, whose weights, commencing with the 
lowest, are 4, 5, 6, and 7 Lbs., what effort will support a body of weight 
1 ewt. 2 : 


_— 
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Using the notation of the previous article, we have 
Ts =2P +4, 
T,=2T,+5=4P +13, 
T,=2T,+6=8P +32. 


Also 112=7,+7,+ 7,+ P=15P +49. 
He eS ate 
: P=75=45 lbs. wt. 


151. In this system we observe that, the greater the weight of 
each pulley, the less is P required to be in order that it may support 
a given weight W. Hence the weights of the pulleys assist the effort. 
If the weights of the pulleys be properly chosen, the system will remain 
in equilibrium without the application of any effort whatever. 

For example, suppose we have 3 movable pulleys, each of weight 
aw, the relation (3) of the last article will become 
W=15P+1lw. 
Hence, if 1lw=W, we have P zero, so that no power need be 
applied at the free end of the string to preserve equilibrium. 


152. In the third system of pulleys, the bar supporting the 
weight W will not remain horizontal, unless the point at: which the 
weight is attached be properly chosen. In any particular case the 
proper point of attachment can be easily found. 


Taking the figure of Art. 146 let there be three movable pulleys, 
whose weights are negligible. Let the distances between the points 
D, E, F, and G at which the strings are attached, be successively a, 
and let the point at which the weight is attached be X. 


The resultant of 7, T,, T,, and 7’, must pass through X. 
Hence by Art. 109, 
Pe noes Kon Ty 2a4 Ty K3e 
T+ 7, +T,+ Ty 
AP .a+2P.2a+P.3a_ lla 
=P yap parr P — "16 ¢ 


-, DX=14DE, giving the position of X. 


153. This system of pulleys was not however designed 
in order to lift weights. If it be used for that purpose it 
is soon found to be unworkable. Its use is to give a short 
strong pull, For example it is used on board a yacht to 
set up the back stay. tos 

In the figure of Art. 150, DHFG is the deck of the 
yacht to which the strings are attached and there is no W. 
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The strings to the pulleys A,, A,, As, A, are inclined to the 
vertical and the point O is at the top of the mast which is 
to be kept erect. The resistance in this case is the force at 
O necessary to keep the mast up, and the effort is applied 
as in the figure. 


154. Verification of the Principle of Work. 

Suppose the weight W to ascend through a space =. 
The string joining B to the bar shortens by a, and hence 
the pulley A, descends a distance w. Since the pulley A, 
descends « and the bar rises x, the string joining A, to the 
bar shortens by 2a, and this portion slides over A,; hence 
the pulley A, descends a distance equal to 2a together with 
the distance through which A, descends, ¢.e., A, descends a 
distance 22+, or 3x. Hence the string A,/’ shortens by 
4x, which slips over the pulley 4,, so that the pulley A, 
descends a distance 4a together with the distance through 
which A, descends, i.¢., 42+ 3a, or 7a. Hence the string 
A,G@ shortens by 8a, and <A, itself descends Tx, so that the 
point of application of P descends 152. 

Neglecting the weight of the pulleys, the work done by 
P therefore 

= bx, P=a(24—1)P=2. W by equation (1), Art. 150, 
= work done on the weight IV. 

Taking the weights of the pulleys into account, the 
work done by the effort and the weights of the pulleys 
[which in this case assist the power] 

=P, 160+w,. Ta + Wy. 3u+ Wy. a 
=«[P(24-1)+0, (2° — 1) + w, (2? - 1) +. 205] 
=a. W by equation (3), Art. 150, 

. = work done on the weight W. 

If there were n pulleys we should in a similar manner 
find the point of application of P moved through (2* — 1) 
times the distance moved through by W, so that’ the 


— 
“ 


velocity ratio is 2"— 1, 


~ 
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EXAMPLES, XXV. 


1, In the following cases, the pulleys are weightless and n in 
number, P is the ‘‘power’’ or effort and W the weight; 


(1) If n=4and P= 2 lbs. wt., find W; 
(2) If n=5 and W=124 Ibs. wt., find P; 
(8) IfW=105 lbs. and P=7 lbs. wt., find n. 
2. In the following cases, the pulleys are equal and each of weight 
w, P is the ‘*‘power,”’ and W is the weight; . 
(1) If n=4, w=1 Ib. wt., and P= 10 lbs. wt., find W; 
(2) If n=8, w=} Ib. wt., and W=114 lbs. wt., find P; 
(3) If n=5, P= 3 lbs. wt., and W=106 lbs. wt., find w; 
(4) If P=4 lbs. wt., W=137 lbs. wt., and w=4 Ib. wt., find n. 
3. If there be 5 pulleys, each of. weight 1 lb., what effort is 
required to support 3 cwt.? 


If the pulleys be of equal size, find to what point of the bar the 
weight must be attached, so that the beam may be always hori- 
zontal. : 


4, If the strings passing round a system of 4 weightless pulleys 


‘be fastened to a rod without weight at distances successively an inch 


apart, find to what peint of the rod the weight must be attached, so 
that the rod may be horizontal. 


5. Find the mechanical advantage, when the pulleys are 4 in 
number, and each is of weight g th that of the weight. 


6. In a system of 3 weightless pulleys, in which each string is 
attached to a bar which carries the weight, if the diameter of each 
pulley be 2 inches, find to what point of the bar the.weight should be 
attached so that the bat may be horizontal. 


7, If the pulleys be equal, and the effort be equal to the weight 
of one of them, and the number of pulleys be 5, shew that the weight 
is 57 times the power. 


8. In the third system of 3 pulleys, if the weights of the pulleys . 
be all equal, find the relation of the effort to the weight when equi- 
librium is established. If each pulley weigh 2 ounces, what weight 
would be supported by the pulleys only ? fs 


If the weight supported be 25 Ibs. wt., and the effort be 3 lbs. wt., 
find what must be the weight of each pulley. 


9. In the third system of weightless pulleys, the weight is sup- 
ported by an effort of 701bs. The hook by which one of the strings is 
attached to the weight breaks, and the string is then attached to the 
pulley which it passed over, and an effort of 150 lbs. is now required. 
Find the number of pulleys and the weight supported. 


oo 13—2 
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10. In the third system of weightless pulleys, if the string round 
the last pulley be tied to the weight,-shew that the tension of the 
string is diminished in a ratio depending on the number of pulleys. 

If the tension be decreased in the ratio 16 : 15, find the number of 
pulleys. 


11, In the system of pulleys in which each string is attached to 
the weight, if each pulley have a weight w, and the sum of the weights 
of the pulleys be W’, and P and W be the effort and weight in this 
case, shew that the effort P+w would support the weight W+JV’ in 
the same system if the pulleys had no weight. 


12. If there be n weightless pulleys and if a string, whose ends 
are attached to the weights P and W, carry a pulley from which a 
weight W’ is suspended, find the relation between P, W, and W% 


13. If there be m pulleys, each of diameter 2a and of negligible 
weight, shew that the distance of the point of application of the 


weight from the line of action of the effort should be 


2” 
my" 


TIT, "Phe Inclined Plane. 


155. The Inclined Plane, considered as a mechanical 
power, is a rigid plane inclined at an angle to the horizon. 


It is used to facilitate the raising of heavy bodies. 


In the present chapter we shall only consider the case 
of a body resting on the plane, and acted upon by forces 
in a plane perpendicular to the intersection of the inclined 
plane and the horizontal, i.¢., in a vertical plane through 
the line of greatest slope. 


The reader can picture to himself the line of greatest sl Z 
inclined plane in the following manner: ee 
take a rectangular sheet of cardboard 
ABCD, and place it at an angle to the 
horizontal, so that the line AB is in 
contact with a horizontal table: take 
any point P on the cardboard and draw 
PM perpendicular to the line AB; PMis 
the line of greatest slope passing through “ M B 
the point P. 


From @ draw CE perpendicular to the horizontal la th : 
AB, and join BE. The lines BC, BE, and CE are Tralled ones 


tively the tength, base, and height of the inclined plane; also the 


angle CB# is the inclination of the plane to the horizon. 
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In this chapter the inclined plane is supposed to be 
smooth, so that the only reaction between it and any body 
resting on it is perpendicular to the inclined plane. 

Since the plane is rigid, it is capable of exerting any 
reaction, however great, that may be necessary to give 
equilibrium. 


156. A body, of given weight, rests on an inclined 
plane; to determine the relations between the effort, the 
weight, and the reaction of the plane. 

Let W be the weight of the body, P the effort, and 
R the reaction of the plane; also let a be the inclination 
of the plane to the horizon. 


Case I. Let the effort act up the plane along the line of 
greatest slope. 

Let AC be the inclined plane, A the horizontal line 
through A, DF a vertical line, and 
let the perpendicular to the plane 
through D meet AB in Ff, 


Then clearly 
ZFDE=90°—-Z ADE 


=ZDAH=a. 
By Lami’s Theorem (Art. 40), since only three forces 
act on the body, each is proportional to the sine of the 
angle between the other two. 


ie He Roo WW 
* sin Ee, W) sin(W,P) sin(?, R)’ 
; ze ai Ga ik 
wey sin (180°—a) sin(90°+a) sin90°’  - 
iy eke eee a ee (1). 


.. P=Wesina, and R= Wcosa. 


oe 


198 STATICS 


The relation (1) may be written in the form 
Petia 
:: Height of plane : Base of plane : Length of plane. 


Otherwise thus: Resolve W along and perpendicular to the 
plane; its components are 


W cos ADE, i.e., Wsina, along DA, 
and Wsin ADE, i.e., W cosa, along DF, 
Hence P= Wsin a, and R=Weosa. 


The work done by the force P in dragging the body 
from A to C is Px AC. 
But P=Wsina. 
Therefore the work done is Wsin ax AC, 
u.e., Wx ACsina, ie., Wx BC. 
Hence the work done is the same as that which would 
be done in lifting the weight of the body through the same 


height without the intervention of the inclined plane. 
Hence the Principle of Work is true in this case. 


Case II. Let the effort act horizontally. 


{In this “case we must imagine a 
small holesin the plane at D through 
which a string is passed and attached to 
the body, or else that the body is pushed 
toward the plane by a horizontal force. ] 


As in Case I., we have 


te! eee eG 
*sin(180°—a) sin90° sin (90° +4 a)’ 
tm R 
a 


Sg P= W tan a, and R= Wseca. 


an 
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The relation (1) may be written in the form 

Tae el 
:: Height of Plane ; Length of Plane : Base of Plane. 
Otherwise thus: The components of W along and perpendicular 


to the plane are Wsina and Wcosa; the components of P, similarly, 
are Pcosa and Psin a. 


*.. Pcosa=Wesina, and 


in2 in2 2 
R=Psina+Wecosa= v| = * +cos a | = Sg ee, hae W sec a. 


a cos a 
. P=Wtana, and R=W seca. 


Case III. Let the effort act at-an angle 0 with the 
inclined plane. : 


By Lami’s Theorem we have 


Seid sist ghenten ape Baebes 8. 
sin(k, W) sin(W,P) sin (P, R)’ 
P R pial WP 
“én Sin (180° —a) sin(90 +04) sin(90°—0)’ 
P R W 


(Ay corm as inepnay sae a RIE: 
’sina cos(@+a) cosd 


Puy oS end 


cos 6’ cos 6 


Otherwise thus: Resolying along and perpendicular to the 

plane, we have 
Poos6=Wesina, and R+Psin 6=JV cosa. 
sina 

dike ie 6’ : ‘ 
F sin a sin 
and R=Weosa-Psind=W COR A - 
cosacos@—sinasin@  ,,cos(a+6) 


_ cos 0 Slams COSG 
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If through E we draw EK parallel to P to meet DF in K, then 
DEK is a triangle of forces, and 
sel See ed Sed 2 ates OW Ge BO BY oie 
and thus we have a graphic construction for P and 2. 
It will be noted that Case III. includes both Cases I. 
and IJ.; if we make 6 zero, we obtain Case I.; if we put 
6 equal to (— a), we have Case IT. 


Verification of the Principle of Work. In 
Case III. let the body move a distance x along the plane; 
the distance through which the point of application of P 
moves, measured along its direction of application, is clearly 
a cos 6; also the vertical distance through which the weight 
moves is xsina. : 

Hence the work done by the power is P.xcos@, and 
that done against the weight is W.asina. These are 
equal by the relation proved above. 


157. Experiment. To jind experimentally the relation between 
the effort and the weight in the case of un inclined plane. 


Take a wooden board AB, hinged at A to a second board, which 
can be clamped to a table; to the board AB let a sheet of glass be fixed 
in order to minimise the friction. At B is fixed a vertical graduated 
scale, so that the height of B above A can be easily read off. 


a 7” 
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The weight consists 
string which after pa: 


eavy brass roller to which is attached a 
er a pulley supports a scale-pan in which 
weights can be pl ~ These weights, together with the weight of 
the scale-pan@form the ‘‘effort’’ or ‘‘power’’ P. 

The pulley is so arranged that the string between it and W is. 
parallel to the plane. 

Set the arm 4B at any convenient angle; load the scale-pan so 
that W is just supported. [In actual practice it is better to take for P 
the mean of the values of the weights which will let W just ran down 
and just drag it up respectively. ] 


Observe h the height of B above A, and J the length AB. 


Then it will be found that a= 7 


Now set the board at a different angle and determine P, h, 1 for 
this second experiment. The same relation will be found to be true. 


If there be a slit along the length of the board through which the 
string can pass, then a pulley can be arranged in such a position that 
the string can be horizontal. In this case the effort, as in Case II. of 
Art. 156, will be horizontal and we shall find that 

P _ Height of the plane 
W Base of the plane * 


158. If the power does not act in a vertical plane 
through the line’ of greatest slope there could not be 
equilibrium on a smooth inclined plane; in this case we 
could, however, have equilibrium if the inclined plane were 
rough, We shall return to this case in the next, chapter. 


+ EXAMPLES. XXVI 


1. What force, acting horizontally, could keep a mass of 16 lbs. 
at rest on a smooth inclined plane, whose height is 3 feet and length 
of base 4 feet, and what is the reaction of the plane? 


_ 9, A body rests on an inclined plane, being supported by a force 
acting up the plane equal to half its weight. Find the inclination of 
the plane to the horizon and the reaction of the plane. 


3. Arope, whose inclination to the vertical is 30°, is just strong 
enough to support a weight of 180 lbs. on a smooth plane, whose 
inclination to the horizon is 30°. Find approximately the greatest 
tension that the rope could exert. , 


a 
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4, A body rests on a plane, inclined at an angle of 60° to the 
horizon, and is supported by a force inclined at an angle of 30° to the 
horizon; shew that the force and the reaction of the plane are each 
equal to the weight of the body. 


5. A body, of weight 2P, is kept in equilibrium on an inclined 
plane by a horizontal force P, together with a force P acting parallel 
to the plane; find the ratio of the base of the plane to the height and 
also the reaction of the plane. 


6. A body rests on a plane, inclined to the horizon at an angle 
of 30°, being supported by a force inclined at 30° to the plane; find 
the ratio of the weight of the body to the force. 


7. A weight is supported on an inclined plane by a force inclined 
to the plane; if the weight, the force, and the reaction be ag the 
numbers 4, 3, and 2, find the inclination of the plane and the direction 
of the force. 


8. A body, of 5 ibs. wt., is placed on a smooth plane inclined at 
30° to the horizon, and is acted on by two forces, one equal to the 
weight of 2 Ibs. and acting parallel to the plane and upwards, and the 
other equal to P and acting at an angle of 30° with the plane. Find 
P and the reaction of the plane. 


9, Find the force which acting up an inclined plane will keep a 
body, of 10 lbs. weight, in equilibrium, it being given that the force, 
- the reaction of the plane, and the weight of the body are in 
arithmetical progression. 


10. Ifa force P, acting parallel to an inelined plane and sup- 
porting a mass of weight W, produces on the plane a thrust R, shew 
that the same power, acting horizontally and supporting a mass of 
weight R, will produce on the plane a thrust WV’. 


LJ. Two boards, of lengths 11 and 8 feet, are“fixed with their 
lower ends on a horizontal plane and their upper ends in contact; on 
these planes rest bodies of weights W and 12 Ibs. respectively, which 


are connected by a string passing over the common vertex of th 
boards; find the value of W. =e in . 


12. A number of loaded trucks, each containing 1 ton, om one - 
part of a tramway inclined at an angle a to the horizon supports 
an equal number of empty trucks on another part whose inclination is 
8. Find the weight of a truck. 


eS; PA body rests on a plane inclined to the horizon at an angle a; 
if the reaction of the plane be equal to the effort applied, shew that 
the inclination of the effort to the inclined plane is 90° — 2a. 


_ 14, A heavy string is placed with a portion of it resting on a 
given inclined plane, the remaining part hanging vertically over a_ 
small pulley at the top of the plane. Find what point of the string 
should be placed over the-pulley for equilibrium, ; 

7) > ~ 


~ #. S 
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15, On two inclined planes, of equal height, two weights are 
respectively supported, by means of a string passing over the common 
vertex and parallel to the planes; the length of one plane is double its 
height, and the length of the other plane is double its base; shew 
that the reaction of one plane is three times the reaction of the , 
other. 


16. A body, of weight 50 lbs., is in equilibrium on a smooth 
plane inclined at an angle of 20°20’ to the horizon, being supported by 
a force acting up the plane; find, graphically or by use of trigono- 
metrical tables, the force and- the reaction of the plane. 


17. A body, of weight 20 Ibs., rests on a smooth plane inclined at 
an angle of 25° to the horizon, being supported by a force P acting at 
an angle of 35° with the plane; find, graphically or by use of trigono- 
metrical tables, P and the reaction of the plane. 


18, A body, of weight 30 Ibs., rests on a smooth plane inclined 
at an angle of 28° 15’ to the horizon, being supported by a horizontal 
force P; find, graphically or by use of trigonometrical tables, P and 
the reaction of the plane. é 


IV. The Wheel and Axle. 


159. This machine consists of a strong circular 
cylinder, or axle, terminating in two pivots, A and B, 


which can turn freely on fixed supports. To the cylinder 
is rigidly attached a wheel, CD, the plane of the wheel 
being perpendicular to the axle. . 
Round the axle is coiled a rope, one end of which is 
firmly attached to the axle, and the other end of which is 
attached to the weight. ip Nile poe : ’ 
. ae 


.: . a , 2 ~ 
Fas ‘ _, ee >" 
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Round the circumference of the wheel, in a direction 
opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having 
the “power,” or effort, applied at its other end. The cir- 
cumference of the wheel is grooved to prevent the rope 
from slipping off. 

160. 6 find the relation between the effort and the 
weight. 

In Art. 93, we have shewn that a body, which can turn 
freely about a fixed axis, is in equilibrium if the algebraic 
sum of the moments of the forces about the axis vanishes. 
In this case, the only forces acting on the machine are the 
effort P and the weight JW, which tend to turn the machine 
in opposite directions. Hence, if a be the radius of the axle, 
and 6 be the radius of the wheel, the condition of equili- 
librium is 


: W 
Hence the mechanical advantage =- 


Ys 


b _ radius of the wheel 
@ radius of the axle * 


Verification of the Principle of Work. Let the 
machine turn through four right angles. A portion of 
string whose length is 27d becomes unwound from the 
wheel, and hence P descends through this distance. At 
the same time a portion equal to 27a@ becomes wound upon » 
the axle, so that W rises through this distance. The work 
done by P is therefore P x 27b and that done against W 
is Wx 2a. These are equal by the relation (1). 

Also the velocity-ratio (Art. 137) 


\ Qab 6 


Ss the mechanical advantage. — 
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161. Theoretically, by making the quantity 2 very 


large, we can make the mechanical advantage as great as 
we please ; practically however there are limits. Since the . 
pressure of the fixed supports on the axle must balance P 
and W, it follows that the thickness of the axle, 7e., 2a, 
must not be reduced unduly, for then the axle would break. 
Neither can the radius-of the wheel in practice become very 
large, for then the machine would be unwieldy. Hence the 
possible values of the mechanical advantage are bounded, 
in one direction by the strength of our materials, and in 
the other direction by the necessity of keeping the size of 
the machine within reasonable limits. 


162. In Art. 160 we have neglected, the thicknesses of the 
ropes. If, however, they are too great to be neglected, compared with 
the radii of the wheel and axle, we may take them into consideration 
by supposing the tensions of the ropes to act along their middle 
threads. 


Suppose the radii of the ropes which pass round the axle and 
wheel to be « and y respectively; the distances from the line joining 
the pivots at which the tensions now act are (a+) and (b+y) respec- 
tively. Hence the condition of equilibrium is 


P(d+y=W(a+2), 
P sum of the radii of the axle and its rope 


Bases W sum of the radii of the wheel and its rope’ 


163. Other forms of the Wheel and Axle are the 
Windlass, used for drawing water from a well, and Capstan, 
used on board ship. In these machines the effort instead 
of being applied, as in Art. 159, by means of a rope passing 
round a cylinder, is applied at the ends of a spoke, or 

_ spokes, which are inserted in a plane perpendicular to the 
axle, . 
In the Windlass the axle is horizontal, and in the 
Capstan it is vertical. E 
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In the latter case the resistance consists of the tension 
T of the rope round the axle, 
and the effort consists of the 
forces applied at the ends of 
bars inserted into sockets at 
the point A of the axle. The 
advantage of pairs of arms is 
that the strain on the bearings 
of the capstan is thereby much 
diminished or destroyed. The 
condition of equilibrium may 
be obtained as in Art. 160. 


164. Differential Wheeland Axle. A slightly modificd form 
of the ordinary wheel and axle is the differential wheel and axle. In 
this machine the axle consists of two cylinders, having a common axis, 
joined at their ends, the radii-of the two cylinders being different. 
One end of the rope is wound round one of these cylinders, and its 
other end is wound in a contrary direction round the other cylinder. 
Upon the slack portion of the rope is slung a pulley to which the 
weight is attached. The part of the rope which passes round the 
oo cylinder tends to turn the machine in the same direction as 

e effort. wee 


As before, let b be the radius of the wheel and let a and c be the 
radii of the portion AC and CB of the axle, a being the smaller. 


Since the pulley is smooth, the tension 7’ of the string round it is 
the same throughout its length, and hence, for the equilibrium of the 
weight, we have 7= dy. 
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Taking moments about the line AB for the equilibrium of the 
machine, we have 
P.b+T.a=T.c. 


as eee eb 
Hence the mechanical advantage = us = feat ; 
Peace a 


By making the radii ¢ and a of the two portions of the axle very 
nearly equal, we can make the mechanical advantage very great, with- 
out unduly weakening the machine. 


165. Wreston’s Differential Pulley. 


In this machine there are two blocks; the upper contains two 
pulleys of nearly the same size which turn together 
as one pulley; the lower consists of one pulley to 
which the weight W is attached. 


The figure represents a section of the machine. 


An endless chain passes round the larger of the 
upper pulleys, then round the lower pulley and the 
smaller of the upper pulleys; the remainder of the 
chain hangs slack and is joined on to the first portion 
of the chain. The effort P is applied as in the figure. 
The chain is prevented from slipping by small pro- 
jections on the surfaces of the upper pulleys, or by 
depressions in the pulleys into which the links of 
the chain fit. 

If T be the tension of the portions of the chain 
which support the weight W, we have, since these 
portions are approximately nearly vertical, on neg- 
lecting the weight of the chain and the lower pulley, 

Ny ein debs yet teo roa (1). 

If R and r be the radii of the larger and smaller 
pulleys of the upper block we have, by taking 
moments about the centre A of the upper block, 


ace tae Me amie M18 


; R-r WR-r 
Hence P= rT = ss 
The mechanical advantage of this system therefore 
‘ Pai ew ote 
er eee 


Since R and r are nearly equal this mechanical adyantage is there- 
fore very great. ; 
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The differential pulley-block avoids one great disadvantage of the 
differential wheel and axle. In the latter machine a very great 
amount of rope is required in order to raise the weight through an 
appreciable distance. 


EXAMPLES. XXVIL. 


1, If the radii of the wheel and axle be respectively 2 feet and 
3 inches, find what power must be applied to raise a weight of 
56 Ibs. 


9, If the radii of the wheel and axle be respectively 30 inches 
and 5 inches, find what weight would be supported by a force equal 
to the weight of 20 lbs., and find also the pressures on the supports on 
which the axle rests. 


Tf the thickness of the ropes be each 1 inch, find what weight would 
now be supported. 


3, If by means of a wheel and axle a power equal to 3 lbs. weight _ 
balance a weight of 30 Ibs., and if the radius of the axle be 2 inches, 
what is the radius of the wheel? 


4, The axle of a capstan is 16 inches in diameter and there are 
8 bars. At what distance from the axis must 8 men push, 1 at each 


bar and each exerting a force equal to the weight of 265 Ibs., in order 
that they may just produce a strain sufficient to raise the weight of 
1 ton? 


5. Four sailors raise an anchor by means of a capstan, the radius 
of which is 4 ins. and the length of the spokes 6 feet from the capstan ; 
if each man-exert a force equal to the weight of 112 lbs., find the 
weight of the anchor. 


6. Four wheels and axles, in each of which the radii are in the 
ratio of 5:1, are arranged so that the circumference of each axle is 
applied to the circumference of the next wheel; what effort is required 
to support a weight of 1875 lbs. ? 


7, The radii of a wheel and axle are 2 feet and 2 ins. respectively, 
and the strings which hang from them are tied to the two ends of a 
uniform rod, 2 fect 2 ins. in length and 10 lbs. in weight; what weight 
must be also hung from one of the strings that the rod may hang 
in a horizontal position? ‘ : 

8, A pulley is suspended by a vertical loop of string from a wheel- 
and-axle and supports a weight of 1 ewt., one end of the string being 
wound round the axle and the other in a contrary direction round the 
wheel. Find the power which acting at one end of an arm, 2 feet in 
length, so as to turn the axle, will support the weight, assuming the 
radii of the wheel and axle to be 1 foot and 2 ins. , 


~ ~ 
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9, In the Differential Wheel and Axle, if the radius of the wheel 
# be 1 foot and the radii of the two portions of the axle be 5 and 4 ins. 
respectively, what power will support a weight of 56 lbs. ? 


10. In the Differential Wheel and Axle, if the radius of the wheel 
be 18 ins. and the radii of the two portions of the axle be 6 and 4 ins. ° 
respectively, what weight will be supported by an effort equal to 20 lbs. 
weight? 


11. Ina wheel and axle the radius of the wheel is 1 foot. and that 
of the axle is 1 inch; if 2 weights, each 10 Ibs., be fastened to 2 points 
on the rim of the wheel, so that the line joining them subtends an 
angle of 120° at the centre of the wheel, find the greatest weight 
which can be supported by a string hanging from the axle in the usual 
way. 


. In a wheel and axle, if the radius of the wheel be six times 
that of the axle, and if by means of an effort equal to 5 lbs. wt. a 
body be lifted through 50 feet, find the amount of work expended. 


13. A capstan, of diameter 20 inches, is worked by means of a 
lever, which measures 5 feet from the axis of the capstan. Find the 
work done in drawing up by a rope a body, of weight one ton, over 
35 feet of the surface of a smooth plane inclined to the horizon at an 


angle cos-!4, Find also the force applied to the end of the lever, and 
the distance through which the point of application moves. 


14, Verify the Principle of Work in the cases of the Differential 
Wheel-and-Axle and Weston’s Differential Pulley, finding the Velocity- 
Ratio in each case. 


V. The Common Balance. - 


166. The Common Balance consists of a rigid beam 
AB (Art. 167), carrying a scale-pan suspended from each 
end, which can turn freely about a fulerum O outside the 
beam. The fulerum and the beam are rigidly connected 
and, if the balance be well constructed, at the point O 
is a hard steel wedge, whose edge is turned downward 
and which rests on a small plate of agate. 

The body to be weighed is placed in one scale-pan and 
in the other are placed weights, whose magnitudes are — 
known ; these weights are adjusted until the beam of the 
balance rests in a horizontal position. If OH be perpen- 


: Z ie 14 
L 8, és 2 : 
3 : oe 2 odes - 
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dicular to the beam, and the arms HA and J/B be of equal 
length, and if the centre of gravity of the beam lie in 
the line OH, and the scale-pans be of equal weight, then 
the weight of the body is the same as the sum of the 
weights placed in the other scale-pan. 


If the waiehe of the body be not equal to the sum of 
the weights placed in the other scale-pan, the balance 
will not rest with its beam horizontal, but will rest- with 
the beam inclined to the horizon. 


In the best balances the beam is usually provided with 
- a long pointer attached to the beam at H. The end of 
this pointer travels along a graduated scale and, when 
the beam is horizontal, the pointer is vertical and points 
to the zero graduation on the scale. 


167. To find the position of equilibrium of a balance 
when the weights placed in the scale-pans are not equal. 

Let the weights placed in the scale-pans be P and W, 
the former being the greater ; let S be the weight of each 
scale-pan, and let the weight of the beam (and the parts. 
rigidly connected with it) be W', acting at a point Av 
on OH. 

[The figure is drawn out of proportion so that the points 
may be distinctly marked ; K is actually very near the beam. ] 

When in equilibrium let the beam be inclined at an 


angle @ to the horizontal, so that OH is inclined at the 
same angle @ to the vertical. 


Let OH and OK be h and & respectively, and let the 
length of AH or HB be a. 


Let horizontal lines through 0 and H meet the vertical 
lines through the ends A and B of the beam in the Pee 
I, M, L' and M’ respectively. 
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Also let the vertical lines through H and K meet LM 
in /’ and G respectively. 


When the system is in equilibrium, the moments of 
the. forces about O must balance. 
“. (P+8).0L=(W+8)0M+ W'. 0G, 
“ae, (P+8) (FL—PO)=(W+8) (FM + OF) + W’. OG, 
“. (P+38) (acos 6 —hsin 6) =(W +S) (acos+hsin 6) 


“ 


+ W’. &sin @. 
[For OF =OH cos FOH=hsin 6; OG = OK sin 6; 
and PL = HL’ = a cos 6.] 
. acosé(P— W)=sind(W'k+(P+ W+ 28) hj. 
tant = erie ca 


Wkh+(P+ W+28)h° 


168. Requisites of a good balance. 
(1) The balance must be true. 
This will be the case if the arms of the balance _be 
equal, if the weights of _ th ale-pans_be_equal, and_if 


_ the centre of gravity of the beam be on the line through 


Dies 149 
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the fulerum perpendicular to the beam; for the beam willnow 


be horizontal when equal weights are placed in the scale-pans. 


To test whether the balance is true, first see if the beam 
is horizontal when the scale-pans are empty; then make 
the beam horizontal by putting sufficient weights in one 
scale-pan to balance the weight of a body placed in the 
other ; now interchange the body and the weights; if they 
still balance one another, the balance must be true; if in 
the second case the beam assumes any position inclined to 
the vertical, the balance is not true, 


(2) The balance must be sensitive, i.c., the beam must, 
for any difference, however small, between the weights 
in the scale-pans, be inclined at an appreciable angle to 
the horizon. 


For a given difference between P and W, the greater 
the inclination of the beam to the horizon the more sensitive 
is the balance; also the less the difference between the 
weights required to produce a given inclination 6, the 
greater is the sensitiveness of the balance. 


Hence, when P — W is given, the sensitiveness i increases 
as @ increases, and therefore as tan 6 increases ; also, when 
@ is given, it varies as 

1 
PW 
The sensitiveness is therefore appropriately measured by 
tan 0 
P—W’ 


~ 


° : a 
1.6. by Wh+ (P+ W+25)h° (Art. 167.) 


Hence, the sensitiveness of S balance will be great if 
the_arm a be fairly long in comparison with the distances 


h_and_ & and the weight W’ of the beam be as small | 


, 


é 
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as is consistent with the length and_ rigidity of the 
machine, 

If his not zero, it follows that the sensitiveness depends 
on the values of P and W, i.e..depends on the loads in the - 
scale-pans. Ina balance for use in a chemical laboratory 
this is undesirable. Such balances are therefore made with 
h zero, .e. with the point O in the figure coinciding with 
H, The sensibility then varies inversely with 4, the 
distance of the centre of gravity of the beam below 
O or H. 

But we must not make both / and hk zero ; for then the 
points O and K would both coincide with H. In this case- 
the balance would either when the weights in the scale-pans 
were equal, be, as in Art. 144, in equilibrium in any 
position or else, if the weights in the scale-pans were not 
equal, it would take up a position as nearly vertical as 
the mechanism of the machine would allow. 


(3) The balance must be stable and must quickly take 
up its position of equilibrium. 

The determination of the time taken by the machine to 
take up its position of equilibrium is essentially a dynamical 
question. We may however asswme that this condition 
is best satisfied when the moment of the forces about the 
fulcrum 0 is greatest. When the weights in the scale-pans 
are each P, the moment of the forces tending to restore 
equilibrium 
=(P +58) (acos 6+ hsin 8) —(P +8) (a cos 0 —hsin 9) 

+ W'.ksin@ 
=([2(P+S8)h+W'.k]sin 0. ; 

This expression is greatest when h and & are greatest. 

Since the balance is most sensitive when / and & are 
small, and most stable when these quantities are large, we 


* 
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see that in any balance great sensitiveness and quick weigh- 
ing are to a certain extent incompatible. In practice this 
is not very important ; for in balances where great sensi- 
tiveness is required (such as balances used in a laboratory) 
we can afford to sacrifice quickness of weighing; the 
opposite is the case when the balance is used for ordinary 
commercial purposes. 

To insure as much as possible both the qualities of 
sensitiveness and quick weighing, the balance should be 
made with fairly light long arms, and at the same time 
the distance of the fulcrum from the beam should be 
considerable. 


169. Double weighing. By this method the 
weight of a body may be accurately determined even 
if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in 
the other pan put sand, or other suitable material, sufficient 
to balance the body. Next remove the body, and in its 
place put known weights sufficient-to again balance the 
sand. The weight of the body is now clearly equal to the 
sum of the weights. 


This method is used even in the case of extremely good 


machines when very great accuracy is desired. It is known 
as Borda’s Method. ; 


170. Ex.1. The arms of a balance are equal in length but the 
beam is unjustly loaded; if a body be placed in each scale-pan in suc- 
cession and weighed, shew that its true weight is the arithmetic mean 
between its apparent weights. 


For let the length of the arms be a, and let the horizontal distance 
of the centre of gravity of the beam from the fulerum be «x. 


Let a body, whose true weight is I’, appear to weigh JV, and WW, 
successively. 


If WV’ be the weight of the beam, we have 
W .a=W'.2+W,.a, 
and W,.a=W'.2+W.a. 
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bo 


l 


or 


Hence, by subtraction, 
(W-W,)a=(W,-W)a. 
. W=3(W,4+W,) 
=arithmetic mean between the 
apparent weights. 


Ex. 2. Ve arms of a balance are of unequal length, but the beam 
remains in a horizontal position when the scale-pans are not loaded ; 
shew that, if a body be placed successively in each scale-pan, its true 
weight is the geometrical mean between its apparent weights. 

[Method of Gauss.] 

Shew also that if a tradesman appear to weigh out equal quantities 
of the same substance, using alternately each of the scale-pans, he will 
defraud himself. ' 

Since the beam remains horizontal when there are no weights in 
the scale-pans, it follows that the centre of gravity of the beam and 
scale-pans must be vertically under the fulcrum. 

Let a and b be the lengths of the arms of the beam and let a body, 
whose true weight is W, appear to weigh W, and W, successively. 

' Hence VRSRE ONO” Stones, Mir mite eae (1), 
and ID SY ans we ats sigcealhe sisi en o (2). 
Hence, by multiplication, we have : 

W? .ab=W,W,.ab. 
. W=NW,.Was 
i.e., the true weight is the geometrical mean between the apparent 
weights. ; 

Again, if the tradesman appear to weigh out in succession quan- 

tities equal to W, he really gives his customers W,+W,. 


b 
Now = W,+W,-2V=WS+W--2W 
2472 — AY 
_w! +0? —2ab By wt b) ; 
: ab ab 

Now, whatever be the values of a and b, the right-hand member of 
| this equation is always positive, so that W + Wp. is always > 2W. 
Hence the tradesman defrauds himself. 


Numerical example. If the lengths of the arms be 11 and 12 ins. 
respectively, and if the nominal quantity weighed be 66 Ibs. ‘in each 


case, the real quantities are 24.66 and }4.66, i.c., 605 and 72, 
i.c., 1324 Ibs., so that the tradesman loses 4 Ib. - 


Ex. 3. If a balance be unjustly weighted, and have unequal arms, 
and if a tradesman weigh out to a customer a quantity 2W of some sub- 
stance by weighing equal portions in the two scale-pans, shew that he 
will defraud himself if the centre of gravity of the beam be in the longer 
arm. ' 
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Let a and D be the lengths of the arms; and let the weight W”’ of , 
the machine act at a point in the arm Dd at a distance x from the 
fulcrum. Let a body of weight IW, placed in the two pans in suc- 
cession, be balanced by W/, and W, respectively. Then we have 


W.a=W,.b+W'.x, 


and W,:.a=W .b+W’'.x. 
W.a-W'.g  W.b+W'.a 
. Wit+W,-2W= - ” = = — 21) 
_W(b-a)?, _,b-a 
Sener rans + FERS 
If b be>a, the right-hand member of this equation is positive, and 
then W,+W, is >2W. 


Hence, if the centre of gravity of the beam be in the longer arm, 
the tradesman will defraud himself. 


EXAMPLES. XXVIII. 


1, The only fault in a balance being the unequalness in weight 
of the scale-pans, what is the real weight of a body which balances 
10 lbs. when placed in one scale-pan, and 12 Ibs. when placed in the 
other? 


2. The arms of a balance are si and 9 ins. respectively, the goods 
to be weighed being suspended from the longer arm; find the real 
weight of goods whose apparent weight is 27 lbs. 


3. One scale of a common balance is loaded so that the apparent 
weight of a body, whose true weight is 18 ounces, is 20 ounces; find 
the weight with which the scale is loaded. 


4, A substance, weighed from the two arms successively of a 
balance, has apparent weights 9 and 4 Ibs. Find the ratio of the 
lengths of the arms and the true weight of the body. : 


5. A body, when placed in one scale-pan, appears to weigh 24 lbs. 
and, when placed in the other, 25 lbs. Find its true weight to three 
places of decimals, assuming the arms of the seale-pans to be of 
unequal length. 


6. A piece of lead in one pan 4 of a balance is counterpoised by 
100 grains in the pan B; when the same piece of lead is put into the 
pan B it requires 104 grains in A to balance it; what is the ratio of 
the length of the arms of the balance ? 


7. A body, placed in a scale-pan, is balanced by 10 lbs. placed in 
the other pan; when the position of the body and the weights are 
interchanged, 11 lbs. are required to balance the body. If the length 
of the shorter arm be 12 ins., find the length of the longer arm and 
the weight of the body. 
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8. The arms of a false balance, whose weight is neglected, are in 
TA the ratio of 10:9. If goods be alternately weighed from each arm, 


shew that the seller loses ths per cent. 


9, Ifthe arms of a false balance be 8 and 9 ins. long respectively, 
find the prices really paid by a person for tea at two shillings per lb., 
if the tea be weighed out from the end of (1) the longer, (2) the shorter 
arm, 


10. A dealer has correct weights, but one arm of his balance is 
goth part shorter than the other. If he sell two quantities of a 
certain drug, each apparently weighing 94 lbs., at 40s. per lb., weigh- 
ing one in one scale and the other in the other, what will he gain or 
lose ? 


11. When a given balance is loaded with equal weights, it is 
found that the beam is not horizontal, but it is not known whether 
the arms are of unequal length, or the scale-pans of unequal weight ; 
51-075 grains in one scale balance 51-362 in the other, and 25-592 
grains balance 25-879 grains; shew that the arms are equal, but that 
the scale-pans differ in weight by -287 grains. 


12. P and Q balance on a common balance; on interchanging 
them it is found that we must add to @Q one-hundredth part of 
itself; what is the ratio of the arms and the ratio of P to Q? 


13, A true balance has one scale unjustly loaded; if a body be 
successively weighed in the two scales and appear to weigh P and 
Q pounds respectively, find the amount of the unjust load and also 
the true weight of the body. 


14. The arms Oe false balance are unequal and the scale 
loaded ; a body, whosé true weight is P lbs., appears to weigh w lbs. 
when placed in one scale and w’ lbs. when placed in the other; find 
the ratio of the arms and the weight with which the scale is loaded. 


‘ 15. Ina loaded balance with unequal arms, P appears to weigh 
Va Q, and Q appears to weigh R; find what R appears to weigh. 

16. A piece of wood in the form of a long wedge, of uniform 
width, one end being }-inch and the other }-inch thick, is suspended 
by its centre of gravity and used as the beam of a balance, the goods 
to be weighed being suspended from the longer arm; find the true 
weight of goods whose apparent weight is, 20 lbs. 

17. The arms of a false balance a a and 6, and a weight IW 
balances P at the end of the shorter arm b, and Q at the end of the 
arm a; shew that 

ace 
bb’ W-Q° 

18. If a man, sitting in one scale of a weighing-machine, press 
with a stick against any point of the beam between the point from 
which the scale is suspended and the fulerum, shew that’ he will 
appear to weigh more than before. ‘ 


ee = 


= 
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VI. The Steelyards. 


171. The Common, or Roman, Steelyard is a 
machine for weighing bodies and consists of a rod, 4#&, 
movable about a fixed fulcrum at a point C. 


At the point 4 is attached a hook or scale-pan to carry 
the body to be weighed, and on the arm CB slides a movable 
weight P. The point at which P must be placed, in order 
that the beam may rest in a horizontal position, determines 
the weight of the body in the scale-pan. The arm CB has 
numbers engraved on it at different points of its length, so 
that the graduation at which the weight P rests gives the 
weight of the body. 


172. Yo graduate the Steelyard. Let W’ be the 
weight of the steelyard and the scale-pan; and let @ be the 
point of the beam through which W’ acts, The beam is 
usually constructed so that @ lies in the shorter arm AC. 


~~ 
x 


MACHINES. THE STEELYARDS 219 


When there is no weight in the scale-pan, let O be the 
point in CB at which the movable weight P must be placed 
to balance W’. 


Taking moments about (, we have 
Ware Ged OZ, sceszeg. aD): 
This condition determines the position of the point O 
which is the zero of graduation. 


When the weight in the scale-pan is W, let X be the 
point at which P must be placed. Taking moments, we 
have 


Ye CR me PON oa ta sys oni (ii). 
By subtracting equation (i) from equation (ii), we have 
WiChePeOX. 
CPi GAS Aiea Gi 
First, let W=P; then, by (iii), we have 
OX = CA. 


Hence, if from O we measure off a distance OX, (= CA), 
and if we mark the point .Y, with the figure 1, then, 
when the movable weight rests here, the body in the 
scale-pan is P lbs. 

Secondly, lei W=2P; then, from (iii), OX =2CA. 

Hence from O mark off a distance 2C'A, and at the 
extremity put the figure 2. Thirdly, let W=3P; then, 
from (iii), OX =3C4A, and we therefore mark off a distance 
from O equal to 3C('A, and mark the extremity with the 
figure 3. 

Hence, to graduate the steelyard, we must mark off from 


- O successive distances C'A, 2C'A, 3CA,... and at their ex- 


tremities put the figures 1, 2, 3, 4,.... The intermediate 
spaces can be subdivided to shew fractions of P lbs. 


v 
~~ 
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If the movable weight be 1 Ib., the graduations will 
shew pounds. 


Cor. Since the distances between successive graduations are equal, 
it follows that the distances of the points of graduations from the 
fulerum, corresponding to equal increments of weight, form an 
arithmetical progression whose common difference is the distance 
between the fulcrum and the point at which the body to be weighed 
is attached. 


173. When the centre of gravity G of the machine is in the 
longer arm, the point O from which the graduations are to be measured 
must lie in the shorter arm. The theory will be the same as before, 
except that in this case we shall have to add the equations (i) and (ii). 


174. ‘The Danish steelyard consists of a bar AB, 
terminating in a heavy knob, or ball, B. At A is attached 
a hook or scale-pan to carry the body to be weighed. 


The weight of the body is determined by observing 
about what point of the bar the machine balances. 


[This is often done by having a loop of string, which can slide 


along the bar, and finding where the loop must be to give equi- 
librium. ] NS 


175. To graduate the Danish steelyard. Let P be 
the weight of the bar and scale-pan, and let G be their 
common centre of gravity. When a body of weight W is 
placed in the scale-pan, let C be the position of the fulerum. 


at 
i 
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By taking moments about (, we have 
AGE W=CG@.P=(AG— AC). P. 
- AC (P+ W)=P. AG. 
P 
Y= — eS 
AC = 5 AG SE eee tee Ser: (i) 


First, let W=P; then AC = LAG. 
Hence bisect AG and at the middle point, Y,, engrave 


’ the figure 1; when the steelyard balances about this point 


the weight of the body in the scale-pan is P. 

Secondly, lei W=2P; then AC =14G4. 

Take a point at a distance from A equal to +AG and 
mark it 2. 

Next, let W in succession be equal to 3P, 4P,... ; from 
(i), the corresponding values of AC are 1AG, 14G,.... Take 
points of the bar at these distances from A and mark them 
GaAs sca 

Finally, lei W=4P; then, from (i), AC =2AG; 
and let W=3P; then, from (i), AC = 244. 

Take points whose distances from A are 2AG, 34G, 
4AG,..., and mark them }, 3, 1..... 

-It will be noticed that the point G can be easily de- 
termined ; for it is the position of the fulcrum when the 
steelyard balances without any weight in the scale-pan. 


Cor. Since AX, AX,, AX;,... are inversely proportional to the 
numbers 2, 3, 4,... they form an harmonical progression; hence the 
distances of the points of graduation from the scale-pan (corresponding 
to equal increments of the body to be weighed) are in harmonical pro- 
gression. 

Ex. A Danish steelyard weighs 6 lbs., and the distance of its 
centre of gravity from the scale-pan is 3 feet; find the distances of the 
successive points of graduation from the fulcrum. 


Taking the notation of the preceding article, we have P=6, and 
AG=3 feet. 
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*. when W=1, AX, =72=24 feet, 
when W=2, AX,=1$=21 feet, 
when W=3, AX,=15$=2 feet, 
18 
when W=}, AX,;=;—~ =21$ feet 
2 3) +6 
and so on. 


These give the required graduations. 


EXAMPLES. XXIX. 


1. A common steelyard weighs 10 1bs.; the weight is suspended 
from a point 4 inches from the fulerum, and the centre of gravity of 
the steelyard is 3 inches on the other side of the fulerum; the movable 
weight is 12 lbs.; where should the graduation corresponding to 1 ewt. 
be situated? 


2. A heavy tapering rod, 14} inches long and of weight 3 Ibs., 
has its centre of gravity 13 inches from the thick end and is used as — 
a steelyard with a movable weight of 2 Ibs.; where must the fulerum 
be placed, so that it may weigh up to 12 Ibs., and what are the inter- 
vals between the graduations that denote pounds? 


3. In a steelyard, in which the distance of the fulerum from the 
point of suspension of the weight is one inch and the movable weight 
is 6 ozs., to weigh 15 lbs. the weight must be placed 8 inches from the. 
fulerum; where must it be placed to weigh 24 Ibs. ? 


4, The fulcrum is distant 14 inches from the point at which*are 
suspended the goods to be weighed, and is distant 2 inches from the 
centre of gravity of the bar; the bar itself weighs 3 Ibs. and a 2 Ib. 
weight slides on it. At what distance apart are the graduations 


marking successive pounds’ weight, and what is the least weight that 
can be weighed? 


5. Asteelyard, AB, 4 feet long, has its centre of gravity 11 inches, 
and its fulerum 8 inches, from 4. Tf the weight of the machine be 


4 Ibs. and the movable weight be 3 Ibs., find how many inches from - 
B is the graduation marking 15 lbs. 


ied uniform bar, AB, 2 feet long and weighing 8 Ibs., is used 
as a steelyard, being supported at a point 4 inches from A. ‘Find 
the greatest weight that can be weighed with a movable weight of 


2 Ibs., and find also the point from which the graduations are 
measured, ; 


= 
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7, A uniform rod being divided into 20 equal parts, the fulcrum is 
placed at the first graduation. The greatest and least weights which 
the instrument can weigh are 20 and 2 lbs.; find its weight and the 
magnitude of the movable weight. 


8. A uniform rod, 2 feet long and of weight 3 Ibs., is used ag 
a steelyard, whose fulcrum is 2 inches from one end, the sliding 
weight being 1lb. Find the greatest and the least weights that can 
be measured. 


Where should the sliding weight be to shew 20 lbs.? 


9. ‘The beam of a steelyard is 33 inches in length; the fulcrum is 
distant 4 inches and the centre of gravity of the beam 54 inches from 
the point of attachment of the weight; if the weight of the beam be 
6 lbs. and the heaviest weight that can be weighed be 24 lbs., find the 
magnitude of the moyable weight. 


10. A steelyard is formed of a uniform bar, 3 feet long and 
weighing 24 Ibs., and the fulcrum is distant 4 inches from one end; if 
the movable weight be 1 lb., find the greatest and least weights that 
can be weighed by the machine and the distance between the gradua- 
tions when it is graduated to shew pounds. : 


11. A common steelyard, supposed uniform, is 40 inches long, 
the weight of the beam is equal to the movable weight, and the greatest 
weight that can be weighed by it is four times the movable weight; 
find the position of the fulcrum. 


12. Ina Danish steelyard the distance between the zero gradua- 
tion and the end of the instrument is divided into 20 equal parts and 
the greatest weight that can be weighed is 3 Ibs. 9 ozs. ; find the weight 
of the instrument. 


13. Find the length of the graduated arm of a Danish steelyard, 
whose weight is 1 lb., and in which the distance between the gradua- 
tions denoting 4 and 5 lbs. is one inch. 


14, Ina Danish steelyard the fulcrum rests halfway between the 
first and second graduation; shew that the weight in the scale-pan is 


Zths of the weight of the bar. 


15, If the weight of a steelyard be worn away to one-half, its 
length and centre of gravity remaining unaltered, what corrections 
must be applied to make the weighing true, if the distance of the zero 
point of graduation from the fulerum were originally one-third of the 
distance between successive graduations, and if the movable weight be 


one pound? 


16. Asteclyard by use loses 7/pth of its weight, its centre of gravity 
remaining unaltered; shew how to correct its graduations. 


ae 4 
. 
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17; A shopman, using a common steelyard, alters the movable 
weight for which it has been graduated; does he cheat himself or his 
customers ? 


18. In-a weighing machine constructed on the principle of a 
common steelyard, the pounds are read off by graduations reading 
from 0 to 14 lbs., and the stones by a weight hung at the end of the 
arm; if the weight corresponding to one stone be 7 ounces, the movable 


weight 4 lb., and the length of the arm measured from the fulérum 1 
foot, shew that the distance between successive graduations is 2 inch. ~ 


19, A weighing machine is constructed so that for each complete 
stone placed in the weighing pan an additional mass of m ounces has 
to be placed at the end of the arm, which is one foot in length 
measured from the fulcrum, whilst the odd pounds in the weighing 
pan are measured by a mass of n ounces sliding along the weighing 
arm. Shew that the distances between the graduations for successive 
oo inches, and that the distance from the fulerum of the 


point of suspension of the weight is zi inches, 


lbs. must be 


VII. The Screw. 


176. A Screw consists of a cylinder of metal round 
the outside of which runs a protuberant thread of metal. 
Let ABCD be a solid cylinder, and let EYGH be a 


D c H G 


mr26 
1 Ay = 0 


rectangle, whose base His equal to the circumference 
of the solid cylinder, On HH and FG take points 
“L, N,Q... andK; M, P... 
such that EL, LM,...FK, KM, MP ,.. 
are all equal, and join 2X, LM, NP,.... ° 
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Wrap the rectangle round the cylinder, so that the 
point £ coincides with A and HH with the line AD. On 
being wrapped round the cylinder the point J will coincide 
with # at A. 


The lines HX, LM, NP, ... will now become a con- 
tinuous spiral line on the surface of the cylinder and, if 
we imagine the metal along this spiral line to become 
protuberant, we shall have the thread of a screw. 


It is evident, by the method of construction, that the 
thread is an inclined plane running round the cylinder 
and that its inclination to the horizon is the same every- 
where and equal to the angle KHF, This angle is often 
called the angle of the screw, and the distance between 
two consecutive threads, measured parallel to the axis, is 
called the pitch of the screw. 

Tt is clear that YX is equal to the distance between 
consecutive threads on the screw, and that #F is equal to 
the circumference of the cylinder on which the thread is 
traced. 

.. tan (angle of screw) == 

pitch of screw 
~ circumference of a circle whose radius is the distance from 
the axis of any point of the screw. 

The section of the thread of the screw has, in practice, 
various shapes.. The only kind that we shall consider has 
the section rectangular. 


177. The screw usually works in a fixed support, 
along the inside of which is cut out a hollow of the same 
shape as the thread of the screw, and along which the 
thread slides. The only movement admissible to the screw 


pee: 45 
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“ig to revolve about its axis, and at the same time to move 
in a direction parallel to its length. 


If the screw were placed in an upright position, and 
a weight placed on its top, the screw would revolve and 
descend since there is supposed to be no friction between 
it and its support. Hence, if the screw is to remain in 
equilibrium, some force must act on it; this force is usually 
applied at one end of a horizontal arm, the other end of 
which is rigidly attached to the screw. 


178. Jn a smooth screw, to find the relation between 
the effort and the weight. 


Let a be the distance of any point on the thread of the 
screw from its axis, and 6 the distance, AB, from the axis 
of the screw, of the point at which the effort is applied. 


The screw is in equilibrium under the action of the 
effort P, the weight W, and the reactions at the points 
in which the fixed block touches the thread of the screw. 

‘Let R, S, 7,. .. denote the reactions of the block at diffrent 


~ 
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points of the thread of the screw. These will be all per- 
pendicular to the thread of the screw, since it is smooth. 


Let a be, the inclination of the thread of the screw 
to the horizon. 


The horizontal and vertical components of the reaction 
fare & sin a and F cos a respectively, 


Similarly, we may resolve S, 7, .... 


Hence the reactions of the block are equivalent to 
a set of forces Recosa, S cosa, 
T cosa, ...° vertically, and a set 
# sina, S sina, 7’ sina, ... horizon- 
tally. These latter forces, though 
they act at different points of the 
screw, all act at the same distance 
from the axis of the screw; they also tend to turn the 
screw in the opposite direction to that of P. 


Equating the vertical forces, we have 
W=Rcosa+Scosa+...=(R+S5+7'+...) cosa...(1). 
; Also, taking moments about the axis of the screw, we 
have, by Art. 93, 
P.b=Rsina.a+Ssina.a+Vsina.at... 
CRIN Orig ceo See SPO) CE ROORE ELS er ere TCE (2). 
From equations (1) and (2) we have, by division, 
P.b_ asina 
SY <. 008 e * 
a 27a tan a 
b 


fan as — Qrb 


But, by Art. 176, 
2a tan a = distance between consecutive threads = pitch of 


the screw. - 
es gee ee 15—2 
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Also 27b = circumference of the circle described by the 
end B of the effort-arm. 


») b 
: a7 
Hence the mechanical advantage = — = ee 
P  2ra-tan a 


circumference of a circle whose radius is the effort-arm 
distance between consecutive threads of the screw 


Verification of the Principle of Work. 

For each revolution made by the effort-arm the screw 
rises through a distance equal to the distance between two 
consecutive threads. 


Hence, during each revolution, the work done by the 
effort is 


P x circumference of the circle described by the end of the 
effort-arm, 


and that done against the weight-is 
W x distance between two consecutive threads. 


These are equal by the relation just proved. 


*179. Theoretically, the mechanical advantage in 
the case of the screw can be made as large as we please, by 
decreasing sufficiently the distance between the threads 
of the screw. In practice, however, this is impossible ; 
for, if we diminish the distance between the threads to 
too small a quantity, the threads themselves would not 
be sufficiently strong to bear the strain put upon them. 


By means of Hunter’s Differential Screw this 
difficulty may be overcome. 


In this machine we have a screw 4D working in a fixed 
block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DEF. The screw DE 
is fastened at HZ to a block, so that it cannot rotate, but 
can only move in the direction of its length, 
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When the effort-arm AB has made one revolution 

> 

the screw AD has advanced a distance equal to the dis- 
tance between two consecutive threads, and at the same 
time the smaller screw goes into DA a distance equal - 


to the distance wee two consecutive threads of the 
smaller screw. Hence the smaller screw, and therefore 
also the weight, advances a distance equal to the difference 
of these two distances. 

When in equilibrium let &, S, 7, ... be the reactions 
between the larger screw and its block, and R’, S’, 7”, .. 
the reactions between the inner and outer screws; let 
a and a’ be.the radii, and a and «’ the angles of the screws. 

As in the last article, since the outer screw is in equi- 
librium, we have 


yee Oe (R+S+ 0+... .)sina.a—(R’ +S’ + Saas we : 


fe (Base Te 1) 0084 = (B+ 8 .. cos a’ ...(2). 


So - 
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Also, since the inner screw is in equilibrium, we have 
W (B+ 8% 7" osc O08 a yc yaceee ee (3). 
From (2) and (3), we have 


Rigg eee and R+S+...= 
COS a 


Hence, from (1), 
P.b=W.atana—W.a' tana’. 
W 2b 
P 27a tan a— 27a’ tan a’ 
circum, of the circle described by the end of the power-arm 
a difference of the pitches of the two screws. 


cosa’ 


By making the pitches of the two screws nearly equal, 
we can make the mechanical advantage very great without 
weakening the machine. 

The principle of work is seen to be true in this case 
also; for the weight rises in this case a distance equal 
to the difference between the pitches of the screws. 


EXAMPLES. XXX. 


1. Find what mass can be lifted by a smooth vertical screw of 
14 ins. pitch, if-the power be a force of 25 lbs. wt. acting at the end of 
an arm, 37 feet long. 


2. What must be the length of the power-arm of a screw, having 
6 threads to the inch, so that the mechanical advantage may be 216? 


‘ 3. What force applied to the end of an arm, 18 ins. long, will 
produce a pressure of 1100 Ibs. wt. upon the head of a screw, when 


seyen turns cause the screw to advance through $rds of an inch? 


4, A screw, whose pitch is } inch, is turned b means of a 1 
4 feet long; find the force ae will raise 15 one pets: 


5. The arm of a screw-jack is 1 yard long, and the serew hag 
2 a - the inch. What force must be applied to the arm to 
raise n 


_ 6, What is the thrust caused by a screw, having 4 threads to the 
Te when a force of 50 Ibs. wt. is applied to the end of an arm, 2 feet 
ong? 
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7. What thrust will a screw, whose arm is 2 feet and with 
10 threads per foot of its length, produce, if the effort be a force of 
112 lbs. weight? 


8. If the effort be applied at the end of an arm of 1 foot in length, 
and if the screw make seven complete’ turns in 1 foot of its length, 
find the effort that will support a weight of 1 ton. 


9, If the lever by which a screw is worked be 6 feet in length, 
determine the distance between two successive threads of the screw, 
in order that a thrust of 10 lbs. wt. applied to each end of the 
lever may produce a thrust of 1000 lbs. wt. at the end of the 
screw. ; 


10. Find the mechanical advantage in a differential screw, having 
5 threads to the inch and 6 threads to the inch, the effort being 
applied at the circumference of a wheel of diameter 4 feet. 


11, Find the mechanical advantage in a differential screw, the 
larger screw having 8 threads to the inch and the smaller 9 threads, 
the length of the effort-arm being 1 foot. 


12. If the axis of a screw be vertical and the distance between 
the threads 2 inches, and a door, of weight 100 lbs., be attached to 
the screw as to a hinge, find the work done in turning the door 
through a right angle. 


- 13. Prove that the tension of a stay is equal to 9 tons’ weight if 
it be set up by a force of 49 lbs. at a leverage of 2 feet acting on a double 
screw having a right-handed screw of 5 threads to the inch and 
a left-handed one of 6 threads to the inch. 


[For one complete turn of the screw its ends are brought nearer by . 
a distance of (+4) inch. Hence the principle of work gives 
Tx (E+) X pz =49 x Q .2, 
where 1’ is the tension of the stay in lbs. wt.] j. 


& 


CHAPTER XIIL 
FRICTION. 


180. In Art. 20 we defined smooth bodies to be 
bodies such that, if they be in contact, the only action 
between them is perpendicular to both surfaces at the 
point of contact. With smooth bodies, therefore, there 
is no force tending*to prevent one body sliding over the 
other. If a perfectly smooth body be placed on a perfectly 
smooth inclined plane, there is no action between the plane 
and the body to prevent the latter from sliding down the 
plane, and hence the body will not remain at rest on the 
plane unless some external force be applied to it. 


Practically, however, there are no bodies which are 
‘perfectly: smooth ; there is always some force between two 
bodies in contact to prevent one sliding upon the other, 
Such a force is called the force of friction. 


Friction. Def. If two bodies be in contact with one - 


another, the property of the two bodies, by virtue of which 
a force is exerted between _them at_their point of contact to 
prevent one body sliding on the other, is called friction; also 
the force exerted is called the force of Friction, 
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181. Friction is a self-adjusting force; no more 
friction is called into play than is sufficient ae prevent 
motion. 

Let a heavy slab of iron with a plane base be placed on 
a horizontal table. If we attach a piece of string to some 
point of the body, and pull in a horizontal direction passing 
through the centre of gravity of the slab, a resistance is felt 
which prevents our moving the body; this resistance is 
exactly equal to the force which we exert on the body. 

If we now stop pulling, the force of friction also ceases 
to act ; for, if the force of friction did not cease to act, the 
body would move. 

The amount of friction which can be exerted between 
two bodies is not, however, unlimited. If we continually 
increase the force which we exert on the slab, we find that 
finally the friction is not sufficient to overcome this force, 
and the body moves. 


182. Friction plays an important part in the me- 
chanical problems of ordinary life. If there were no friction 
between our boots and the ground, we should not be able 
to walk; if there were no friction between a ladder and 
the ground, the ladder would not-rest, unless held, in any 
position inclined to the vertical; without friction nails 
and screws would not remain in wood, nor would a loco- 
motive engine be able to draw a train. 


183. The laws of statical friction are as follows: 


4¢ Lawl. When two bodies are m contact, the direction 


of the friction on one of them at its pount of contact is oppo- 


site to the direction in which this point of ceiiial swash catte. 
mence to move. 

Law II. The magnitude of the friction is, when there 
is equilibrium, just sufficient to prevent the body from moving. 2 


_ three following laws. 
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184, Suppose, in Art. 156, Case I., the plane to be 
rough, and that the body, instead of being supported by 
a force, rested freely on the plane. In this case the force 
P is replaced by the friction, which is therefore “equal to 
W sin a. 


Ex. 1. In what direction does the force of friction act in the 
case of (1) the wheel of a carriage, (2) the feet of a man who is 
walking ? 

Ex. 2. A body, of weight 30 lbs., rests on a rough horizontal 
plane and is acted upon by a force, equal to 10 lbs. wt., making an 
angle of 30° with the horizontal; shew that the force of friction is 
equal to about 8°66 Ibs. wt. 


Ex. 3. A body, resting on a rough horizontal plane, is acted on 
by two horizontal forces, equal respectively to 7 and 8 lbs. wt., and 
acting at an angle of 60°; shew that the force of friction is equal to 


13 lbs. wt. in a direction making an angle sin 4N2 with the first 


force. 


Ex. 4. <A body, of weight 40 lbs., rests on a rough plane inclined 
at 30° to the horizon, and is supported by (1) a force of 14 lbs. wt. 
acting up the plane, 2) a force of 25 lbs. acting up the plane, (3) a 
horizontal force equal to 20 Ibs. wt., (4) a force equal to 30 Ibs. wt. 
making an angle of 30° with the plane. 


Find the force of friction in each ease. 
Ans. (1) 6 lbs. wt. up the plane; °) 5 lbs. wt. down the plane; 
(3) 2°68 Ibs. wt. up the plane; (4) 5-98 Ibs. wt. down the plane. 
185. — The above laws hold good, in general ; but the 
amount of friction that can be exerted is limited, and equi- 
librium is sometimes on the point of being destroyed, and 
motion often ensues. 


Limiting Friction. Def. When one body is just on 
the point of sliding upon another body, the equilibrium is 
said to be limiting, and the friction then exerted is called 
limiting friction. 

186. The direction of the limiting friction is given 
by Law I. (Art. 183). 
The magnitude of the limiting friction is given by the 


‘ 


. 
~ 
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Law III. Zhe magnitude of the limiting Sriction 
always bears a constant ratio to the normal reaction, and 
this ratio ee only on the substances of which the bodies 


Law IV. Lhe limiting friction is independent of the 
extent and shape of the surfaces in contact, so long-as the 
normal reaction is unaltered, 


Law V. When motion ensues, by one body sliding over 
the other, the direction of friction is opposite to the direction 
of motion, the magnitude of the friction is independent of 
the velocity, but the ratio of the friction to the normal reaction. 
as slightly less than when the body is at rest and just on the ; 
point of motion. _ 

The above laws are experimental, and cannot be ac- 
cepted as rigorously accurate, though they represent, 
however, to a fair degree of accuracy the facts under 
ordinary conditions. 

For example, if one body be pressed so closely on 
another that the surfaces in contact are on the point of 
being crushed, Law III. is no longer true; the friction 
then increases at a greater rate than the normal reaction. 


187. Coefficient of Friction. The constant 
ratio of the limiting friction to the normal pressure is 
called the coefficient of friction, and is generally denoted 
by ; hence, if 1 be the friction, and R the normal 
pressure, between two bodies when equilibrium is on the. 


Fr 
point of being destroyed, we have Rahs and hence 


P= ph. 
The values of p» are widely different for different pairs 
of substances in contact; no pairs of substances are, 
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however, known for which the coefficient of friction is as 
great as unity. 


1ss. To verify the laws of friction by experiment. 


Experiment 1. Take a large smooth piece of wood (4) and 
clamp it firmly so as to be horizontal. Take a second piece of wood 
(B) to act as a sliding piece and make it as smooth as possible; 
attach a light string to it and pass the string over a light pulley 
fixed at the end of the piece A,-and at the other end of the string 
attach a scale-pan. 


The pulley should be so placed that the part of the string, which 
is not vertical, should be horizontal. 


Upon the sliding piece put a known weight R, and into the scale- 
pan put known weights, F, until the slider is just on the point of 
motion. The required weight F' can be very approximately ascer- 
tained by gently tapping the fixed piece A. 


Consider now the right-hand diagram. 


Let W be the total weight of R and the sliding piece, and W’ the 
total weight of F' and the scale-pan. Since the slider is just on the 
point of motion the friction on it is ~W}; also the tension 7 of the 
string is equal to JV’, since it just balances the scale-pan and F. 


From the equilibrium of the slider we have 


pW=T=W'. 
Ww’ 
MS ape 


Next, put a different weight on the slider, and adjust the corre- 
sponding weight F until the slider is again on the point of motion 
and calculate the new values, IV, and Wj’, of Wand W’. Then, as 
before, 

tmt¥ 

= ’ 
_ Perform the experiment again with different weights on the slider 
and obtain the yalues of 
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Then, approximately, it will be found that 
W WW, 
| soa | te a 
will be the same. 

Hence the truth of the first part of Law III. viz. that the value 
of wu is independent of the normal reaction. 

Experiment 2. Take another piece of wood (B) whose shape is 
quite different from the piece used in Experiment 1. [This should be 
obtained by cutting it from the same piece of well-planed wood from 
which the first piece B was taken. ] 

The area of this piece B in contact with the board 4 should differ 
considerably from that in Experiment 1, whether greater or less is im- 
material. 


Perform the Experiment 1 over again and deduce the corresponding 
value of w. It will be found to be, within the limits of experiment, 
the same as in Experiment 1. But the only difference in the two 
experiments is the extent of the rough surfaces in eontact. 

Hence the truth of Law IV. 


Experiment 3. Take another piece of a different kind of wood 
(C) and plane it well. Cut out from it pieces, of different area, but 
with surfaces otherwise as nearly alike as possible. 

Perform Experiments 1 and 2 over again and obtain the value of yw. 
This value of uw will be found to differ from the value of « found when 
the slider was made of wood B. Hence the truth of the second part 
of Law III. viz. that the ratio depends on the substances of which the 
bodies are composed. 

Experiment 4. Perform the above three experiments over again 
but in this case choose F' not so that the slider shall just be on the 
point of motion, but so that the slider shall move with a constant 
velocity. The truth of Law Y. will then approximately appear. 

However carefully the surfaces of the wood used in the previous 
experiments be prepared, the student must expect to find some 
considerable discrepancies in the actual numerical results obtained. 
There must also be applied a correction for the force necessary to 
make the pulley turn. However light and well-made it may be, there 
will always be a certain amount of friction on its axis. Hence the 
tensions of the string on each side of it will not quite be equal, as 
we have assumed; in other words some part of J’ will be used in 
turning the pulley. 

' This method is the one used by Morin in a.p. 1833. 


189. Angle of Friction. * When the equilibrium 
is limiting, .if the friction and the normal reaction be com- 
pounded into one single force, the angle which this force 
makes with the normal is called the angle of friction, and 
the single force is called the resultant reaction. . 
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Let A be the point of contact of the two bodies, and 
let AB and AC be the directions of the normal force # 
and the friction pf. 

Let AD be the direction of the resultant reaction S, so 
that the angle of friction is BAD. Let this angle be A. 

Since # and p& are the components of S, we have 

ScosA = R, 
and Ssind = ph. 
Hence, by squaring and adding, we 


have 2 AG { 
R 


D 
Ss 
S= hk V1 + 2, a) Se 
and, by division, ¥ wR 


tan X = p. 


Hence we see that the coefficient of friction is equal to 
the_tangent of the angle of friction. 


190. Since the greatest value of the friction is wR, it follows 
that the greatest angle which the direction of resultant reaction can 
make with the normal is }, @.e., tan p. 

Hence, if two bodies be in contact and if, with the common normal 
as axis, and the point of contact as vertex, we describe a cone whose 
semi-vertical angle is tan, it is possible for the resultant reaction 
to have any direction lying within, or upon, this cone, but it cannot 
have any direction lying without the cone. 


This cone is called the Cone of friction. 


191. The following table, taken from Prof. Rankine’s Machinery 
and Millwork, gives the coefficients and angles of friction for a few 
substances. 


SunsTances Ie oN 
Wood on wood —Dry "25 to °5 = | 14° to 264° 
Pat arene —Soaped 04 to -2 2° to 114° 
Metals on metals —Dry ‘15 to °2 84° to 114° 
sae “yy ety —Wet 3 - 164° 
Leather on metals—Dry Ree 294° 
” ” ” —Wet - ' “36 20° 


” ” ” —Oily ’ 15 83° 


Oe 
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192. If a body be placed upon a rough inclined plane, 
and be on the point of sliding down the plane under the 
action of us weight and the reactions of the plane only, the 
angle of inclination of the plane to the horizon is equal to 
the angle of friction. 


Let 6 be the inclination of the plane to the horizon, W 
the weight of the body, and R 
the normal reaction. 


Since the body is on the 
point of motion down the 
plane, the friction acts up 
the plane and is equal top. ag - 


Resolving perpendicular 
and parallel to the plane, we 
have 

W cos 0= R, 
and | W sin 0= pR, 
Hence, by division, 

; tan 6 =» = tan (angle of friction), 
*. @=the angle of friction. 

This may be shewn otherwise thus: 

Since the body is in equilibrium under the action of its weight and 
the resultant reaction, the latter must be vertical; but, since the 
equilibrium is limiting, the resultant reaction makes with the normal 
the angle of friction. 


Hence the angle between the normal and the vertical is the angle 
of friction, t.e., the inclination of the plane to the horizon is the angle 


of friction. 
On account of the property just proved the angle of 
friction is*sometimes called the angle of repose. 
The student must carefully notice that, when the body 
rests on the inclined plane swpported by an external force, it 
must not be assumed that the coefficient of friction is equal 
to the tangent of inclination of the plane to the horizon. 
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193. ‘Lo determine the coefficient of friction experimentally, and 
to verify the laws of friction. [Second Method.] 


- By means of the theorem of the previous article the coefficient of 
friction between two bodies may be experimentally obiained. 


For let an inclined plane be made of one of the substances and let 
its face be made as smooth as is possible; on this face let there be 
placed a slab, having a plane face, composed of the other substance. 


If the angle of inclination of the plane be gradually increased, until 
the slab just slides, the tangent of the angle of inclination is the co- 
efficient of friction. 


To obtain the result as accurately as possible, the experiment 
should be performed a large number of times with the sanie sub- 
stances, and the mean of all the results taken. ~ 


In the apparatus here drawn we have a board hinged at one end to 
another board which can be clamped to the table. The hinged board 
can be raised or lowered by a string attached to it whose other end 
passes over the top of a fixed support. ~ i 


s 


lan 


On the hinged board ean be placed sliders of different sizes and 
materials upon which various weights can be placed. ach slider x 
has two thin brass rods screwed to it on which weights can be piled so 
that they shall not slip during the experiment. A graduated vertical 
scale is attached to the lower board, so that the height of the hinged 


board at Bis easily seen. The value of ae i.e., tan 6 of Art, 185, is 
then easily obtained. - 
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By this apparatus the laws of friction can be verified; for, within 


the limits of experiment, it will be found that the value of ot 456. fe 
(1) is always the same so long as the slide x is made of the same 
material in the same state of preparedness of surface, 


(2) is independent of the weights put upon the slide, or of its 
shape, 


(3) is different for different substances. 
This method is the one used by Coulomb in the year 1785. 


194. Equilibrium on a rough inclined plane. : 
A body is placed on a rough plane inclined to the horizon at »| 
an angle greater than the angle of friction, and is supported 
by a force, acting parallel to the plane, and along a line of 


greatest slope; to find the limits between which the force >) 


( 
must lie. ( j 


Let a be the inclination of the plane to the horizon, 
W the weight of the body, and & the normal reaction 
(Fig. L, Art. 156). 


(i) - Let the body be on the point of motion down the 
plane, so that the friction acts up the plane and is equal to 
pL ; let P be the force required to keep the body at rest. 


Resolving parallel and perpendicular to the plane, we 


have 
P+ pR=Weina ..... ET EES (1), 


and Le = W608, @ 3.02.04. peat dates (2). 
: “. P= W(sina—p cosa). 
If 4 = tan A, we have 
P= W[sina—tan cosa] 
ji cadd RE S| Bess <(a), 


cos X cos r 


(ii) Let the body be on the point of motion up the 
plane, so that the friction acts down the plane and is equal 
cepa, % eas ATG 
L. 8. oe 
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to pl; let P, be the force required to keep the body at 
rest. In this case, we have 
P,-pk = W sina, 
and R= W cosa. 
Hence P,= W (sina + cosa) : 
- = W{sina + tan cosa] = pea: 
cos X 


' These values, P and P,, are the limiting values of the 


force, if the body is to remain in equilibrium ; if the force 
lie between P and P,, the body remains in equilibrium, 
but is not on the point of motion in either direction. 

Hence, for equilibrium, the force must lie between the 
sin (a = i) 

cos A 

Tt will be noted that the value of P; may be obtained 
from that of P by changing the sign of p. 


values W 


195. If the power P act at an angle @ with the in- 
clined plane (as in Art. 156, Case TIT.), when the body is 
on the point of motion down the plane and the friction 
acts therefore up the plane, the equations of equilibrium are 


. Poos6+pR=Wsina ............... (1), 
PsinO+ R=Weosa 2....26....... (2). 
Hence, multiplying (2) by pw, and subtracting, we have 
pS wp Sita — pcos a _ sin (a — d) 
cos @— wsin 6 cos (9 +)” 


By substituting this value of P in (2), the value of R may 


be found. 


When the body is on the point of motion up the plane 
we have, by changing the sign of p, 


_ gr Sin(a + ) 
Sant sal Gaay: 


FRICTION 243 


Cor. The force that will just be on the point of moving 
the body up the plane is least. when 
. x). 
ae) is least, 
1.@., When cos (6 — ) is unity, 

2.¢.. When 6=X, 
Hence the force required to move the body up the plane 
will be least when it is applied in a direction making with 
the inclined plane an angle equal to the angle of friction. 


196. The results of the prévious article may be found by 
geometric construction. 


Draw a vertical line KZ to represent W on any scale that ig 
convenient (¢.g. one inch per lb. or one inch per 10 lbs,). 

Draw LO parallel to the direction of the normal reaction R. 
Make OLF, OLF, each equal to the angle of friction \, as in the 
figure. 

Then LF, LF, are parallel to the directions DH, DH, of the 
resulting reaction at D according as the body is on the point of 
motion down or up the plane. 4 

Draw KMM, parallel to the supporting force P to meet LF, LF, 
in M and M,. ; 

Then clearly KLM and KLM, are respectively the triangles of 


_ forces for the two extreme positions of equilibrium. 


_ Hence, on the same scale that KI represents W, KM and KM, 
represent the P and P, of the previous article. 
Clearly. OLK= Z between R and the vertical=a, so that 
ZMLK=a-)d and £M,LK=a+ x. 
are eo 16—2 
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. 


Similarly 
ZKQO= Z between the directions of K and P=90° —6, 
so that LKQL=90°+0, ZKM,L=90°+6@-), 
and ZKML=90°+0+A. 
Hence 


P KM_sinKLM__ sin(a -d) _ sin(a—2) 
W KL sin KML sin (90°+@+A) cos(@+))’ 


and 
P, KM, sn KLM, _ sin(a+\) _ sin (a+) 
W KL snKM,L sin(Q0°+@-2) cos(@—))” 


Cor. It is clear that KM, is least when it is drawn perpendicular 
to LF,, i.e. when P, is inclined at a right angle to the direction of 
resultant reaction DH,, and therefore at an angle \ to the inclined 
plane. 


EXAMPLES. XXXI. 


1, <A body, of weight 40 Ibs., rests on a rough horizontal plane 
whose coefficient of friction is 25; find the least force which acting 
horizontally would moye the body. 


Find also the least force which, acting at an angle cos~'3 with the 
horizontal, would move the body. 


Determine the direction and magnitude of the resultant. reaction 
of the plane in each case. 


9. A heavy block with a plane base is resting on a rough hori- 
‘yontal plane. Itis acted on et a force at an inclination of 45° to the 
plane, and the force is gradually increased till the block is just going 
to slide. If the coefficient of friction be ‘5, compare the force with 
the weight of the block. 


3, A mass of 30 Ibs. is resting on a rough horizontal plane and 
can be just moved by a force of 10 Ibs. wt. acting horizontally; find 


the coefficient of friction and the direction and magnitude of the 
resultant reaction of the plane. 


4, Shew that the least force which will move a weight W along a 
rough horizontal plane is W sin ¢, where ¢ is the angle of friction. | - 


5, ‘The inclination of a rough plane to the horizon is cos +33 
shew that, if the coefficient of friction be 4, the least force, acti 
parallel to the plane, that will support 1 ant. placed on the nasioee 
83°; lbs. wt.; shew also that the force that would be on the point of 
moving the body up the plane is T7z3 Ibs. wt. ; 


~N ~ 
x 
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_ 6. The base of an inclined plane is 4 feet in length and the height 
is 3 feet; a force of 8 lbs., acting parallel to the plane, will just prevent 
a weight of 20 Ibs. from sliding down; find the coefficient of friction. 


7, A body, of weight 4 lbs,, rests in limiting equilibrium on a 
rough plane whose slope is 30°; the plane being raised to a slope of 
60°, find the force along the plane required to support the body, 


8. A weight of 30 Ibs. just rests on a rough inclined plane, the 


height of the plane being 2ths of its length. Shew that it will require 
% force of 36 lbs. wt. acting parallel to the plane just to be on the 
point of moving the weight up the plane. 


9, A weight of 60 lbs. is on the point of motion down a rough 
inclined plane when supported by a force of 24 Ibs. wt. acting parallel 
to the plane, and is on the point of motion up the plane when under 
the influence of a force of 36 lbs. wt. parallel to the plane; find the 
coefficient of friction. 


10. Two inclined planes have a common vertex, and a string, 


7 passing over a small smooth pulley at the vertex, supports two equal 


weights. If one of the planes be rough and the other smooth, find the 
relation between the two angles of inclination of the two planes 
when the weight on the smooth plane is on the point of moving 
down. 


1], Two unequal weights on a rough inclined plane are connected 
by a string which passes round a fixed pulley in the plane; find the 
greatest inclination of the plane consistent with the equilibrium of 
the weights. 


12. Two equal weights are attached to the ends of a string which 
is laid over the top of two equally rough planes, having the same 
altitude and placed back to back, the cnalen of inclination of the 
planes to the horizon being 30° and 60° respectively ; shew that the 
weights will be on the point of motion if the coefficient of friction be 


13, A particle is placed on the outside surface of 2 rough sphere 
whose ¢oefiicient of friction is 4. Shew that it will be on the point of 
motion when the radius from it to the centre makes an angle tan“ 
with the vertical. 


14, How high can a particle rest inside a, hollow sphere, of radius 
a, if the coefficient of friction be va? 


15. At what angle of inclination should the traces be attached to 
a sledge that it may be drawn up a given hill with the least exertion ? 


ye 
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16. A cubical block of stone, of weight 5 cwt., is to be drawn 
along a rough horizontal plane by a force P inclined at 40° to the 
horizontal. If the angle of friction be 25°, find, by a graphic con- 
struction, the least value of P; 


17. <A body, of weight 1 cwt., rests on a plane inclined at 25° 
to the horizon, being just prevented from sliding down by a force 
of 15 lbs. acting up the plane; find, by a graphic construction, the 
force that will just drag it up and the value of the coefficient of 
friction. 

197. To find the work done in dragging a body up a 
rough inclined plane. 

From Art. 194, Case II., we know that the force P, 


which would just move the body up the plang is 
W (sin a+ cos a), 
Hence the work done in dragging it from A to C 
=P,x AC (Fig. Art. 156) : 
= W(sina+pcosa), AC 
= W.ACsina+ pW. AC cosa 
= W.BC+pW. AB 
=work done in dragging the body through the same 
vertical height without the intervention of the plane 
+the work done in dragging it along a horizontal distance 


equal to the base of the inclined plane and of the same 
roughness as the plane. 


198. From the preceding article we see that, if our 
inclined plane be rough, the work done by the power is 
more than the work done against the weight. This is true 
for any machine ; the principle may be expressed thus, 

In any machine, the work done by the power is equal to 
the work done against the weight, together with the work done 
against the frictional resistances of the machine, and the 


work done against the weights of the component parts of the 
machine, 


enna 
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The ratio of the work done on the weight to the work 
done by the effort is, for any machine, called the efficiency 
of the machine, so that 


Useful work done by the machine 


Efficiency = 
SEA supplied to the machine 


Let £, be the effort required if there were no friction, 
and P the actual effort. Then, by Art. 138, 
Work done against the weight - 
= Fx distance through which its point of application moves, 
and work supplied to the machine 


=P x distance through which its point of application moves, 


Hence, by division, 
Efficiency = = 


Effort when there is no friction 
Actual effort 


We can never get rid entirely of frictional resistances, 
or make our machine without weight, so that some 
work must always be lost through these two causes. 
Hence the efficiency of the machine can never be so great 
as unity. The more nearly the efficiency approaches to 
unity, the better is the machine. 


There is no machine by whose use we can create work, 
and in practice, however smooth and perfect the machine 
may be, we always lose work. The only use of any machine 
is to multiply the force we apply, whilst at the same time 
the distance through which the force works is more than 
proportionately lessened. 


199. Equilibrium of a rough screw. 70 find 


’ the relation between the effort and the resistance in the case of 
a screw, when friction i 1s taken into account. 
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Using the same notation as in Art. 178, let the screw 
be on the point of motion downwards, 


so that the friction acts wpwards along KN’. -7UR 
the thread. [As in Art, 176, its sec- Seas 
tion is rectangular. | a + 
In this case the vertical pressures 
of the block are 
F(cosa+psina), S(cosa+pmsina),... 
and the horizontal components of these pressures are 
R(sina—pcosa), S(sina—pcos Sues 
Hence the equations (1) and (2) of Art. 178 become 
W=(R+S5+T7'+...)(cosatpsina) ...... (1), 
and P.b=a(R+S+T7+...)(sina—peosa)...... (2). 
Hence, by division, 


P.b sina—pecosa ~sinacos\—cosasinX 
= 2 


W cosa+psina  cosacos\+sinasinA 
ag in{a~d)- 
cos (a —d) 
So ee 
f Wt 7p tan (2-2). 


Similarly, if the screw be on the point of motion ‘up- 

wards, we have, by changing the sign of p, 
P, _ asina+poosa a 
WS cosa—psina eee. 

If the effort have any value between P and P,, the screw 

will be in equilibrium, but the friction will not be limiting 
friction, 
_ It will be noted that if the angle a of the screw be equal 
to the angle of friction, \, then the value of the effort P is 
zero, In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a<A, P will be negative, i.e. the screw will not descend 
unless it is forced down. 


~. 
- 
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+Ex.1. If the circumference of a screw be two inches, the distance 
between its threads half an inch, and the coefficient of friction $ 
Jind the limits between which the effort must lie, so that the screw may 
be in equilibrium when it is supporting a body of weight 1 cwt., the 
length of the effort-arm being 12 inches. 


Here 2ra=2, and 27a tan a=. 
Se 
. a@=—, and tana=}. 
Tv 
1 
Also tan A=5, and b=12. 


Hence the force which would just support the screw 
=112 x tan (a-2) 


Baie ne a SO rah tea ; 
=112x 5— x 1d 4 = [oq * O] = 9g lbs. wt. = "1d Ibs. wt. 


Again, the force which would just be on the point of moying the 
screw upwards 
112 i+% 112 9 
Ir 7-1 1 ae * 19 
=1y%y75 lbs. wt. =1-4067 lbs. wt. 


., Hence the screw will be in equilibrium if the effort lie between 
14 and 1:4067 lbs. wt. 


If the screw were smooth, the force required would 


=112 x $ tan (a+)= 


a 112, -1~ 49 
=1125 tan a = = x i=" 742 lbs. wt. 
The efficiency therefore, by Art. 198, 
aC 
= 4067= 527. 


Ex. 2. The coefficient of friction of wrought iron on wood being 
“15, shew that the least angle of inclination of the thread of a screw, 
so that it may slide into a prepared hole in the wood under the 


influence of its own weight, is tan-1;%,. 


Ex. 3. If the circumference of a screw be 3 inch, the coefficient 
of friction 15, the length of the power-arm 12 inches, and if there be 
3 threads to the inch, find the forces which will respectively just 
' support, and just move, the screw when it supports a weight W. Find 
also the value of the effort, when the same screw is smooth, and 
deduce its efficiency. + 


us 3 ais “i ‘- v BO elena 
Be ag GOs sige (Bhs Fg eC2)3. | 87% 


—— 
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Ex. 4. Shew that the efficiency of a screw is greatest when dts 
F r 
angle is 45°—5- 


The force required to lift the weight 1”, when there is friction, 


x 


=W Stan a+hX, 
and where there is no friction it 
= Ws tan a. 


As in Art. 198 the efficiency, E, 
=the ratio of these 
tana __sinacos(a+)) 


~ tan (a+A) cosasina+r 


_ Sinacos(a+A) __ sin dX 
cosasin(a+A) cosasin (a+) 
‘- 2sind 
= sin Qa) 48inX" 
.. E is greatest when-1— E is least, 


. 1-H=1 


i.e. when sin (2a+) is greatest, 
i.e. When 2a+X=90°, 


and then a=45-=— 5° 


200. Wheel and Axle with the pivot resting on rough 
bearings. 
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Let the central circle represent the pivots A or B. of 
Fig. Art. 159 (much magnified) when looked at endways. 


The resultant action between these pivots and the 
bearings on which they rest must be vertical, since it 
balances P and W. 


Also it must make an angle i, the angle of friction, 
with the normal at the point of contact Q, if we assume 
that P is just on the point of overcoming W. 


Hence Q cannot be at the lowest point of the pivot, but 
must be as denoted in the figure, where OQ makes an angle - 
X with the vertical. The resultant reaction at Q is thus 
vertical. 


Since F& balances P and W, 


Also, by taking moments about O, we have 
3 Oat led AN ZW Gyuderetle nen baee (2), 
where c is the radius of the pivot and 4, a the radii of the 
wheel and the axle (as in Art. 159). 
Solving (1) and (2), we have 


a@+csinxX 
Teall sree ia i 


If P be only just sufficient to support W, «ae, if the 
machine be on the point of motion in the direction ‘), 
then, by changing the sign of A, we have 

a—csindr 


ie b+csinA™ 


In this case the point of contact @ is on the left of the 
yertical through 0. 
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201. The Wedge is a piece of iron, or metal, 
which has two plane faces meeting 
in a sharp edge. It is used to split 
wood or other tough substances, its 
edge being forced in by repeated 
blows applied by a hammer to its 
upper surface: 

The problem of the action of a 
wedge is ‘essentially a dynamical 
one. 


We shall only consider the statical problem when the 
wedge is just kept in equilibrium by a steady force applied 
to its upper surface, 

Let ABC be a section of the wedge and let its faces be 
equally inclined to the base BC. Let the angle CAB be a. 


Let P be the force applied to the upper face, R and R’ 
the normal reactions of the wood at the points where the 
wedge touches the wood, and wR and wR’ the frictions, it 
being assumed that the wedge is on the point of being 
pushed in. ‘ 


We shall~suppose the force P applied at the middle 
point of BC and that its direction is perpendicular to BC 
and hence bisects the angle BAG. 


Resolving along and perpendicular to BC, we have 


atl a seme F a 
| pitsin 5 — Roos 5= wh sin 5-2 COB Zrs+es, (1), 
and P= (R +R’) cos ; +(R+R’) sin 5 ae (2). 
From equation (1) we have R= R', and then (2) gives 
P=2R (woos $ +sin), « 
: . 
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2R 1 cos X 


Hence soo ee 


cos=+sin2 sin? r s< sind 
# COs 5 + sin 5 sin 5 cos A + cos 5 sin 


if X be the coefficient of friction. 


The splitting power of the wedge is measured by 2. 
For a given force P this splitting power is therefore 
greatest when a is least. 


Theoretically this will be when a is zero, i.e. when the 
wedge is of infinitesimal strength. Practically the wedge 
has the greatest splitting power when it is made with as 
small an angle as is consistent with its strength. 


202. If there be no friction between the wedge and wood 
(though this is practically an impossible supposition), we should have 
A\=0, and therefore 


2k 


203. If the force of compression exerted by the wood on the 
wedge be great enough the force P may not be large enough to make 
the wedge on the point of motion down; in fact the wedge may be on 
. the point of being forced out. : 


. If P, be the value of P in this case, its value is found by changing 
the sign of » in Art. 201, so that we should have 


a 


: a 
. Py=2R (sin 0085) 


sin (5-2 
an cosA 


‘If 5 be>h, the value of P, is positive. 


If 5 be <}, Py is negative and the wedge could therefore only be 


254 ; STATICS 


on the point of slipping out if a pull were applied to its upper 
surface. 

If g=h the wedge will just stick fast without the application of 
any force. 


Ex. Prove that the multiplication of force produced by a screw- 
press, in which the distance between successive threads is ¢ and the 
power is applied at the extremities of a cross-bar of length 2b, is the 
same as that produced by a thin isosceles wedge of angle a such that 


sin sae Arb. 


204. Friction exerts such an important influence on 
the practical working of machines that the theoretical 
investigations are not of much actual use and recourse 
must for any particular machine be had to experiment. 
The method is the same for all kinds of machines. 


The velocity-ratio can be obtained by experiment; for 
in all machines it equals the distance through which the 
effort moves divided by the corresponding distance through 
which the weight, or resistance, moves. Call it n. 


Let the weight raised be W. Then the theoretical 
effort P,, corresponding to no friction, is uf . Find by 
n 


experiment the actual value of the effort —P which just 
raises W. The actual mechanical advantage of the machine 


is ud , and the efficiency of it is, by Art. 198, 2 . “The 


product of the efficiency and the velocity ratio = = ud = 
0 


= the mechanical advantage. 


205. As an example take the case of a class-room model of. 
a differential wheel and axle on which some experiments were 
performed. The machine was not at all in good condition and ‘was 
not cleaned before use, and no lubricants were used for the bearings of 
either it or its pulley. . 

With the notation of Art. 164 the values of a, b, and ¢ were found 
to be 14, 3, and 6 inches, so that the value of the velocity ratio n 

—_ | 2x 6h 


¢=a 321, : . 


2 ta 
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This value was also verified by experiment; for it was found that for 
every inch that W went up, P went down nine inches. 


P was measured by means of weights put into a scale-pan whose 
weight is included in that of P; similarly for W. 


The weight of the pulley to which W is attached was also included 
in the weight of W. - 


The corresponding values of P and W, in grammes’ weight are 
given in the following table; the value of P was that which just over- 
came the weight W. The third column gives the corresponding values 
of P,, i.e. the effort which would have been required had there been 
no frictional resistances. 


; : | W P, W 
. | 2 pom n Saag i P 
| 
50 28 5°55 2 1-79 
100 | 36 LL. 31 2-78 
150 45 16°67 37 3-3 
250 60 27°78 46 4-17 
450 90 50 56 5 
650 119 72°22 ‘61 5-46 
850 147 94°44 64 5°78 
1050 175 116-67 67 6 
1250 203 138-88 “68 6-16 
1450 232 161-11 694 6-25 
Sit IE 


The fourth column gives the values of EH, the corresponding 
efficiency, and the last column gives the values of M, the mechanical 
advantages. _ 

On plotting out on squared paper the above results, which the 
student should do for himself, the points giving P are found to 


- roughly be on a straight line going through the third and last of 


Gl a emaamlaraeaia 
Bt 


the above. Hence, according to the theory of graphs, the relation 
between P and W is of the form P=aW-+b, where a and b are 


constants. : 
Also P=45 when W=150, and P=232 when W=1450. 
“. 45=150a+b and 232=1450a +b. 
Solving, we have a=-144 and b=23-4 approximately, so that 
P='144W + 23-4. 


This is called the Law of the Machine. 


Also Py=pW=111W. 
Je) ‘111VW 
Hence =) es 


P ~ -144W + 23-4’ 
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: W we 
oe M= 5 = TaW4 054" 
These give H and M for any weight W. 


The values of E and M get bigger as W increases. Assuming the 
above value of E to be true for all values of W, then its greatest value 
is when JW is infinitely great, and 


111 
ea about *77, 


so that in this machine at least 23°/, of the work put into it 
is lost. 


The corresponding greatest value of the mechanical advantage 


z 
= qq = about Th 


If the machine had been well cleaned and lubricated before the 
experiment, much better results would have been obtained. 

206. Just as in the example of the last article, 
so, with any other machine, the actual efficiency is found 
to fall considerably short of -unity. 


There is one practical advantage which, in general, 
belongs to machines having a comparatively small 
efficiency. 


It can be shewn that, in any machine in which the 
magnitude of the* effort applied has no effect on the 
‘friction, the load does not run down of its own accord — 
when no effort is applied provided that the efficiency is less 
than }. 

~ Examples of such machines are a Screw whose pitch is 
small and whose “ Power” or effort. is applied horizontally 


as in Art. 178, and an Inclined Plane where the effort acts” 
up the plane as in Art. 194, 


In machines where the friction does depend on the 
effort applied no such general rule can be theoretically 
proved, and each case must be considered separately. 
But it may be taken as a rough general rule that where 
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the effort has a comparatively small effect on the amount of 
friction then the load will not run down if the efficiency be 
less than 3. Such a machine is said not to “reverse” 
or “overhaul.” 


Thus in the case of the Differential Pulley (Art. 165), 
as usually constructed the efficiency is less than 4, and the 
load W does not run down when no force P is applied, that 
is, when the machine is left alone and the chain let go. 


This property of not overhauling compensates, in great 
measure, for the comparatively small efficiency. 


In a wheel and axle the mechanical advantage is 
usually great and the efficiency usually considerably more 
than 4; but the fact that it reverses does not always make 
it a more useful machine than the Differential Pulley. 


The student, who desires further information as to the 
practical working of machines, should consult Sir Robert 
Balls Haperimental Mechanics or works on Applied 
Mechanics, 


EXAMPLES, XXXII. 


. How much work is done in drawing a load of 6 cwt. up a rough 
inclined plane, whose height is 3 feet and base 20 feet, the coefficient 


of friction being 775? 

9. A weight of 10 tons is dragged in half an hour thrqugh a 
length of 330 feet up an inclined plane, of inclination 30°, the co- 
efficient of friction being = find the work expended and the u.v. of 

N 
the engine which could do the work. 


3. A tank, 24 feet long, 12 feet broad, and 16 feet deep, is filled; 
by water from a well the surface of which is always 80 feet below the 


© top of the tank; find the work done in filling the tank, and the n.P. 


of an engine, whose efficiency is *5, that will fill the tank in 4 hours. - 
Lose a ; et . 17 


’ 
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. The diameter of the circular piston of a steam engine is 
60 inches and it makes 11 strokes per minute, the length of each 
stroke being 8 feet, the mean pressure per square inch on the piston 
being 15 lbs., and the efficiency of the engine ‘65. Find the number 
of cubic feet of water that it will raise per. hour from a well whose 
depth is 300 feet, on the supposition that no work is wasted. 


5, The diameter of the piston of an engine is 80 inches, the mean 
pressure of steam 12 Ibs. per square inch, the length of the stroke 
10 feet and the number of double strokes per minute is 11. The 
engine is found to raise 494 cub. ft. of water per minute from a depth 
of 500 fathoms. Shew that its efficiency is -6 nearly. 


6. The radii of a wheel and axle are 4 feet and 6inches. Ifaforce 
of 56 lbs. wt. is required to overcome a resistance of 200 Ibs. wt. what 
is the efficiency of the machine? 


7. In some experiments with a block and tackle (second system of 
pulleys), in which the velocity-ratio was 4, the weights lifted were 10, 
80, and 160 lbs. and the corresponding values of the effort were 23, 58, 
and 85 lbs. Find the efficiency in each case. 


._ With a certain machine-it is found that, with efforts equal to 
12 and 7°5 Ibs. wt. respectively, resistances equal to 700 and 300 lbs. 
wt. are overcome; assuming that P=a+bW, find the yalues of 
a and b. 


9, In some experiments with a screw-jack the values of the load W 
were 150, 180, 210, 240 and 270 Ibs. wt. and the corresponding values 
of the effort P were found to be 20-9, 22-7, 25-75, 28-4 and 31-4 lbs. wt. : 
plot the resultson squared paper and assuming that P=a+bIV, find 
the approximate values of a and b. 


10. In some experiments with a model block and tackle (the 
second system of pulleys), the values of IV” (including the weight of 
the lower block) and P expressed in grammes’ weight were found to 
be as follows: 


W=75, 175, 275, 475, 675, 875, 1075; 
P=25, 48, 71, 119, 166, 214, 264. 
Also there were five strings at the lower block. Find an ‘approxi- 


mate relation between P and W and the corresponding values for the 
efficiency and mechanical advantage. 


- Draw the graphs of P, P,, E, and M. 
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11. The following table gives the load in tons upon a crane, and 
the corresponding effort in lbs. wt.: 


hood Sie seep 7 Oy TOE Lae 
Hiftort: 9; 20," 285.37, 42: -51,) 66: 


Find the law of the machine, and calculate the efficiency at the 
loads 5 and 10 tons given that the velocity-ratio is 500. 


12. A weight is lifted by a screw-jack, of pitch + inch, the force 
being applied at right angles to a lever of length 15 inches. The 
values of the weight in tons, and the corresponding force in lbs., are 
given in the following table: 


Wisichtee (a: 2D ,crp sa 1, mes md Oe 
Force 24,. 32, 46, iO. © hes 


Find the law of the machine, and calculate its efficiency for the 
weights 4 and 9 tons. 


Sage Bry mo 172 


CHAPTER XIV. 
FRICTION (continued). 


207. In this chapter we give some further examples | 
of the solution of problems where friction is involved. 


Ex. 1. 4 uniform ladder is in equilibrium, with one end resting on the 
-ground, and the other end against a vertical wall; if the ground and 
wall be both rough, the coefficients of friction being uw and uw’ respectively, 
and if the ladder be on the point of slipping at both ends, find the 
inclination of the ladder to the horizon. 


Let AB be the ladder, and G its centre of gravity; let Rand S be 
the normal reactions at A and B re- 
spectively; the end A of the ladder is 
on the point of slipping from the wall, 
and hence the friction uR is towards 
the wall; the end B is on the point 
of motion vertically downwards, and 
therefore the friction u’S acts upwards. 

Let @ be the inclination of the lad- 
der to the ground, and 2a its length. 


Resolving horizontally and yer- 
tically, we have 


and Bt WES iw escascacsaeek AO eres 61 


W.acos0=y'S.2acos0+8.2asind, 
“. Weos 0=28 (u’ cos 0+8in 8) voce cccees (3). 
_ From (1) and (2), we have ‘ : 
u(W—p!S)=S, 
and pt Gtk (St eee ee, enone Be (4). 


se 
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By (3) and (4), we have, by division, 
cos@  2(n' cos é +sin 6) 


# 1+ py’ ; 
*. cos @(1—py’)=2usin 6. 
Hence » tan @= = - 
Qu 


Otherwise thus; 

Let ) and ’ be the angles of friction at A and B; draw AC making 
an angle X with the normal at A, and BC making an angle )’ with 
the normal at B, as in the figure. 

By Art. 189, AC and BC are the directions of the resultant re- 
actions at A and B. 

The ladder is kept in equilibrium by these resultant reactions and 
its weight; hence their directions must meetin a point and therefore 
the vertical line through G must pass through C. 

Formula (1) of Art. 79 gives 


(a+a) cot CGB=a cot ACG —acot BCG, 


4.é. 2 tan @=coti—tan ee —p. 
i 
habed aah 
tan d= ee 


Ex. 2. A ladder is placed in a given position with one end resting 
on the ground and the other against a vertical wall. If the ground and 
wall be both rough, the angles of friction being i and N respectively, 
jind by a graphic construction how high a man can ascend the ladder 
without its slipping. 

Let AB (Fig. Ex. 1) be the ladder. 

Draw AC and BC making the angles of friction with the normals 
at A and B to the wall and ground respectively. 

Draw CG vertically to meet ABin G. If the centre of gravity of 
the man and ladder together be between A and G the ladder will rest ; 
if not, it will slide.- : 

For if this centre of gravity be between G and B the vertical 
through it will meet BC, the limiting direction of friction at B, 
in a point P such that the 2 PAR is greater than the angle of friction 
at A, and so equilibrium will be impossible. 

If this centre of gravity be between G and A equilibrium will be 
possible; for even if the friction were limiting at A the vertical 
through this centre of gravity would meet AC in a point P such that 
the angle PBS would be <2’, so that equilibrium would be possible. 
Similarly we may shew that if the friction be limiting at B, there is 
still equilibrium. 

If then G, be the centre of gravity of the ladder, G, the highest 
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possible position of the man, and Wj, and JW, be their respective 
weights, then G, is determined by the relation 


W,.GG,=W,. GG,. 


EXAMPLES. XXXII. 


1, A uniform ladder, 13 feet long, rests with one end against a 
smooth vertical wall and the other on a rough horizontal plane at a 
point 5 feet from the wall; find the friction between the ladder and 
the ground, if the weight of the ladder be 56 Ibs. 


2. A-uniform ladder rests with one end on a horizontal floor and 
the other against a vertical wall, the coefficients of friction being 
respectively # and 4; find the inclination of the ladder when it is 
about to slip. 


3. If in the last example the coefficient of friction in each case be 
3, shew that the ladder will slip when its inclination to the vertical is 
tan). 


4, A uniform ladder rests in limiting equilibrium with one end 
on a rough floor, whose coefficient of friction is 1, and with the other 
against a smooth vertical wall ;-shew that its inclination to the vertical 
is tan! (2). . 


5. A uniform ladder is placed against a wall; if the ground and ~ 
wall be equally rough, the coefficient of friction being tan 6, shew that 


_ the limiting inclination of the ladder to the’vertical is 20. 


When the ladder is in this position can it be ascended without its 
slipping ? 


6. A uniform ladder rests in limiting equilibrium with one end 
on # rough horizontal plane, and the other against a smooth vertical 
wall; a man then ascends the ladder; shew that he cannot go more 
than half-way up. 


7, <A uniform ladder rests with one end against a smooth vertical 
wall and the other on the ground, the coefficient of friction being 3 ; 
if the inclination of the ladder to the ground be 45°, shew that a man, 


whose weight is equal to that of the ladder, can just ascend to the top 
of the ladder without its slipping. 


Bakes A uniform ladder, of length 70 feet, rests against a vertical 
wall with which it makes an angle of 45°, the coefficients of friction 


between the ladder and the walland ground respectively being + and 


#: If aman, whose weight is one-half that of the ladder, ascend the 
adder, how high will he be when the ladder slips? 


_ Ifa boy now stand on the bottom rung of the ladder what must be 
his least weight so that the man may go to the top of the ladder? 
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9, Two equal ladders, of weight w, are placed so as to lean against 
each other with their ends resting on a rough horizontal floor; given 
the coefficient of friction, u, and the angle 2a, that they make with 
each other, find what weight on the top would cause them to slip. 


Explain the meaning of the result when tan a>2yu or <p. 


10, A uniform ladder rests, at an angle of 45° with the horizon, 
with its upper extremity against a rough vertical wall and its lower 
extremity on the ground. If « and y’ be the coefficients of limiting 
friction between the ladder and the ground and wall respectively, shew 
that the least horizontal force which will rhove the lower extremity 


= ie 
towards the wall is $7. eS : 


1]. In Ex. 9 if the weight be placed at the middle point of one 
leg and be heavy enough to cause slipping, shew that the other leg 
will be the one that will slide first. 


208. Ex.1. 4A uniform cylinder is placed with its plane base 
on a rough inclined plane and the inclination of the plane to the 
horizon is gradually increased ; shew that the cylinder will topple over 


‘before it slides if the ratio of the diameter of the base of the cylinder 


to its height be less than the coefficient of friction. 


Let ¢ be the inclination of the plane to the horizon when the 
cylinder is on the point of tumbling over. 
The vertical line through the centre of 
gravity G of the cylinder must just fall 
within the base. 


Hence, if AB be the base, the line GA 
must be vertical. 


Let C be the middle point of the base, 
r its radius, and let h be the height of the 
cylinder, 


SE Pa Pre ae: (1). 
CG th h 


Also the inclination @ of the plane to. the horizon, when the 


_cylinder is about to slide, is given by 


Hence the cylinder will topple before it slides if @ be less than 0, 


eu he <p. 
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Ex. 2. A rectangle ABCD rests on a vertical plane, with its — 
AB ona rough table; a gradually increasing Force acts along DC; will 
equilibrium be broken by sliding or toppling ? 


Let F' be the force, and W the weight of the rectangle. 
Let dB=2a and BC=h. 


If the rectangle topples it will clearly D CF 
turn about B, and this will be when the 
moments of F and W about B just balance, 

4.5 when I h=W <Gccs,....- (1). 

Also the rectangle will slide when F is 
equal to the limiting friction, 

i.e., when F=pW ......... (2). 

The rectangle will topple or slide ac- 
cording as the value of F given by (1) is less 
of greater than the value of F given by (2) 


Qa 

h = BK » 

i.e., according as u is~ the ratio of the base to twice the height of the 
rectangle. 


i.e., according as 


EXAMPLES. XXXIV. 


1. A cylinder rests with its cireular base on a rough inclined 
plane, the coefficient of friction being 3. Find the inclination of the 
plane and the relation between the height and diameter of the base of 


the cylinder, so that it may be on the point of sliding and also of 
toppling over. 


2, A solid cylinder rests on a rough horizontal plane with one of 
its flat ends on the plane, and is acted on by a horizontal force through 
the centre of its upper end; if this force be just sufficient to move 
the solid, shew that it will slide, and not topple over, if the coefficient 
of friction be less than the ratio of the radius of the base of the 
cylinder to its height. 


3. An equilateral triangle rests in a vertical plane with its base 
resting on a rough horizontal plane; a gradually increasing horizontal 
force acts on its vertex in the plane of the triangle; prove that the 
triangle will slide before it turns about the end of its base, if the 
coefficient of friction be less than 3y/3. 


4, Aconical sugarloat, whose height is equal to twice the diameter 
of its base, stands on a table- rough enough to prevent sliding; one 
end is gently raised till the sugarloaf is on the point of falling over ; 
find the inclination of the plane to the horizon in this position, 


a a ee 
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§. Acone, of given vertical angle 2a, rests on a rough plane which 
is inclined to the horizon. As the inclination of the plane is in- 
creased, shew that the cone will slide, before it topples over, if the 
coefficient of friction be less than 4 tan a. 


6. A right cone is placed with its base on a rough inclined plane; 
if - be the coefficient of friction, find the angle of the cone when 


it is on the point of both slipping and turning over. 


7. Acone rests on a rough table, and a cord fastened to the vertex 
of the cone passes over a smooth pulley at the same height as the top 
of the cone, and supports a weight. Shew that, if the weight be con- 
tinually increased, the cone will turh over, or slide, according as the 
coefficient of friction is > or <tana, where a is the semi-vertical 
angle of the cone. 


8. Acubical block rests on a rough inclined plane with its edges 


parallel to the edges of the plank. If, as the plank is gradually raised, 


the block turn on it before slipping, what is the least value that the 
coefficient of friction can have? 


9, The triangular lamina ABC, right-angled at B, stands with BC 
upon a rough horizontal plane. If the plane be gradually tilted round 
an axis in its own plane perpendicular to BC, so that the angle B is 
lower than the angle C, shew that the lamina will begin to slide, or 
topple over, according as the coefficient of friction is less, or greater, 
than tan A. 


10. A square uniform metallic plate ABCD rests with its side BC 
on a perfectly rough plane inclined to the horizon at an anglea, A 
string -AP attached to A, the highest point of the plate, and passing 
over a smooth pulley at P, the vertex of the plane, supports a weight 
w, and AP is horizontal. If W be the weight of the plate, shew that, 


as w increases, it will begin to turn when 


w>w-tene oe 


11, A block, of weight one ton, is in the form of a rectangular 
parallelopiped, 8 feet high, standing on a square base whose side is 


6 feet. It is placed on a rough weightless board with the sides of its 


base ‘parallel to the length and breadth of the board, and the centre 
of the base is distant 6 feet from one extremity of the board. The 
board is now tilted round this extremity until the block topples with- 
out sliding; find the work done. 


= 
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209. Ex. A uniform rod rests in limiting equilibrium within 
a rough hollow sphere; if the rod subtend an angle 2a at the éentre 
of the sphere, and if \ be the angle of friction, shew that the angle 
of inclination of the rod to the horizon is 


ea [= (a+) tan (a — ] : 


Let AB be the rod, G its centre of gravity, and O the centre of the 

sphere, so that 
LGOA= £ GOB=a. 

Through A and B draw 
lines AC and BC making an 
angle ) with the lines join- 
ing A and B to the centre. 
By Art. 189, these are the 
directions of the resultant 
reactions, R and S, at A and 
B respectively. 

Since these reactions and 
the weight keep the rod in 
equilibrium, the vertical line 
through G must pass through C. 


Let AD be the horizontal line drawn through 4 to meet CG in D 
so that the angle GAD is @. 


The angle - CAG= 4 OAG~)=90°-a-, 
and the angle CBG= 4 OBG+A=90°- a+ x. 
Hence theorem (2) of Art. 79 gives 
(a+a) cot CGB=a cot CAB —acot CBA, 
i.e. 2 tan @=cot (90° - a—X) —cot (90° - a+) 
= stan (a+A)—tam (@=A) eee ccecceeeens (1). 


Otherwise thus; The solution may be also obtained by using the 
conditions of Art. 83. ’ 


Resolving the forces along the rod, we have 
Fcos (90° — a —d) — S cos (90°-a+A)=Wsin 0, 


i.e. Rsin (a+) —Ssin(a—r)=Wsin 0............... (2). 
Resolving perpendicular to the rod, we have 
Roos (a+) +S cos (a—d)=Weosd............... (8). 


By taking moments about 4, we have 
S.ABsin (90° - a+\)=W.AG cos 8, 
 1e, 28 C08 (= 2) = W088 voecceceeccccecceeeee (4). 
From equations (3) and (4), we have 
 Reos (a+A)=Scos (ad) =4W cosa. 


FRICTION 267 


Substituting these values of R and S in (2), we have 
tan (a+) —tan (a —)=2 tan 6. 
Numerical example. If the rod subtend a right angle at the centre 


of the sphere, shew that its inclination to the horizon is twice the 
angle of friction. 


210. Ex. Two bodies, of weights W, and W,, are placed on an 
inclined plane and are connected by a light string which coincides with 
a line of greatest slope of the plane; if the coefficients of friction 
between the bodies and the plane be respectively Hy and jy, find the 
inclination of the plane to the horizon when both bodies are on the point 
of motion, tt being assumed that the smoother body is below the other. 

The lower body would slip when the inclination is tan-! y,, but the 
upper would not do so till the inclina-, 
tion had the value tan! 4. When the 
twoare tied together the inclination for 
slipping would be between these two 
values. Let it be 6 and let R, and R, 
be the normal reactions of the bodies; 
also let 7’ be the tension of the string. 

The frictions »,R, and p,R, both 
act up the plane. 

For the equilibrium of W,, we have 

Wisin 0=T+4R,, 
and W, cos @=f,. 
ered HSU pb COS:O)! Sa eecccewesie dyes sides (1). 
For the equilibrium of W,, we have 
é W,s8in 0+ T=pR,, 
and W,cos@ =Rb,. ; 
2 T= pgRy- W,8in 0= We (ug0080—sinB) ......... (2). 
Hence, from (1) and (2), 
W, (sin 6 — p, cos 0)= Wy (ug cos # — gin 4). 
“. (W,+W,) sin 0= (Wyn, + Wopg) cos 0. 


Ex. 1. Two equal bodies are placed on a rough inclined plane, 
being connected by a light string; if the coefficients of friction be 


respectively + and 4, shew that they will both be on the point of 
motion when the inclination of the plane is tan-! 4°. 

Ex. 2. Shew that the greatest angle at which a plane may be 
inclined to the horizon so that three equal bodies, whose coefficients 
of friction are 4, 5, and 3 respectively, when rigidly connected together, 
~ may rest on it without slipping, is tan" 3. 
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211. Ex. A particle is placed on a rough plane, whose inclina- 
tion to the horizon is a, and is acted upon by a force P acting parallel 
to the plane and in a direction making an angle B with the line of 
greatest slope in the plane; if the coefficient of friction be u and the 

equilibrium be limiting, find the direction in which the body will begin 
to move. 

Let W be the weight of the particle, and R the normal reaction. 

The forces perpendicular to the in- 
clined plane must vanish. 

nisl = WHCOB 51sec (1). 

The other component of the weight 
will be Wsina, acting down the line of 
greatest slope. 

Let the friction, uR, act in the direc- 
tion AB, making an angle @ with the 
line of greatest slope, so that the particle 
would begin to move in the direction BA produced. 

Since the forces acting along the surface of the plane are in equi- 
librium, we have, by Lami’s Theorem, 

HR  Wsina Pp. (2) 
’ sing sin(@+A) sing “Se a 
From (1) and (2), eliminating-R and W, we have 


a _&_ sinasing 
“W wsin (048) " ° 
Hence sin (@+8)= ards oe ee (3), 


giving the angle 0. 


Numerical Example. Suppose the inclination of the plane to be 


30°, the coefficient of friction to be i, and the angle between the force 
P and the line of greatest slope to be 30°. 
In this case we haye 
o ot to) 
sin Spades S55 So =SB= sin 60°.......... (4). 


Hence @ is 30°, and the body begins to slide down the plane in a 
direction making an angle of 30° with the line of greatest slope. 


The force P could be easily shewn to be ua J/3. 


If the force: be on the point of overcoming the weight, it can be 
casily shewn [or it follows from (4), since another solution is 2=90°), 
that the friction ~R acts horizontally, so that. the particle would start 
in a horizontal direction, and that the corresponding value of P ig 


Ww 
NES 
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EXAMPLES. XXXV. 


], A ladder, whose centre of gravity divides it into two portions 


‘of length a and b, rests with one end on a rough horizontal floor, and 


the other end against a rough vertical wall. If the coefficients of 

friction at the floor and wall be respectively « and yw’, shew that the 

inclination of the ladder to the floor, when the equilibrium is limiting, 
a — dup! 

an-l 


is 


2. A weightless rod is supported horizontally between two rough 
inclined planes at right angles to each other, the angle of friction X 
being less than the inclination of either plane. Shew that the length 
of that portion of the rod on which a weight may be placed without 
producing motion is sin 2a.sin2\ of the whole length of the rod, 
where a is the inclination of either plane to the horizon. 


3. A heavy-uniform rod is placed over one and under the other of 
two horizontal pegs, so that the rod lies in a vertical plane; shew that 
the length of the shortest rod which will rest in such a position is 


a(1+tanacot), 


where a is the distance between the pegs, a is the angle of inclination 
to the horizon of the line joining them, and } is the angle of friction. 


P) 

4, A uniform heavy rod, 1 foot long, one end of which is rough 
and the other smooth, rests within a circular hoop in a vertical plane, 
the radius of the hoop being 10 inches. If the rod is in limiting equi- 
librium when its rough end is at the lowest point of the hoop, shew 


that the coefficient of friction is 75. 


5, A heavy uniform rod rests with its extremities on a rough cir- 
cular hoop fixed in a vertical plane; the rod subtends an angle of 120° 
at the centre of the hoop, aie in the limiting position of equilibrium 
is inclined to the horizon at an angle 6. If,/3u4=tana, mu being the 


- coefficient of frietion, shew that 


5 tan @: tan 2a:: 2: ,/3. : 
-§, 4 and Bare two small equal heavy rings which slide on a rough 


horizontal rod, the coefficient of friction being 3-2, Another equal 
heavy ring C slides on a weightless smooth string connecting 4 and B; 
shew that, in the position of limiting equilibrium, ABC is an equi- 


- lateral triangle. 


1 ere 


= 


7 


+ 
+ 


7, One end of a heavy uniform rod AB can slide along a rough 
horizontal rod AC, to which it is attached by a ring; B and C are 
joined by a string. If ABC be a right angle when the rod is on the 
point of sliding, « the coefficient of friction, and a the angle between 
AB and the vertical, shew that : 

tan a 


= tanta+2.° 


o 


ay 
F, 
4 
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8. A uniform rod slides with its ends on two fixed equally rough 
rods, one being vertical and the other inclined at an angle a to the 
horizon. Shew that the inclination @ to the horizon of the movable 
rod, when it is on the point of sliding, is given by 

1=2y tan a—p? 
ela 2 (tan a+) 
9, A uniform ladder, whose length is a and whose weight is W, 
_ makes an angle @ with the horizontal, and rests with one end against 
a vertical wall and the other upon a horizontal floor, the wall and 
floor being equally rough, and the coefficient of friction being tan X. 
Shew that aman, whose weight is P, can never get nearer to the top of 


i —(W tan@ 
the ladder than Aesiges abo teset osu Le, asin 2). 


10. The poles supporting a lawn-tennis net are kept in a vertical 
position by guy ropes, one to each pole, which pass round pegs 2 feet 
distant from the poles. If the coefficient of limiting friction between 
the ropes and pegs be 4, shew that the inclination of the latter to the 


vertical must not be less than tan-1+7;, the height of the poles being 
4 feet. 


11, A chest in the form of a rectangular parallelepiped, whose 
weight without the lid is 200 Ibs., and width from back to front 1 foot, 
has a lid weighing 50 lbs. and stands with its back 6 inches from a 
smooth wall and parallel to it. If the lid be open and lean against the 
wall, find the least coefficient of friction between the chest and the 
ground that there may be no motion. 


12, A heavy circular disc, whose plane is vertical, is kept at rest 
on a rough inclined plane by a string parallel to the plane and touch-_ 
ing the circle. Shew that the disc will slip on the plane if the 


coefficient of friction be less than $ tani, where is the slope of the 
plane. 


13. A particle resting on a rough table, whose coefficient of 
friction is 4, is fastened by a string, of length a, to a fixed point 4 on 
the table. Another string is fastened to'the particle and, after passing 
over the smooth edge of the table, supports an equal particle hanging 
freely. Shew that the particle on the table will rest at any point P 
of the circle, whose centre is 4 and whose radius is a, which is such 
that the string AP is kept taut and the distance of the second string 
» from 4 is not greater than ya. . 


14, -A heavy rod, of length 2a, lies over a rough peg with one — : 


extremity leaning against a rough vertical wall; if c be the distance of 
the peg from the wall and ) be the angle of friction both at the peg 
- and the wall, shew that, when the point of contact of the rod with the 


» J 
‘ : 
‘ee ‘ 
* %, . 


. Mo 


—— 
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wall is above the peg, then the rod is on the point of sliding down- 


- wards when 


; Ck. 
sin? @= - cos”), 


where @ is the inclination of the rod to the wall. If the point of 
contact of the rod and wall be below the peg, prove that the rod is on 
the point of slipping downwards when 


sin? # sin (0+ 2\)= < cos”), 
and on the point of slipping upwards when 


sin? @ sin (6 — 2)) =< cos? . 


15, Acircular disc, of radius a and weight W, is placed within a 
smooth sphere, of radius b, and a particle, of weight w, is placed on 
the disc. If the coefficient of friction between the particle and the 
dise be yw, find the greatest distance from the centre of the disc at 
which the particle can rest. 


16. A smooth sphere, of given weight W, rests between a vertical 
wall and a prism, one of whose faces rests on a horizontal plane; if the 
coefficient of friction between the horizontal plane and the prism be p, 
shew that the least weight of the prism consistent with equilibrium is 
W tana 


ye 
in contact with the sphere. 


— 1), where a is the inclination to the horizon of the face 


17. Two equal rods, of length 2a, are fastened together so as to 
form two sides of a square, and one of them rests on a rough peg. 
Shew that the limiting distances of the points of contact from the 


. middle point of the rod are 5 (1+ #4), where pu is the coefficient of 


friction. 


18. Two uniform rods, AC and BOC, are rigidly joined at C so 
that they form one uniform bent rod, whose two portions are at right 
angles. This bent rod is supported on the edge of a rough table 
which touches AC at its middle point. If BC be three times AC, 


shew that the tangent of the inclination of AC to the horizon is 4. 


Find also the least value of the coefficient of friction that the rod 
may rest with the point A on the edge of the table. ' 


19. Aheavy string rests on two given inclined planes, of the same 
material, passing over a small pulley at their common vertex. If the 
string be on the point of motion, shew that the line joining its two 
ends is inclined to the horizon at the angle of friction. 


‘ 
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20. Ona rough inclined plane (u= }) a weight HW is just supported 
by a force 3 acting up the plane and parallel to it. Find the 
magnitude and direction of the least additional force, acting along 
the plane, which will prevent motion when the force ib acts along ° 

the plane, but at 60° with the line of greatest slope. : 


21. A weight W is laid upon a rough plane (u=35) , inclined 
N 


at 45° to the horizon, and is connected by a string passing through a 
smooth ring, 4, at the top of the plane, with a weight P hanging 
vertically. If W=3P, shew that, if 0 be the greatest possible inclina- 
tion of the string AW to the litie of greatest slope in the plane, then 
2,/ 
cos 0= 3 : 


Find also the direction in whieh 7 would commence to move. 


22. A weight IV rests on a rough inclined plane inclined at an 
angle a to the horizon, and the coefticient of friction is 2tana. Shew 
that the least horizontal force along the plane which will move the 
body is ,/3V sin a, and that the body will begin to move in a direction 
inclined at 60° to the line of greatest.slope on the plane. 


23, If two equal weights, unequally rough, be connected by a 
light rigid rod and be placed on an inclined plane whose inclination, 
a, to the horizon is the angle whose tangent is the geometric mean 
between the coefficients of friction, shew that the greatest possible 
inclination to the line of greatest slope which the rod can make when 

+ 
at rest is Shs (Gye) , where w, and p, are the coefficients of 


friction. ~ 


24, A heavy particle is placed on a rough plane inclined at an 
angle a to the horizon, and is connected by a stretched weightless 
string AP to a fixed point 4 in the plane. If 4B be the line of greatest 
slope and @ the angle PAB when the particle is on the point of 
slipping, shew that sin@= cota. 


Interpret the result when p cot a is greater than unity. 


25. A hemispherical shefl rests on a rough plane, whose angle of 
friction is \; shew that the inclination of the plane base of the rim. 
to the horizon cannot be greater than sin— (2 sin )). 


26. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall. Shew that, if the coefficient 


of friction be greater than 3, the hemisphere can rest in any position 
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and, if it be less, the least angle-that the base of the hemisphere can 


make with the vertical is cos = 


If the wall be rough (coefficient of friction y’) shew that this angle 


, 
is cos-? (= : ie) ‘ 


27. A heavy homogeneous hemisphere rests with its convex sur- 
face in contact with a rough inclined plane; shew that the greatest 


possible inclination of the plane to the horizon is sin! 3. 


Shew that a homogeneous sphere cannot rest in equilibrium on any 
inclined plane, whatever its roughness, 


28. If a hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horizon at an angle 


sin-! ;%;, find the inclination of the plane base of the hemisphere to 


the vertical. 


29. A uniform hemisphere, of radius a and weight W, rests with 
its spherical surface on a horizontal plane, and a rough particle, of 
weight W’, rests on the plane surface; shew that the distance of the 
: 3Wyua 

Sie 


particle from the centre of the plane face is not greater than 


where p is the coefficient of friction. 
80. A sphere, whose radius is a and whose centre of gravity is at 
a distance ¢ from the centre, rests in limiting equilibrium on a rough 


plane inclined at an angle a to the horizon; shew that it may be 
turned through an angle 


asina 
2 cos—1 (=) 4 


and still be in limiting equilibrium. 


ede Set 18 


CHAPTER XV. 
MISCELLANEOUS. 


212. Bodies connected by smooth hinges. 
When two bodies are hinged together, it usually happens 
that, either a rounded end of one body fits loosely into 
a prepared hollow in the other body, as in the case of 
a ball-and-socket joint; or that a round pin, or other 
separate fastening, passes through a hole in each body, as 
in the case of the hinge of a door, 


In either case, if the bodies be smooth, the action on 
each body at the hinge consists of a single 
force. Let the figure represent a section 
of the joint connecting two bodies. If 
it be smooth the actions at all the points 
of the joint pass through the centre of the ee o 
pin and thus have as resultant a single - 
force passing through 0. Also the action 
of the hinge on the one body is equal and opposite to the 
action of the hinge on the other body; for forces, equal 


and opposite to these actions, keep the pia, or fastening, in 
equilibrium, since its weight is negligible. 


E 


13} Cc 
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If the joint be not smooth, then at the points of contact A, B, C, 
D, ... there will also be frictional resistances acting in directions per- 


pendicular to OA, OB, OC,.... The forces acting on such a joint will 
not, in general, reduce to a single force but to a force and a couple 
(Art. 87). 


In solving questions concerning smooth hinges, the 
direction and magnitude of the action at the hinge are 
usually both unknown. Hence it is generally most. con- 
venient to assume the action of a smooth hinge on one 
body to consist of two unknown components at right angles 
to one another ; the action of the hinge on the other body 
will. then consist of components equal and opposite to 
these. 

The forces acting on each body, together with the 
actions of the hinge on it, are in equilibrium, and the 
general conditions of equilibrium of Art. 83 will now apply. 


In order to ayoid mistakes as to the components of 
the reaction acting on each body, it is convenient, as in 
the second figure of the following example, not to pro- 
duce the beams to meet but to leave a space between 
them. 

213. Ex. Tihiree equal uniform rods, each of weight W, are 


smoothly jointed so as to form an equilateral triangle. If the system 
be supported at the middle point of one of the rods, shew that. the 


: action at the lowest angle is = W, and that at each of the others is 
d 13 ; 
7 W 12° 


Let ABC be the triangle formed by the rods, and D the middle 
point of the side AB at which the system is supported. 


Let the action of the hinge at A on the rod AB consist of two 
components, respectively equal to Y and X, acting in vertical and 
horizontal directions; hence the action of the hinge on AC consists 
of components equal and opposite to these. 


Since the whole system is symmetrical about the vertical line 
through D, the action at B will consist of components, also equal to 
¥ and X, as in the figure, 

18—2. 
i , 
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Let the action of the hinge C on CB consist of Y, vertically up- 
wards, and X, horizontally to the right, so that the action of the same 
hinge on CA consists of two components opposite to these, as in the 
figure. 


For CB, resolving horizontally and vertically, and taking moments 
about C, we have : : 


SXUSENG =O ie, vou ntesecee shoes Sacre (2), % 
HY AR icc grocers teseeseceues (3), 
and W.acos 60°+ X.2a sin 60°= Y.2acos 60°........00.. (4). 
For CA, by resolving vertically, we have 
hat Sek eer ee es &). 


From equations (3) and (5) we have 
Y,=0, and Y=W. 
Hence equation (4) is 


—~x} eV 8, 
X=yIV cot 60 =F B= 6 We 
Therefore, from (2), Xy= oue W. . 


Also (1) gives S=3W. 
Hence the action of the hinge at B consists of a force ,/X24 ¥2 


; 13 : Bs Vie iy 
i.e. wr/35) , acting at an angle tan Ss (i.e. tan! 2,/3), to the 
horizon; also the action of the hinge at C consists of a horizontal 


force equal to vw. 

A priori reasoning would have shewn us that the action of the 
hinge at C must be horizontal; for the whole system is symmetrical 
about the line CD, and, unless the component Y, vanished, the re- 
action at C would not satisfy the condition of symmetry. 


~~ 


are 
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EXAMPLES. XXXVI. 


1, Two equal uniform beams, 4B and BC, are freely jointed at B 
and A is fixed to a hinge at a point in a wall about which AB can 
turn freely in a vertical plane. At what point in BC must a vertical 
force be applied to keep the two beams in one horizontal line, and 
what is the magnitude of the force? 


2. Two uniform beams, 4C and CB, are smoothly hinged together 
at C, and have their ends attached at two points, A and B, in the 
same horizontal line. If they be made of the same material and be of 
total weight 60 Ibs., and if each be inclined at an angle of 60° to the 
horizon, shew that the action of the hinge at the point C is a hori- 
zontal force of 5,/3 lbs. weight. 


3. A pair of compasses, each of whose legs is a uniform bar of 
weight W, is supported, hinge downwards, by two smooth pegs placed 
at the middle points of the legs in the same horizontal line, the legs 
being kept apart at an angle 2a with one anotherby a weightless rod - 
joining their extremities; shew that the thrust in this rod and that 


the action at the hinge are each $1 cot a. 


4, Two equal uniform rods, AB and AC, each of weight W, are 
smoothly jointed at 4 and placed in a vertical plane with the ends B 
and C resting on a smooth table. Equilibrium is preserved by a 
string which attaches C to the middle point of AB. Shew that the 
tension of the string and the reaction of the rods at A are both 
equal to 

W a 

- cosec a JI+8 cos? a, 
and that each is inclined at an angle tan-} (Btan a) to the horizon, 
where a is the inclination of either rod to the horizon. 


5. Two equal beams, AC and BC, freely jointed together at C, 


Stand with their ends, 4 and B, in contact with a rough horizontal 


plane, and with the plane ABC vertical. If the coefficient of friction 
be 4, shew that the angle ACB cannot be greater than a right angle, 
and find the thrust at C in any position of equilibrium. 


6. Three uniform heavy rods, 4B, BC, and CA, of lengths 5, 4, 
and 3 feet respectively, are hinged together at their extremities to form 
a triangle. Shew that the whole will balance, with AB horizontal, 
about a fulcrum which is distant 14 of an inch from the middle point 
towards A. y 


Prove also that the vertical components of the actions at the 
: 187 


5 1 
hinges 4 and B, when the rod is balanced, are B00” and et 
_ respectively, where W is the total weight of the rods. 


salt 
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7, Two equal rods, AB and BC, are jointed at B, and have their 
middle points connected by an inelastic string of such a length that, 
when it is straightened, the angle 4BC is a right angle; if the system 
be freely suspended from the point A, shew that the inclination of 
AB to the vertical will be tan-14, and find the tension of the string 
and the action at the hinge. 


8. Two equal bars, AB and BC, each 1 foot long and each of 
weight W, are jointed together at B and suspended by strings O4, OB, 
and OC, each 1 foot long, from a fixed peg O; find the tensions of the 
three strings and the magnitude of the action at the hinge, the strings 
and bars being all in one plane. 


9, . Three uniform beams 4B, BC, and CD, of the same thickness, 
and of lengths J, 21, and J respectively, are connected by smooth hinges 
at B and C, and rest on a perfectly smooth sphere, whose radius is 20, 
so that the middle point of BC and the extremities, A and D, are in 
contact with the s ; shew that the pressure at the middle point 


of BC is zy'5 of the Weight of the beams. 


10. Three uniform rods 4B, BC, and CD, whose weights are 
proportional to their lengths a, b, and c, are jointed at Band C and 
are in a horizontal position resting on two pegs P and Q; find the 
actions at the joints B and C, and shew that the distance between the 
pegs must be 

a c 
S40 ea 


ll, AB and AC are similar uniform rods, of length a, smoothly 
jointed at A. BD is a weightless bar, of length b, smoothly jointed 
at B, and fastened at D to a smooth ring sliding on AC. The system 
is hung on a small smooth pin at 4. Shew that the rod 4C makes 
with the vertical an angle 
b 


-1 — 

a+ /a=P 
_ , 12, A square figure ABCD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint A, and 
kept in the form of a square by a string connecting A and C; shew 
that the tension of the string is half the weight of the four rods, and 


find the direction and magnitude of the action at either of the joints 


B or D. 


13, Four equal rods are jointed together to form a rhombus, 
and the opposite joints are joined by strings forming the diagonals, 
and the gvhole system is placed on a smooth horizontal table. _Shew 
that theif tensions are in the same ratio as their lengths. 


a 


* — =. ~ ek 
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214. Funicular, 7.c. Rope, Polygon. Ii a light 
cord have its ends attached to two fixed points, and if at 
different points of the cord there be attached weights, the 
figure formed by the cord is called a funicular polygon. 


Let O and O, be the two fixed points at which the 
ends of the cord are tied, and let A,, A,, ... A, be 
the points of the cord at which are attached bodies, 
whose weights are w,, tw», ... W, respectively. 


Let the lengths of the portions 


OA,, A,Ag, Azz, .-. AnO;, be ay, gy My, »-- ny, respectively, 
and let their inclinations to the horizon be 


° 


O15 Fay wee Anti 


Let h and & be respectively the horizontal and vertical 
distances between the points 0 and Q,, so that 


dh, COS , + Gz COS Gy + ... + Gy ,1 COS Oy4,;=h...(1), 

and @, Sin a, + @, SiNja, 
’ 

Emel Rl actozve twa 

portions of the cord, 


+ Ogun SID any = K-22). 


© 
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Resolving vertically and horizontally for the equilibrium 
of the different weights in succession, we have 


7,sina, — 7, sin a,=w,, and T, cosa, — 7; cosa,=0; 


7T;sina,; — T, sin a,=w,, and 7,cosa,; — 7, cosa,=0; 


7, sina, — 7,sin a,= w;, and 7, cosa, — 7’, cosa,=0; 


These 2n equations, together with the equations (1) 
and (2), are theoretically sufficient to determine the (2 +1) 
unknown tensions, and the (x + 1) unknown inclinations 


My gy ++ Ay47- 
From the right-hand column of equations, we have 
7’, cos a, = 7’, cos a, = T, cos a3 = ... = n41 COS Gy.) 
= K (say) oo... ..(3), 


so that the horizontal component of the tension of the 
cord is constant throughout and is denoted by K. > | 


oh 


a a3 
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From (3), substituting for 7), 7, ... Z,,, in the left- 
hand column of equations, we have 
w 
tana, —tana,=—, 
K 
We 
tana; — tan a,=— 


K’ 


Ws 
tana, —tana,=— 


oy 


Wy 
tan Ania — tan a, = XK . 


If the weights be all equal, the right-hand members of 
this latter column of equations are all equal and it follows 
that tana, tana,,... tana,,,, are in arithmetical pro- 
gression. 

Hence when a set of equal weights are attached to 
different points of a cord, as above, the tangents of in- 
clination to the horizon of successive portions of the cord 
form an arithmetical progression whose constant difference 
is the weight of any attached particle divided by the 
constant horizontal tension of the cords. 


215. Graphical construction. If, in the Funi- 
cular Polygon, the inclinations of the different portions of 
cord be given, we can easily, by geometric construction, 
obtain the ratios of w,, We, ... Wp- 


For let C be any point and CD 
the horizontal line through C. Draw Pat 


CP, CP2, ... CPy,, parallel to the 
cords OA,, 4A,A,, ... A4,0,, so that 


the angles P,CD, P,CD, ... are re- P; 
spectively a,, ag, .... P, 
Draw any vertical line cutting é at 


these lines in D, Py, Py... 
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Then, by the previous article, 


Wy PAD 8 OS Bre eins 
—; = tan a, — tan a, 


K ~ CCD eG 
DP, DP stat 


—; = tan a, — tan a, = 


i CD aOR OD 
and so on. 
Hence the quantities K, w,, w., ... W, are respectively 


proportional to the lines CD, P,P,, P.Ps, ... PrP a, and 
hence their ratios are determined. 


This result also follows from the fact that CP,P, is 
a triangle of forces for the weight at A,, CP;P, similarly 
for the weight at A,,.and so on. 


Similarly, if the weights hung on at the joints be given 
and the directions of any two of the cords be also known, 
we can determine the directions of the others. : We draw a 
vertical line and on it mark off P,P,, P,P, ... proportional 
to the weights W,, W,,.... If the directions of the cords 
OA,, A,A, are given, we draw P,0, P.O parallel to them 
and thus determine the point O. Join O to P;, P,, ... etc., 
and we have the directions of the rest of the cords. 


216. ‘Tensions of Elastic Strings. All through 
this book we have assumed our strings and cords to be 
inextensible, ¢.e. that they would bear any tension without 
altering their length. : 

In practice, all strings are extensible, although the 
extensibility is in many cases extremely small, and prac- 
tically negligible. When the extensibility of the string 
cannot be neglected, there is a simple experimental law 
connecting the tension of the string with the amount — 
of extension of the string. It may be expressed in the 
form 

The tension of an elastic string varies as the extension of 
the string beyond its natural length. 
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Suppose. a string to be naturally of length one foot; its tension, 
when the length is 13 inches, will be to its tension, when of length 
15 inches, as 

13-12 : 15-12, i.e.,as1: 3. 

This law may be verified experimentally thus ; take a spiral spring, 
or an india-rubber band. Attach one end A toa fixed point and at the 
other end B attach weights, and observe the amount of the extensions 
produced by the weights. These extensions will be found to be’ 
approximately proportional to the weights. The amount of the 
weights used must depend on the strength of the spring or of the 
rubber band; the heaviest must not be large enough to injure 
or permanently deform the spring or band. < 

217. ‘The student will observe carefully that the 
tension of the string is not proportional to its stretched 


length, but to its extension. 

The above law was discovered by Hooke (A,p. 1635— 
1703), and enunciated by him in the form U¢ tensio, sic vis. 
From it we easily obtain a formula giving us the tension in 
any case. 


Let a be the unstretched length of a string, and 7 
its tension when it is’stretched to be of length x The 
extension is now «—a, and the law states that 

Ta ua. 
This is generally expressed in the form 
x — a 


T=, —, 
a 


te mete,’ 
the constant of variation being re 


The quantity A depends only on the thickness of the 
string and on the material of which it is made, and is called 
the Modulus of Elasticity of the String. 

It is equal to the force which would stretch the string, 
if placed on a smooth horizontal table, to twice its natural 


No elastic string will however bear an unlimited 
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stretching; when the string, through being stretched, is 
on the point of breaking, its tension then is called the 
breaking tension. 

Hooke’s Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small. We cannot stretch a bar to twice its natural length ; 
but A will be 100 times the force which will extend the bar 
by zijth of its natural length. For if «—a= Tod , then 

r 


L=T00° 


The value of 7’ will depend also on the thickness of the 


bar, and the bar is usually taken as one square inch section. 
Thus the modulus of elasticity of a steel bar is about 
13500 tons per square inch. 

By the method of Art. 134 it is easily seen that 
the work done in stretching an elastic string is equal to the 
extension multiplied by the mean of the initial and-final 
tensions. 

Ex. ABC is an elastic string, hanging vertically from a fixed 
point A; at B and C are attached particles, ef weights 2WV and W 
respectively. IPf the modulus of elasticity of the string be 3W, find the 
ratio of the stretched lengths of the portions of the string to their un- 
stretched lengths. 

Let ¢ and c, be the unstretched lengths of AB and BC, and x and 


y their stretched lengths. 
Let 7 and 7’, be their tensions, so that 


RE ae S 5 
c ¢ 
and T=.“ 374-4, 
a Gy T 
From the equilibrium of B and C, we have B 
T-T,=2W, and T,=W. 5 
Hence T=38W. T 
1 
. 3W=——89, and sw Y—*— yy, re 
“4 
w=2ce, and y= $C, 


so that the ee eats are respectively twice and four-thirds of 
the natural lengths 


~~ 


~ 
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EXAMPLES. XXXVII. 


1, ABC is an elastic string, whose modulus of elasticity is 41; 
which is tied to a fixed point at A. At Band C are attached weights 
each equal to W, the unstretched lengths of 4B and BC being each 
equal to c. Shew that, if the string and bodies take up a vertical 
position of equilibrium, the stretched lengths of AB and BC are 3c 
and jc respectively. . 


2. An elastic string has its ends attached to two poirits in the 
same horizontal plane, and initially it is just tight and unstretched ; 
a, particle, of weight W, is tied to the middle point of the string; if the 
modulus of elasticity be = , Shew, that, in the position of equili- 
brium, the two portions of the string will be inclined at an angle of 
60° to one another. 


8. In the previous question, if 2a be the distance between the 
two points, 2c the unstretched length of the string, and \ the modulus 
of elasticity, shew that the inclination, 0, of the strings to the vertical 
is given by ; 


W ; a, 
5 22 6+ sin v= 


¢ 4. A body rests on a rough inclined plane whose inclination a to 
the horizon is greater than i, the angle of friction; it is held at rest 
by an elastic string attached to it and to a point on the plane. If the 
modulus of elasticity be equal to the weight of the body, prove that in 
the position of equilibrium the ratio of the length of the string to its 
original length is 
1+sin (a—) . secd. 


5, Four equal jointed rods, each of length a, are hung from an 
angular point, which is connected by an elastic string with the 
opposite point. If the rods hang in the form of a square, and if 
the modulus of elasticity of the string be equal to the weight of a 


rod, shew that the unstretched length of the string is _ 


6. An elastic cord, whose natural length is 10 inches, can be kept 
stretched to a length of 15 inches by a force of 5 Ibs. wt.; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 15 inches. - . . : 


7, A-spiral spring requires a force of one pound weight to stretch 
it one inch. How much work is done in stretching it three inches 
more? 5 
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Graphic Constructions. 


218. To find the resultant of any number of coplanar 
Sorces. 

Let the forces be P, Q, 2, and S whose lines of action 
are as in the left-hand figure. 

Draw the figure ABCDE having its sides AB, BC, CD, 
and D£ respectively parallel and proportional to P,Q KR 
and §. Join AF, so that by the Polygon of Forces AF re- 
presents the required resultant in magnitude and direction. 


Take any point O and join it to A, B, C, D, and £; let 
the lengths—of these joining lines be a, b, c, d, and e 
respectively. 


Take any point a on the line of action of P; draw a8 
parallel to BO to meet Q in B, By parallel to CO to meet 
ft in y, and yé parallel to DO to meet S in 8. 


Through 3 and a draw lines parallel respectively to HO 
and OA to meet in «. . 

Through ¢« draw eZ parallel and equal to AZ. Then 
<L shall represent the required resultant in magnitude and 
line of action, on the same scale that 4B represents P, 


7 
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For P, being represented by AB, is equivalent to forces 
represented by AO and OB and therefore may be replaced 
by forces equal to a and 6 in the directions ea and Ba. So 
Q may be replaced by } and ¢ in directions a8 and yB, k 2 
cand d in directions By and oY, and S by forces d and e 
directions yé and «6d, 

The forces ?, Q, R, and S have therefore been Se 
by forces acting along the sides of the figure aByde, of 
which the forces along a8, By and yé balance. 

Hence we have left forces at ¢ which are parallel and 
equal to AO and O#, whose, resultant is AL. 

Since eZ is drawn parallel and equal to AZ, it therefore 
represents the required resultant in magnitude and line of 
action. 

Such a figure as ABCDEF is called a Force Polygon 
and one such as afyde is called a Link or Funicular 
Polygon, because it represents a set of links or cords 
in equilibrium. 


219. If the point 4 of the Force Polygon coincides 
with the point A it is said to close, and then the resultant 
force vanishes. 

If the Force Polygon closed, but the Funicular Polygon 
did not close, 7.e. if dea was not a straight line, we should 
have left forces acting at 6 and a parallel to OH and AO, 
z.e. we should in this case have two equal, opposite, and 
parallel forces: forming a couple. 

If however the Funicular Polygon also closed, then dea 
would be a straight line and these two equal, opposite, and 
_ parallel forces would now be in the same straight line and 


. would balance. 


Hence, if the forces P, Q, 2, S are in equilibrium, both _ 
their Force and Funicular Polygons must close. _ 
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220. If the forces be parallel the construction is the ~ 
same as in the previous article. The annexed figure is 


drawn for the case in which the forces are parallel and two 
of the five forces are in the opposite direction to that. of 
the other three. 

Since P, R, and S are in the same direction we have 
Ab, CD, and DE in one direction, whilst BC and EF 
which represent Q and 7’ are in the opposite direction. 

The proof of the construction is the same as in the last 
article. The line ¢Z, equal and parallel to AF, represents 
the required resultant both in magnitude and line of 
action. 

This construction clearly applies to finding the re-. 
“sultant weight of a number of weights, 


221. 4-closed polygon of light rods freely jointed at 
their extremities is acted upon by a given system of forces 
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actiny at the joints which are in equilibrium; find the 
actions along the rods. 


Let A,A,, A,dA;, ... 4,4, be a system of five rods freely 
jointed at their ends and at the joints let given forces 
P,, P., P;, P,, and P, act as in the figure. 


Let the consequent actions along the rods be bapctacnt ania 
and ¢,, as marked. © : 


Draw the pentagon a,0,4,0;0, having its sides parallel 
and proportional to the forces P,, P,, ... P;. Since the 
forces are in equilibrium this’‘polygon is a closed figure. 


Through a, draw a,0 parallel to A,A, and through a, 
draw a;O parallel to A,A,. 


Now the triangle @;0a, has its sides parallel to the 
forces P,, t,, and ¢; which act on the joint A,. Its sides 
are therefore proportional to these forces; hence, on the 
same scale that a,a, represents P,, the sides Oa, and a,0 
represent ¢, and 4. 


Join Oa,, Oa,, and Oa,. 


The sides a,a, and Oa, represent two of the forces, P, 
and ¢,, which act on A,. Hence a,0, which completes the 
triangle a,Oa., represents the third force ¢, in magnitude 
and direction. 


Similarly Oa, and Oa, represent ¢, and ¢, respectively. 


The lines Oa,, Oa,, Oa,, Oa, and Oa, therefore represent, 
both in magnitude and direction, the forces along the sides 
of the framework. The figure a,a,4,a,4; is called the force 
polygon. 

A similar construction would apply whatever be the 


number of sides in the framework. 
Bs Se Ce 
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"222. Itisclear that the figure and construction of the 
preceding article are really the same as those of Art. 218. 


If the right-hand figure represents a framework of rods 
MA, Ayls, Axt, ... acted on at the joints by forces along 
a0, a0, ... then the polygon A,A,4,4,A, of the left-hand 
figure is clearly its force polygon, since A,A,, A.A; ... are 
respectively parallel to a,0, a0 .... 


Hence either of these two polygons may be taken as the 
Framework, or Funicular Polygon, and then the other is 
the Force Polygon. For this reason such figures are called 
Reciprocal. 


As another example we. give a triangular framework 
acted on at its joints by three forces P,, P,, P, in equili- 
brium whose force polygon is a,asq, ; conversely, A,A,A, is 
the force polygon for the triangle a,a,a, acted on by forces 
Lis 2a, SOU Le 


oT. 


7 


SSS 


\ 223. Ex. 1. 4 framework, ABCD, consisting of light rods 
stiffened by a brace AC, is supported in a vertical plane by supports at 
A and B, so that AB is horizontal; the lengths of AB, BC, CD and 
DA are 4, 3, 2, and 8 feet respectively; also AB and CD are parallel, 
and AD and BC are equally inclined to AB. Tf weights of 5 and 10 ewt. 
respectively be placed at C and D, find the reactions of the supports: 


at A and B, and the forces exerted by the different portions of the 
Framework, 


Let the forces in the sides be as marked in the figure and let P and 
Q be the reactions at A and B. 
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Draw a vertical line a8, 5 inches in length, to represent the weight 
10 ewt. at D; also draw ad parallel to AD and B5 parallel to CD. 


a 


Then a6 is the Triangle of Forces for the joint D, and the forces at 
D must be in the directions marked. 

Note that the force at C in the bar DC must be along DC or CD, 
and that at D in the same bar along CD or DC, 

[This is an important general principle; for any bar, which under- 
goes stress, is either resisting a tendency to compress it, or a tendency 
to stretch it. 

In the first case, the action at each end is from its centre towards 
its ends, in which case it is called a Strut; in the second case it is 
towards its centre, when it is called a Tie. 

Tn either case the actions at the two ends of the rod are equal and 
opposite. ] ; 

Draw fy vertical and equal to 24 ins. to represent the weight at C. 


Draw ye parallel to BC and ée parallel to AC. Then 6dfye6 is the 
Polygon of Forces for the joint C, so that the actions at C are as 


marked. 
Draw e¢ horizontal to meet ay in ¢. 
: 19—2 
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Then eyf is the Triangle of Forces for B, so that the reaction Q is 
" represented by yf, and 7, by ¢. 


Finally, for the joint 4, we have the polygon de{ad, so that P is 
represented by {a. 


On measuring, we haye, in inches, 
ef=1:10, ye=3°31, 68=1°77, Sa=5-30, de=°91, 
yf=3°125, and ¢a=4-375. 
Hence, since one inch represents 2 cwt., we have, in ewts., 
T,=2°20, T,=6°62, T,=3-54, L,=10°6,; 7,=1-82; 
Q=6:25, and P=8°75. : 


It will be noted that the bars AB and AG are in a state of tension, 


i.e. they are ties, whilst the other bars of the framework are in a state 
of compression, i.e. they are struts. 


The values of P and Q may be also found, as R and S are fqund 
in the next examplé, by the construction of Art. 220. 


Ex. 2. A portion of a Warren Girder consists of a light frame com- 
posed of three equilateral triangles ABC, CBD, CDE and rests with ACE 
horizontal being supported at Aand E. Loads of 2 and 1 tons are hung 
on at Band D; find the stresses in the various members, 


Draw af, By vertical, and equal to 2 inches and 1 
to represent 2 tons and 1 ton. Take any pole O and join Oa, OB, Oy. - 
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draw O6 parallel to cd) aByé is the force polygon (in this case a straight 
line). Hence da represents R and 6 represents S. ’ 


Let the forces exerted by the rods, whether thrusts or tensions, be 
T,, Ty, ..: a8 marked. , 


_ Draw de parallel to CA and ae parallel to 4B; then aed is a 
triangle of forces for the joint A, so that ae and d represent T, 
and 7. 


Draw ef and Bf parallel to BC and BD respectively. Then eaf¢ is 
the polygon of forces for the joint B so that T,and T; are given by ef 
and ¢ respectively. ; : 

_ _ Draw 66 parallel to DC; then de{# is the polygon of forces for the . 
joint C and hence {@ and 66 represent T; and T,. 


Draw y: parallel to DC to meet ef produced inc; then Bye is the 
polygon of forces for the joint D so that yx and c¢ represent T, and T, 
respectively; [it follows that y. must be equal and parallel to 60, and 
hence .@ must be equal and parallel to y5 and therefore represent S.] 


Finally :#¢ is the triangle of forces for the joint E. 


Hence if we measure off the lengths aé, Oy, €0, ea, §B, ef, £6, 08, i¢ 
in inches, we shall have the values of R, S, T,, Ty, Eee baad gyn Lats 
T, respectively expressed in tons’ wt. 

They are found to be 1-75, 1-25, 1-01, 2-02, *87, °29, °72, -29, and 
1-44 tons’ wt. respectively. 

From the figure it is clear that 4C, CE and CD are ties and that 
the others are struts. 


EXAMPLES. XXXVIII. 
[Lhe following are to be solved by graphic methods.]- 


1, A uniform triangular lamina ABC, of 30 lbs. weight, can turn 
in a vertical plane about a hinge at B; it is supported with the side 
AB horizontal by a peg placed at the middle point of BC. If the sides 
AB, BC, and Cd be respectively 6, 5, and 4 feet in length, find the 
pressure on the prop and the strain on the hinge. 


2. A uniform ladder, 30 feet long, rests with one end against a 
smooth wall and the other against the rough ground, the distance of 
its foot from the wall being 10 feet; find the resultant force exerted 
by the ground on the foot of the ladder if the weight of the ladder be 
150 Ibs. (1) when there is no extra weight on the ladder, (2) when — 


1 ewt. is placed 3 of the way up. 


3. It is found by experiment that a force equal to the weight of 
10 lbs. acting along the plane is required to make a mass of 10 lbs. 
begin to moye up a plane inclined at 45° to the horizon; find the co- 
efficient of friction between the mass and the plane. 


, 


. 5 
- 
3 = iS eee - if ie 
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4, Three forces equal respectively to the weights of 5-05 Ibs., 
4-24 lbs., and 3°85 lbs. act at three given points of a flat disc resting 
on a smooth table. Place the forces, by geometric construction, 
so as to keep the disc in equilibrium, and measure the number of 
degrees in each of the angles which they make with one another. 


5. A uniform rectangular block, of which ABCD is the sym- 
metrical section through its centre of gravity, rests with CD in con- 
tact with a rough horizontal plane (u=4); the weight of the block is 
40 lbs. dnd-a force equal to 10 lbs. wt. acts at D in the direction CD; 
if the lengths of BC and CD be respectively 3 and 5 feet, find the value 
of the least force which, applied at the middle point of CB parallel to 
the diagonal DB, would move the block. 


6. A body, of weight 100 lbs., rests on a rough plane whose 
slope is 1 in 8, the coefficient of friction being 3; find the magnitude 
of the force which, acting at an angle of 40° with the plane, is on the 
point of dragging the body up the plane. Find also the force which, 
acting at an angle of 40° with the plane, is on the point of dragging 
the body down the plane. 


7. ABC is a triangle whost sides 4B, BC, CA are respectively 
12, 10, and 15 inches long and BD is the perpendicular from B on CA. 
Find by means of a force and funicular polygon the magnitude and the 
line of action of the resultant of the following forces; 8 from A to C, 
8 from C to B, 3 from B to A, and 2 from B to D. 


8. AB is a straight line, 3 feet long; at A and B act parallel 
forces equal to 7 and 5 cwt. respectively which are (1) like, (2) unlike; 
construct for each case the position of the point D at which their © 
resultant meets 4B and measure its distance from A. 


9. Loads of 2, 4, 3 cwt. are placed on a beam 10 ft. long at 
distances of 1 ft., 3 ft., 7 ft. from one end, Find by an accurate 
drawing the line of action of the resultant. 


10. A horizontal beam 20 feet long is supported at its ends and 
carries loads of 3, 2, 5, and 4 ewt. at distances of 8, 7, 12, and 15 feet 
respectively from one end, Find by means of a funicular polygon the 
thrusts on the two ends. ; 


ll, A triangular frame of jointed rods ABC, right-angled at A, 
can tur about 4 in a vertical plane. The side AB is horizontal and 
the corner C rests against a smooth vertical stop below A. If AB=3 ft., 
AC=1 ft., and a weight of 50 Ibs. be hung on at B, find graphically the 
stresses in the various bars. eee 


12. Forces equal to 1, 2, 4, and 4 Ibs. weight respectively act 
along the sides 4B, BC, CD, and DA of a square. Prove that their 


resultant is 3-6 lbs. weight in a direction inclined at tan 2 to CB and 
intersecting BC produced at G, where CG is equal to § BC, 


“S 
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13. AC and CB are two equal beams inclined to one another at 
an angle of 40°, the ends 4 and B resting on the ground, which is 
rough enough to prevent any slipping, and the plane ACB being 
inclined at an angle of 70° to the ground. At C is attached a body 
of weight 10 ewt., and the system is supported by a rope, attached to 
C, which is in the vertical plane passing through C and the middle 
point of AB. If the rope be attached to the ground and be inclined 
at an angle of 50° to the ground, find the tension of the rope and the, 
action along the beams. [This arrangement is called a Sheer-legs.] 


14, A beam, AB, of weight 140 lbs., rests with one end 4 on a 
rough horizontal plane, the other end, B, being supported by a cord, 
passing over a smooth pulley at C, whose horizontal and vertical 
distances from A are respectively 15 and 20 feet. If the length of the 
beam be 15 feet, and it be on the point of slipping when the end B is 
at a height of 9 feet above the horizontal plane, find the magnitudes 
of the coefficient of friction, the tension of the chord, and the resultant 
reaction at A. 


15, A triangular framework ABC, formed of three bars jointed at 
its angular points, is in equilibrium under the action of three forces 
P, Q, and R acting outwards at its angular points, the line of action 
of each being the line joining its point of application to the middle of 
the opposite bar. If the sides BC, CA, and AB be 9 ft., 8 ft., and 7 ft. 
in length respectively, and if the force P be equal to 50 lbs. wt., find 
the values of Q and R, and the forces acting along the bars of the 
framework. 


16, 4 and B are two fixed pegs, B being the higher, and a heavy 
rod rests on B and passes under A; shew that, the angle of friction 
between the rod and the pegs being the same for both, the rod will 
rest in any position in which its centre of gravity is beyond B, 
provided that the inclination of AB to the horizon is less than the 
angle of friction; also, for any greater inclination, determine graphic- 
ally the limiting distance of the centre of gravity beyond B consistent 
with equilibrium. ; 


17. A uniform beam AB, weighing 100 lbs., is supported by 
strings AC and BD, the latter being vertical, and the angles CAB and 
ABD are each 105°. The rod is maintained in this position by a 
horizontal force P applied at B. Shew that the value of P is about 
25 lbs. weight. ; ; P 


_18. AB and AC are two equal rods of no appreciable weight 
smoothly jointed together at A, which rest in a vertical plane with 
their ends upon a. smooth horizontal plane BC. Disa point in AB 
such that AD=} AB and E and Fare the points of trisection of AC, 
E being the nearer to d. A fine string connects D and F and is of 
such a length that the angle A is 60°. Shew that, if a weight W be 


attached to E, the tension of the string is me C 


« 
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19, ABCDEF is a regular hexagon. Shew that the forces which 
must act along AC, AF, and DE to produce equilibrium witha force 
of 40 lbs. weight acting along EC are respectively 10, 17°32, and 
34-64 Ibs. weight. 


20. Fig. 1 consists of a symmetrical system of light rods freely 
jointed and supported vertically at the extremities; vertical loads of 
10 and 5 ewt. are placed at the points indicated; find the thrusts or 
tensions of the rods, if the side rods are inclined at 50° to the 
horizon. 


21. Fig. 2 consists of a symmetrical system of light rods freely 
jointed and supported by vertical reactions at A and B; if a weight of 
10 ewt. be placed at D find the thrusts or tensions in the rods, given 
that 4 DAB=55° and 4 CAB=35°. ; 


Fig. 1. Fig. 2. Fig. 3. 


92. Acrane is constructed as in Fig. 3, and 15 ewt. is hung on 
at A; find the forces along the parts AC and AB. 


If the post BC be free to move, and BD be rigidly fixed, find the 
pull in the tie CD. 


_ 23, A portion of a Warren girder consists of three equilateral 
triangles 4BC, ADC, BCE, the lines AB, DCE being horizontal and 
the latter the uppermost. It rests on vertical supports at 4 and B and 
carries 5 tons at D and 3 tons at. Find the reactions at the supports 
and the stresses in the four inclined members. 


24, ABCD consists of a quadrilateral consisting of four light rods 
loosely jointed, which is stiffened by a rod BD; at A and C act forces 
equal to 40 Ibs. weight. Given that AB=2 ft., BC=3 ft., CD=4 ft., 


DA=4t ft., and DB=5 ft., find the tensions or thrusts of the rods. 


Poa] 


CHAPTER XVI. 
SOME ADDITIONAL PROPOSITIONS. 


224. Formal proof of the Parallelogram of 
Forces. 
The proof is divided into two portions, (I) as regards the 
direction, (II) as regards the magnitude of the resultant. 


I. Dyrrecrion. 


(a) Equal Forces. 

Let the forces be equal and represented by OA and 
OB. 

Complete the parallelogram 
OACB, and join OC. Then OC 
bisects the angle AOB. 

Since the forces are equal, 
it is clear that the resultant 
must bisect the angle between 
them; for there is no reason to shew why the resultant 
should lie on one side of OC which would not equally hold 
to shew that the resultant should lie on the other side of 
OC. Hence, as far as regards direction, we may assume 
the truth of the theorem for equal forces, ; 


ie) 
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(8) Commensurable Forces. 
Lemma. Jf the theorem be true, as far as regards 
direction, for a pair of forces P and Q, and also for a par 
of forces P and R acting at the same angle, to shew that it is 
true for the pair of forces P and (Q + R). 

Let the forces act at a point A of a rigid body, and let 
AB be the direction of P, and ACD that of Q and R. 

Let AB and AC represent the forces P and Q in 
magnitude. 

Since, by the principle of The Transmissibility of 
Force, the force & may be supposed to act at any point in 
its line of action, let it act at C and be represented by 
CD. 
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Complete the parallelograms ABEC and ABFD. 

The resultant of P and Q is, by supposition, equal to 
some force 7’ acting in the direction AK ; let them be 
replaced by this resultant and let its point of application be 
removed to £. ; 

This force Z, acting at Z, may now be replaced by 
forces, equal to P and Q, acting in the directions CH and 
LF respectively. 


Let their points of application be removed to C 
and F, 

Again, by the supposition, the resultant of P and k, 
acting at C, is equivalent to some force acting in the 
direction C#’; let them be replaced by their resultant and 
let its point of application be removed to J 


~ 
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All the forces have now been applied at / without 
altering their combined effect; hence /’ must be a point 
on the line of action of their resultant; therefore A/’ is 
the direction of the required resultant. 

Hence the Lemma is proved. 


Application of the lemma. 

By (a)-we know that the theorem is true for forces 
which are each equal to S. 

Hence, by the lemma, putting P, Y, and # each equal 
to S, we see that»the theorem is true for forces S and 28. 
Again, by the lemma, since the theorem is true for forces 
(S, S) and (S, 2S) we see that it is true for forces (8, 35). 
Similarly for forces (S, 45) and so on. 

Continuing in this way we see that it is true for forces 
S and mS, where m is any positive integer, 

Again, from the lemma, putting P equal to mS, and 
Q and RF both equal to S, the theorem is true for forces 
mS and 28, : 

Again, putting P equal to mS, Q to 2S, and & to 8, 
the theorem is true for forces mS and 38. 

Proceeding in this way we see that the theorem is true 
for forces mS and nS, where m and n are positive integers. 

Also any two commensurable forces can be represented 


by mS and nS. , 
(y) Incommensurable Forces. 
Let P and Q be incommensurable forces, and let AB 


_and AC represent them. 
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Complete the parallelogram ABDC. 

If the resultant of P and Q be not in the line AD let it 
act in. the line AZ meeting CD in £. 

Divide AC into any number of equal parts 2, each less 
than ED, and from CD cut off successively portions, each 
equal to a The last point of subdivision / must fall 
between # and D, since x is less than ED. 

Draw FG parallel to CA to meet AB in G, and join 
AF, 

The lines AC and A@ represent commensurable forces, 
and therefore their resultant is, by (@), in the direction 
AF, 

Hence the resultant of forces AC and AB must lie 
within the angle BAF. But this resultant acts in the 
direction AZ, which is without the angle BAF. 

But this is absurd. 

Hence AF cannot be the direction of the resultant. _ 

In a similar manner it can be shewn that no other 
line, except AD, can be the direction of the resultant. 

Hence AD is the direction of the resultant. 


II. Maenrrupz. 


As before let 4B and AC represent the forces P and Q. 
Complete the parallelogram ABDC, 


ey 
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Take a force 2, represented. both in magnitude and 
direction by AZ, to balance the resultant of P and Q. 
Then, by the first part of the proof, AF is in the sume 


straight line with AD. AE shall also be equal to AD. 


Complete the parallelogram AZFB. 

Since the three forces P, Q, and Z& are in equilibrium, 
each of them is equal and opposite to the resultant of the 
other two. 

Now the resultant of P and # is in the direction AV’; 
hence AC, the direction of Q, is in the same straight line 
with AJL’, fo 

Therefore ADBF is a parallolopeiti and hence DA 
equals BF, 

But, since AHVB is a parallelogram, BY equals AL. 

Therefore AD equals AZ, and hence AD is equal, in 
magnitude as well as direction, to the resultant of P 
and Q. 

The above proof is known as Duchayla’s Proof. 

225. Centre of gravity of a uniform circular 
arc. 

Let AB be a circular arc, subtending an angle 2a at its 
centre O, and let OC bisect the 
angle AOB. 

Let the arc AB be divided 
into 2n equal portions, the 
points of division, starting from 
C, being P,, Py,...P,-, towards 
A, and Q,, Qay---Qn_1 towards B. 

' At each of these points of 
division, and at the extremities 
A and 8B, and also at the point 
C, let there be placed equal particles, each of mass m. 

Let the arc joining two successive particles subtend 
an angle 8 at the centre O, so that 2nB = 2a. 
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Since the system of particles is symmetrical with respect 
to the line OC, the centre of gravity, G, must lie on the 
line OC. Let % be the distance OG. 

Then, by Art. 111, 
_mr+2m.rcos B+ 2m. r cos 2B + ... + 2mr cos nB 
m+2m+2m+...+ 2m 


UY 


fe “tne tn 
7 


= 


 ifeiben ) zs + 949 
wl 1+2 ss » (Trig. Art, 242] 


2 


by summing the trigonometrical series, 


sin (n +5) B—sin § 
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; 2 one 
(2n + 1) sin 5 (2n + 1) sin on 


Now let the number of particles be increased without 
limit, « remaining constant, and consequently 8 decreasing 
without limit. We thus obtain the case of a uniform 
circular are. 


a 
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Hence, in the case of a uniform circular are, (i) becomes 


= sina 
9 se 
a 
San . A Tv 
Cor. In the case of a semicircular arc, in which a— 5p 
the distance of the centre of gravity from the centre 
sin = 
1 — 
2 a 


226. Centre of gravity of a sector of a circle. 


With the same notation as in the last article, let P and Q 
be two consecutive points on the circular boundary of the 
sector, so that PQ is very approximately a straight line, 
and OPQ is a triangle with a very small vertical angle at O. 

Take P’ on OP such that OP’=20P; when PQ is very 
small, P’ is the centre of gravity of the triangle OPQ. 


'* The Student who is acquainted with the Integral Calculus 
can obtain this result very much easier thus ; 


Let P be a point on the are such that ZPOC=8, and BP avery 
close point such that 2 P/OP=69. 


If M be the mags of the whole arc the mass of the element PP’ ig 
xa - M, and the abscissa of the point P is r cos 6. Hence, by Art. 111, 


2a 

ef + 
oe Caras Baty [cos oaa 

~a 24 —a 

fa +a 6@ i +a 
/ 80 4 |] do 
2a 
. ar Si - 


, Also, by symmetry, it is clear that the centre of gravity must lie 
on OC, : ‘ 


A . ‘ 
= _ 
> a o B > - 
“2 nee en, Pe - 
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By joining Oto an indefinitely large number of con- 
secutive points on the are AB, the 
sector can be divided into an in- 
definitely large number of triangles, 
each of whose centres of gravity 
lies on the dotted circular arc, whose 
radius is $7. 


Hence the centre of gravity of 
the sector is the same as that of the 
circular arc A’C’B’, so that, by the 
last article, 


sin a 


Meee ie 


a 


bere T 
Cor. If the sector be a semi-circle, a==, and the 


distance OG’ = = 


Tv = 


227. Centre of gravity of the segment oS a 
circle. 


The segment of a circle. ACB is the difference between 
the sector OACB and the triangle 
OAB. 


Using the same notation as in - 
the two previous articles, let G, and_ - 
G, be respectively the centres of “ 
gravity of the triangle AOB and the OMG “GD c 
segment ACB. Also let G be the ues 
centre of gravity of the sector, and oS 
let AB meet OC in D. 


We have, by Art. 109, oer 


AAOB x.0G, + segment ACB x 0G, 


Ais AAOB + segment ACB anus 
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But OG, = 30D = 2r cosa, 
and OG =r cae 
Also A AOB = Fr’ sin 2 
and segment ABC = sector AOB—AAOB 


=}. 2a — $7 sin 2a. 
Hence equation (i) becomes 


: Loi ai 3 £ (6 in 
, sina 3 sin 2a x Fr cosa + ¥4 (2a —siy 2a) x OG, 


af = “ee 
a yy oe 


_ 37 cosa sin 2a + OG, (2a — sin 2a) 
me > 


2a 
37 sin a — Zr cos a Sin 2a = OG’, (2a — sin 2a) ; 


sin a — cos? a sin a 
2a —sin 2a 


228. Centre of gravity of a Zone of a Sphere.’ 


To prove that the centre of gravity of the surface of any 
zone of a sphere is midway between rts plane ends. 


[A zone is the portion of a sphere intercepted between 
any two parallel planes. | 


Let ABCD be the section of the zone which is made by 
a plane through the centre of the Bpaore perpendicular to 
its plane ends. 
. In the plane of the paper let ROR’ be the diameter 
; parallel to the plane ends. Draw the tangents RU and 
oT eae eae 20 
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k'U’ at its ends, and let AB and CD meet them in the 
points a, b, c, and d. 


Consider the figure obtained by revolving the above 
figure about HOH’. The are AD will trace out the zone 
and the line ad will trace out a portion of the circum- 
scribing cylinder. 


We shall shew that the areas of the portions of the 
zone and cylinder intercepted between the planes ad and ed 


are the same. = 


Take any point P on the are between A and D and 
another point @ indefinitely close to P. Draw the lines 
pPMP'p’ and gQNQ'q perpendicular to OF as in the 


figure. 


Let PQ meet H'# in 7 and draw Qs perpendicular 
to PM, 


Since Q is the very next point to P on the arc, the 
line PQ is, by the definition of a tangent, the tangent at P 
» and hence OPT is a right angle. Also in the limit, when 


~ 


7 om Na 


~ 
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P and Q are very close to one another, the area traced out 
by PQ, which really lies between 27 MP.PQ and 27VQ. PQ, 
is equal to either of them. 
We then have 
element of the zone __area traced out by PQ 
element of the cylinder area traced out by pq 
pe eee MPR OM MP] 


on. Mp.pq Mp’ SQ Mp’ cosSQP 


- MP 1 MP Pee MOP 
~ Mp’ cosOTP” Mp’ sinMOP Mp” MP 
SAE oe 

a 7a ¢ 


The portions of the zone and cylinder-cut off by these 
two indefinitely close planes are therefore the same and 
hence their centres of gravity are the same. 

If we now take an indefinitely large number of. thin 
sections of the zone and cylinder starting with AB and 


By Integral Caiculus. Let 4 AOH=a,2 DOH=B£, and 2 POH=0. 
‘The element of area at P=ad0 x 27a sin 0, and the abscissa of P is 
acos@. Hence, by Art. 111, : 


a 
| Ira? sin 050. a cos @ [= 0 cos 0d0 
B 


| eS eee mai § 


a a 
pb 27a" sin 6dd | sin 0d0 
B 


sin? |. 
_L Le 8 a inte sin?a—sin?B ~ 


~ [-eon0 | cos | 2 cos B—cosa COs a 


a cos? B — cos? a 
cos B — cos a 


2 
=[OL+ OL’. 


II 


=5 © (cos B+ cos a) 
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ending with CD the corresponding sections have the same 
‘mass and the same centre of gravity. 
The centre of gravity of the zone and cylinder are 
therefore the same, and the centre of gravity of the latter 
is clearly the middle point of ZZ’. 
Hence the centre of gravity of any zone of a sphere is 
midway between its plane ends. 


229. Centre of gravity of a hollow hemisphere. 

Let AB pass through the centre of the sphere and 
therefore coincide with RR’, Also let D and C move up 
to coincide with #, so that the bounding plane DC’ becomes 
a point at LZ, 

The zone thus becomes the hemisphere RDHCR’ and its 
centre of gravity is therefore at the middle point of OZ, 
i.e, it bisects the radius of the sphere perpendicular to the 
plane base of the hemisphere. 

230. To find the position of the centre of gravity of 
a solid hemisphere. 


*Let LAM be the section of the hemisphere made by the 


* By Integral Calculus. Let P be any point on the are AL; | 
draw PN perpendicular to O4 and let ON=x, NP=y; then clearly 


: w+y=a®, 
where a is the radius of the hemisphere, 


The element of volume included between PN and the plane at 
distance «+ 6x is ry*éx. Also the abscissa of P is 2. 


Hence, by Art. 111, 
a a 
TY?5x .@ & (@— x?) du 
0 0 


Tt — my : 
wy?da | (a? — x?) dx 
0 sina io 


ae? ate at at 
Ce eee 3 
= Ses, eG 
a 
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plane of the paper, and let OA be the radius of the 

- hemisphere which is perpendicular to its 

plane base, ic 
Take any point P on the hemisphere 

and consider an exceedingly small ele- P 

ment of the surface at P. The centre 

of gravity of the very thin pyramid, a 

whose base is this small element and 

whose vertex is 0, is at-a point P’ on 

OP, such that OP’=30P. (Art. 107.) 

The weight of this very thin pyramid 
may therefore be considered concentrated 
at P’, 

Let the external surface of the hemisphere be entirely 
divided up inte very small portions and the corresponding 
pyramids drawn. Their centres of gravity all lie on the 
hemisphere Z’P’aM’ whose centre is O and whose radius is 
Oa (= 304A). 

Hence the centre of gravity of the solid hemisphere is 

the same as that of the hemispherical shell Z’P’alf he. it 
is at G, where 
0G =40a=204, 

231. Inasimilar manner we may obtain the position 
of the centre of gravity of a spherical sector which is the 
figure formed by the revolution of a circular sector, such as 
the figure OAQHBO, in the figure of Art. 228, about the 
bisecting radius OF. . 

The distance of its centre of gravity from QO is easily 
seen to be 2(OL + OZ). 
232. There are some points which are rot quite 
satisfactory in the foregoing proofs. For a strict demon- 

stration the use of the Calculus is required, 


4 Pe iit 
o ‘ ree - a 
va in > so ye oa 
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233. Virtual Work. 


When we have a system of forces acting on a body in 
equilibrium and we suppose that the body undergoes a 
slight displacement, which is consistent with the geometrical 
conditions under which the system esists, and if a point Q of 
the body, with this imagined displacement, goes to Q’, then 
QQ is called the Virtual Velocity, or Displacement, of the 
point Q. 


The word Virtual is used to imply that the displacement 
is an imagined, and not an actual, displacement. 


234. If a force & act at a point @ of the body and 
QW be the virtual displacement of @ and if Q’WV be the 
perpendicular from Q’ on the direction of R, then the 
product &.QW is called the Virtual Work or Virtual 
Moment of the force R. As in Art. 127 this work is 
positive, or negative, according as QW is in the same 
direction as R, or in the opposite direction. 


235. The virtual work of a force is equal to the 
sum of the virtual works of its components. 


Let the components of & in two directions at right 
angles be X and Y, R being 
inclined at an angle ¢ to the 
direction of X, so that 


X=Reos¢ and Y=Rsin ¢. 


Let the point of application 
Q of & be removed, by a virtual c 


displacement, to QY and draw Q'N perpendicular to R 4 
and let 


: NQQ'=a. 


Lilie ies 
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The sum of the virtual works of X and Y 
=X.QL+Y.QM : 
=Leos $. QQ cos ( + a)+sin gd. QQ’ sin ( + a) 
=£. QQ’ [cos ¢ cos (pb +a) +sin sin (6 + a) | 
=f. QQ’ cosa 
=f; QN- 


=the virtual work of R. x 


236. The principle of virtual work states that Jf a 
system of forces acting on a body be in equilibrium and the 
body undergo a slight displacement consistent with the 
geometrical conditions of the system, the algebraic sum of 
the virtual works is zero ; and conversely if this algebraic 
sum be zero the forces are in equilibrium. In other words, 
uf each force R have a virtual displacement r in the 
direction of its line of action, then (R.r)=0; also con- 
versely if %(R.r) be zero, the forces are in equilibrium. 


In the next article we give a proof of this theorem for 
coplanar forces. 


237. Proof of the principle of virtual work for any 
system of forces in one plane. 


Take any two straight lines at right angles to one 
another in the plane of the forces and let the body under- 
go a slight displacement. This can clearly be done by 
turning the body through a suitable small angle a radians 
about O and then moving it are suitable distances a 
and b parallel to the axis. 


[The student may illustrate this by moving a book from any 
position on a table into any other posifion, the book throughout 
the motion being kept in contact with the table.] 


t: 


os ry ra 
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Let @ be the point of application of any force R, whose 
coordinates referred to O are 
x and y and whose polar Y 
coordinates are 7 and 6, so 
that «=rcos 6 and y=rsin 6, 


where OQ =r and XOQ=6. 
When the small displace- 


ment has been made the coordinates of the new position 
Q” of Q are 
rcos(9+a)+a@ and rsin(6+a) +8, 


4.6, ‘ r cos @cosa—rsin @sinat+ta 
and rsin 6 cosa +r cos @sina +6, 
1.€. rcos@—a.rsiné+a 
and rsin@+a.rcos 6 +b, 


- 


since @ is very small, 


The changes in the coordinates of Q are therefore 
a@—a.7sin@and b+a.rcos 6, 
4.6. a—ay and b+ ax. 


If then X and Y be the components of R, the virtual - 
work of A, which is equal to the sum of the virtual 
works of X and Y, is 


~. &X(a-ay)+ V(b +a2), 
Le, a.X+b.V+a(Ya—TYy). 

Similarly we have the virtual work of any other 
force of the system, a, 6, and a being the same for each 
force, , 

The sum of the virtual works will therefore be zero if 

a& (X) +63 (Y)+a3 (Ya —Xy) be zero. 

Tf the forces be in equilibrium then 3 (X) and 3(Y) are 

the sums of the components of the forces along the axes 


OX and OY and hence, by Art, 83, they are separately 
equal to zero, ~ | 
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Also Ya — Xy=sum of the moments of X and Y about 
the origin O = moment of FR about 0. (Art. 62.) 

Hence 3(Ya—Xy)=sum of the moments of all the 
forces about 0, and this sum is zero, by. Art. 83, 


It follows that if the forces be in equilibrium the sum 
of their virtual works is zero. See 


238. Conversely, if the sum of the virtual works be 
zero for any displacement, the forces are in equilibrium. 

With the same notation as in the last article, the sum of 
the virtual works is 

ad (X)+b3(¥)+a3(Ya—Xy) ......... (1), 
and this is given to be zero for all displacements. 

Choose a displacement such that the body is displaced 
only through a distance @ parallel to the axis of « For 
_ this displacement 6 and a vanish, and (1) then gives 

az (X)=0, 
so that } (X) =0, i.e. the sum of the components parallel to 
OX is zero, 


Similarly, choosing a displacement parallel to the axis 
of y, we have the sum of the components parallel to OY 
zero also, 

Finally, let the displacement be one of simple rotation 
round the origin 0. In this case @ and 6 vanish and (1) 


gives 


> (Ya—Xy)=0, 
so that the sum of the moments of the forces. about O 
vanish. ‘ 
The three conditions of equilibrium given in Art. 83 
therefore hold and the system of forces is therefore in 
equilibrium, : 
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239. As an example of the application of the Principle of 
Virtual Work we shall solve the following 
problem, 


Six equal rods AB, BC, CD, DE, EF, 
and FA are each of weight W and are 
freely jointed at their extremities so as to 
form a hexagon; the rod AB is Jived in a Fi 
horizontal position and the middle points 
of AB and DE are joined by a string ; 
prove that its tension is 3W. 


WwW 
Let G,, G., Ga, Gy, Gs, and G, be the E WwW 
middle points of the rods. k 


Since, by symmetry, BC and CD are equally inclined to the 
vertical the depths of the points C, G, and D below AB are respec- 
tively 2, 3, and 4 times as great as that of G,. 


a) 
D 


Let the system undergo a displacement in the vertical plane of 
such a character that D and E are always in the vertical lines through 
Band A and DE is always horizontal. 


If G, descend a vertical distance x, then G, will descend 32, G, 
will descend 4x, whilst G; and G, will descend 32 and x respectively. 


The sum of the virtual works done by the weights 
=W.x+W.3e+ W.4e4+ W304 Wea 
=12W.2. 


If 7 be the tension of the string, the virtual work done by it 
will be 
Tx (— 4a). 


For the displacement of G, is in @ direction opposite to that in 
which 7' acts.and hence the virtual work done by it is negative, 


The principle of virtual work then gives 
12W.x+T(-4x)=0, 
4.€, T=3VW, 


240. Roberval’s Balance. This balance, which 
is a common form of letter-weigher, consists of four rods 
AB, BE, ED, and DA freely jointed at the corners ASS; 
E, and D, so as to form a parallelogram, whilst the middle 
points, C and F, of AB and ED are attached to fixed 
points C and J which are in a vertical straight line. The 
rods AB and DE can freely turn about C and J, 


~. 
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To the rods AD and BE are attached scale-pans. In 
one of these is placed the substance W which is to be 
weighed and in the other the counterbalancing weight P. 


We shall apply the Principle of Virtual Work to prove 
that it is immaterial on what part of the scale-pans the 


weights P and W are placed. 


Since CBHF and CADF are parallelograms it follows 
that, whatever be the angle through which the balance is 
turned, the rods B/ and AD are always parallel to CY and 
therefore are always vertical. 


If the rod AB be turned through a small angle the 
point B rises as. much as the point A falls. The rod BH 
therefore rises as much as AD falls, and the right-hand 
scale-pan rises as much as the left-hand one falls. In such 
a displacement the virtual work of the weights of the rod 
BE and its scale-pan is therefore equal and opposite to the 
virtual work of the weights of AD and its scale-pan. These 
virtual works therefore cancel one another in the equation 
of virtual work, 


Also if the displacement of the right-hand scale-pan be 
p upwards, that of the left-hand one is p downwards, . 


” x. 
. 
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The equation of virtual work therefore gives 
P.p+W(—p)=9, 
P= We 
Hence, if the machine balance in any position whatever, 
the weights P and W are equal, and this condition is 
independent of the position of the weights in the scale-pans. 
The weights therefore may have any position on the 


Se 
aS 


scale-pans. 


It follows that the scale-pans need not have the same 
shape, nor be similarly attached to the machine, provided 
only that their weights are the same. 


For example, in the above figure either scale-pan instead 
of pointing away from CF may point towards it, and no 
change would be requisite in the position of the other. 


EXAMPLES. XXXIX. 


1, Four equal heayy uniform rods are freely jointed so as to 
form a rhombus which is freely suspended by one angular point and 
‘the middle points of the two upper rods are connected by a light rod 
so that the rhombus cannot collapse. Prove that the tension of 
this light rod is 4 tana, where W ig the weight of each rod and 2a 
is the angle of the rhombus at the point of suspension. 


2. Avstring, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length b and weight W, which 
are hinged together. 


If one of the rods be supported in a horizontal position prove that 
the tension of the string is 
207 (20a) 


\ 


8. A regular hexagon ABCDEF consists of 6 equal rods 
which are each of weight WV and are freely jointed together. The 
hexagon rests in » vertical plane and AB is in contact with a 
horizontal table; if @ and F be connected by a light string, prove 
that ifs tension is W,/3. 


— 
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4. A tripod consists of three equal uniform bars, each of length’ 
a and weight w, which are freely jointed at one extremity, their 
middle points being joined by strings of length b. The tripod is 
placed with its free ends in contact with a smooth horizontal plane 
and a weight W is attached to the common joint; prove that the 
tension of each string is 


3 (2W+3w) Sea 


5. A square framework, formed of uniform heavy rods of equal 
weight W, jointed together, is hung up by one corner. <A weight 
W is suspended from each of the three lower corners and the shape 
of the square is preserved by a light rod along the horizontal 
diagonal. Prove that its tension is 41. 


6. Four equal rods, each of ‘length a, are jointed to form a 
rhombus ABCD and the angles B and D are joined by a string of 
length 1. The system is placed in a vertical plane with 4 resting on 
a horizontal plane and AC is vertical. Prove that the tension of the 


string is 21 vce where JW is the weight of each rod. 


7. A heavy elastic string, whose natural length is 27a, is placed 
round a smooth cone whose axis is vertical and whose semivertical 
angle isa. If W be the weight and \ the modulus of elasticity of the 
string, prove that it will be in equilibrium when in the form of a circle 


whose radius is a ( Tee a cota ). 
21r 


8. Two equal uniform rods AB and AC, each of length 2b, are 
freely jointed at A and rest on a smooth vertical circle of radius a. 
Shew, by the Principle of Virtual Work, that, if 20 be the angle 
between them, then 

b sin? @=a cos 6. 


9, Solve Ex. 13, page 278, by the application of the Principle 
of Virtual Work. . ; 
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EASY MISCELLANEOUS EXAMPLES. 


1. Find the resuliant of two forces, equal to the weights of 13 
and 14 lbs. respectively, acting at an obtuse angle whose sine is 75- 
i 
9. Resolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60°. 


3. ABCD isa square; forces of 1 lb. wt., 6 lbs. wt. and 9 Ibs. wt. 
act in the directions 4B, AC, and AD respectively; find the magni- 
tude of their resultant correct to two places of decimals. 


4, The resultant of two forces, acting at an angle of 120°, is 
perpendicular to the smaller component. The greater component is 
equal to 100 Ibs. weight; find the other component and the resultant. 


5, If H and F be the middle points of the diagonals 4C¢ and BD 
of the quadrilateral ABCD, and if EF be bisected in G, prove that the 
four forces represented in magnitude and direction by AG, BG, CG, 
and DG, will be in equilibrium. 


6. Astiff pole 12 feet long sticks horizontally out from a vertical 
wall, It would break if a weight of 28 Ibs. were hung at the end. 


How far out along the pole may a boy who weighs 8 stone venture 
with safety? 


7, A rod weighing 4 ounces and of length one yard is placed on a 
table so that one-third of its length projects over the edge. Find the 
greatest weight which can be attached by a string to the end of the 
rod without causing it to topple over. 


8, A uniform beam, of weight 30 lbs., rests with its lower end on 
the ground, the upper end being attached to a weight by means of a 
horizontal string passing over a small pulley. If the beam be 
inclined at 60° to the vertical, prove that the pressure on the lower 
end is nearly 40 lbs. wt., and that the weight attached to the string is 
nearly 26 lbs. wt. : 


9, Find the centre of parallel forces which are equal respectively 
to 1, 2, 3, 4, 5, and 6 lbs. weight, the points of application of the 
forces being at distances 1, 2, 3, 4, 5, and 6 inches respectively 
measured from a given point A along a given line AB. 


10. The angle B of a triangle ABC is a right angle, AB being 
8 inches and BC 11 inches in length; at 4A, B, and C are placed 
particles whose weights are 4, 5, and 6 respectively; find the distance 
of their centre of gravity from A. 


os 


 aeaaeamee 


be 4 inches,. find the distance between successive graduations. 
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See On the side AB of an equilateral triangle and on the side 
remote from C is described a rectangle whose height is one half cf 
AB; prove that the centre of gravity of the whole figure thus formed 
is the middle point of AB. 


_ 12, From a regular hexagon one of the equilateral triangles with 
its vertex at the centre, and a side for base, is cut away. Find the 
centre of gravity of the remainder. 


ee. A pile of six pennies rests on a horizontal table, and each 
penny projects the same distance beyond the one below it. Find the 
greatest possible horizontal distance between the centres of the highest 
and lowest pennies. 


14, The pressure on the fulerum when two weights are suspended 
in equilibrium at the end of a straight lever, 12 inches long, is 20 Ibs. 
wt. and the ratio of the distances of the fulcrum from the ends is 
3;2. Find the weights. 


15, A straight lever of length 5 feet and weight 10 lbs. has its 
fulcrum at one end and weights of 3 and 6 lbs. are fastened to it at 
distances of 1 foot and 3 feet from the fulcrum; it is kept horizontal 
by a force at its other end; find the pressure on the fulcrum. 


_ 16. Find the relation between the effort P and the weight JV in a 
system of 5 movable pulleys in which each pulley hangs by a separate 
string, the weight of each pulley being P. 


17. In the system of 5 weightless pulleys in which each string is 
attached to a weightless bar from which the weights hang, if the 
strings be successively one inch apart, find to what point of the bar the 
weight must be attached, so that the bar may be always horizontal. 


18. A body, of mass 5 lbs., rests on a smooth plane which is 
inclined at 30° to the horizon and is acted on by a force equal to the 
weight of 2 Ibs. acting parallel to the plane and upwards, and by a 
force equal to P Ibs. weight acting at an angle of 30° to the plane. 
Find the value of P if the body be in equilibrium. 


19. If one scale of an accurate balance be removed and no mass 
be placed in the other scale, prove that the inclination of the beam to 


the horizon is tan} ae where 2a is the length of the beam, h 


and k are respectively the distances of the point of suspension from 
the beam and the centre of gravity of the balance, and S and W’ are 
respectively the weight of the scale-pan and the remainder of the 
balance. 


20. If the distance of the centre of gravity of the beam of a 
common steelyard from its fulerum be 2 inches, the movable weight 
4 ozs., and the weight of the beam 2 lbs., find the distance of the zero 
of graduations from the centre of gravity. Also, if the distance 
between the fulcrum and the end at which the scale-pan is attached _ 


~ 


~“ 
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21. If the circumference of a screw be 20 inches and the distance 
between successive threads ‘75 inch, find its mechanical advantage. 


22. The height of a rough plane is to its base as 3 to 4 and it is 
found that a body is just supported on it by a horizontal force equal 
to half the weight of the body; find the coefficient of friction between 
the body and the plane. 


23. A ladder, 30 feet long, rests with one end against a smooth 
vertical wall and with the other on the ground, which is rough, the 
coefficient of friction being 3 ; find how high a man whose weight is 
4 times that of the ladder can ascend before it begins to slip, the foot 
of the ladder being 6 feet from the wall. 


24, Acylindrical shaft has to be sunk to a depth of 100 fathoms 
through chalk whose density is 2:3 times that of water; the diameter 
of the shaft being 10 feet, what must be the u.v. of the engine that 
can lift out the material in 12 working days of 8 hours each? 


**HARDER MISCELLANEOUS EXAMPLES. 


’ 

1, If_0 be the centre of the circle circumscribing the triangle 
ABC, and if forces act along OA, OB, and OC respectively propor- 
tional to BC, CA, and AB, shew that their resultant passes through 
the centre of the inscribed circle. ; 


2. Three forces act along the sides of a triangle ABC, taken 
in order, and their resultant passes through the orthocentre and 


the centre of gravity of the triangle; shew that the forces are in 
the ratio of 


sin 24 sin (B— C): sin2Bsin (C— 4): sin2Csin (4 —B). 


Shew also that their resultant acts along the line joining the centres 
of the inscribed and circumscribing circles, if the forces be in the 
ratio 
cos B— cos C; cos C—cos A : cos.d —cos B. 
8. Three forces PA, PB, and PC, diverge from the point P and 


three others AQ, BQ, and CQ converge to a point Q. Shew that 
the resultant of the six is represented in magnitude and direction 


by 3PQ and that it passes through the centre of gravity of the 


triangle ABC. 


4. T is the orthocentre, and O the cireumcentre of a triangle 
ABC; shew that the three forees 47, BT, and OT have as resultant 
the force represented by twice OT. 
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5. Find the centre of gravity of three particles placed at the 
centres of the escribed circles of a triangle, if they be inversely 
proportional to the radii of these circles. 


6. ABCD is a rectangle; find a point P in AD such that, when 
the triangle PDC is taken awgy, the remaining trapezoid 4d BCP 
may, when suspended from Ff hang with its sides AP and BC 
horizontal. j 


7. A triangular lamina ABC, obtuse-angled at C, stands with 
the side AC in contact with a table. Shew that the least weight, 
which suspended from B will overturn the triangle, is 

11,0 +30? — c? 
=W 2 72? 
3 c2— a?—]}2 


where JW is the weight of the triangle. 
Interpret the above if Cf >a*+ 3b. 


8. A pack of cards is laid on a table, and each “card projects 
in the direction of the length of the pack beyond the one below it; 
if each project as far as possible, shew that the distances between 
the extremites of successive cards will form a harmonical pro- 
gression. 


9. If ad, bB, cC... represent n forces, whose points of appli- 
cation are a, b, c .,. and whose extremities are A, B, C, ..., shew that 
their resultant is given in magnitude and direction by n.gG, where 
g is the centre of inertia of n equal particles a, b, c, ..., and G the 
centre of inertia of n equal particles A, B, GC, .... 


What follows if g coincide with G? 


10. From a body, of weight W, a portion, of weight w, is cut 
out and moved through a distance x; shew that the line joining the 
two positions of the centre of gravity of the whole body is parallel to 
the line joining the two positions of the centre of gravity of the part 
moved 


11. Two uniform rods, AB and AC, of the same material are 
rigidly connected at A, the angle BAC being 60°, and the length 
of AB being double that of AC. If G be the centre of inertia of the 
rods, shew that BG=AC Se me and, if the system be suspended 
freely from the end B of the rod AB, shew that the action at A 
consists of a vertical force equal to one-third of the weight, W, of 
the system, and a couple whose moment is 


pc AC 
3 9° 


L. 8. ie 21 
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12. If the hinges of a gate be 4 feet apart and the gate be 10 feet 


wide and weigh 500 lbs., shew that, on the assumption that all the 
weight is borne by the lower hinge, the stress on the upper hinge 
must be 625 lbs. wt. 


13. Astep-ladder in the form of the letter A, with each of its legs 
inclined at an angle a to the vertical, is placed on a horizontal floor, 
and is held up by a cord. connecting the middle points of its legs, 
there being no friction anywhere; shew that, when a weight W is 


1 
placed on one of the steps at a height from the floor equal to = of the 
height of the ladder, the incréase in the tension of the cord is = Wtan a: 


14, A cylinder, of radius r, whose axis is fixed horizontally, 
touches a vertical wall along a generating line. A flat beam of uni- 
form material, of length 27 and weight W, rests with its extremities 
in contact with the wall and the cylinder, making an angle of 45° 


with the vertical. Shew that, in the absence of friction, =O 
that the pressure on the wall is $77, and that the reaction of the 
cylinder is 3/51. 


15, A uniform rod, of length 35a, rests partly within and partly 
without a smooth cylindrical-cup of radius a. Shew that in the 

sition of equilibrium the rod makes an angle of 60° with the 
horizon, and prove also that the cylinder will topple over unless its 
weight be at least six times that of the rod. 


16. <A tipping basin, whose interior surface is spherical, is free 
to turn round an axis at a distance c below the centre of the sphere 
and at a distance a above the centre of gravity of the basin, and a 
heavy ball is laid at the bottom of the basin; shew that it will tip 


over if the weight of the ball exceed the fraction < of the weight of 
the basin. 


17, A thin hemispherical shell, closed by a plane base, is filled 
with water and, when suspended from a point on the rim of the base, 
it hangs with the base inclined at an angle a to the vertical. Shew 
that ‘the ratio of the weight of the water to that of the shell is 
tana —+ : 8 _ tana. 

18. A hollow cylinder, composed of thin metal open at both 
ends, of radius a, is placed on a smooth horizontal plane. Inside it 
are placed two smooth spheres, of radius 7, One above the other, 27 
being >a and <2a. . If Whe the weight of the cylinder and W’ the 
weight of one of the spheres, shew that the cylinder will just stand 
upright, without tumbling over, if 


W.a=2W’ (a-r), 


f5— 1 
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19. An isosceles triangular lamina, with its plane vertical, rests, 
vertex downwards, between two smooth pegs in the same horizontal 
line; shew that there will be equilibrium if the base make an angle 
sin! (cos?a) with the vertical, 2a being the vertical angle of the 
lamina and the length of the base being three times the distance 
between. the pegs. 


20. ‘A prism, whose cross section is an equilateral triangle, résts 
with two edges horizontal on smooth planes inclined at angles a 
and 8 to the horizon. If @ be the angle that the plane through these 
edges makes with the vertical, shew that 


_ 2/3 sin asin B +sin (a +8) 
woe fe Jssin(a~psy 


21, A thin board in the form of an equilateral triangle, of weight 
1 lb., has one-quarter of its base resting on the”end of a horizontal 
table, and is kept from falling over by a string attached to its vertex 
and to a point on the table in the same vertical plane as the triangle. 
If the length of the string be double the height of the yertex of the 
triangle above the base, find its tension. 


22. A-solid cone, of height h and semi-vertical angle a, is placed 
with its base against a smooth yertical wall and is supported by a 
string attached to its yertex and to a point in the wall; shew that 


the greatest possible length of the string is nn 1448 tan? a. 


23. The altitude of a cone is i and the radius of its base is 7; a 
string is fastened to the vertex and to a point on the circumference 
of the circular base, and is then put over a smooth peg; shew that, if 
the cone rest with its axis horizontal, the length of the string must 


be /h?-+4r*. 


24, Three equal smooth spheres on a smooth horizontal plane 
are in contact with one another, and are kept together by an endless 
string in the plane of their centres, just fitting them; if a fourth 
equal sphere be placed on them, shew that the tension of the string 
is to the weight of either sphere as 1: 3,/6. 


25, A-smooth rod, of length 2a, has one end resting on a plane 
of inclination a to the horizon, and is supported by a horizontal rail 
which is parallel to the plane and ata distance ¢ from it. Shew 
that the inclination @ of the rod to the inclined plane is given by 
the equation ¢sin a=a sin? 6 cos (9 ~ a). 


; 26. A square board is hung flat against a wall, by means of a 
string fastened to the two extremities of the upper edge and hung 
round a perfectly smooth rail; when the length of the string is less 
than the diagonal of the board, shew that there are three positions of 
equilibrium, — 
Ps 3 B12 9 


* Jo 
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97, A hemispherical bowl, of radius 7, rests on a smooth hori- 
zontal table and partly inside it rests a rod, of length 21 and of 
weight equal.to that of the bowl. Shew that the position of equili- 
brium ig given by the equation 

Lsin (a +8)=r sin a= —2r cos (a+ 28), 
where a is the inclination of the base of the hemisphere to the hori- 
zon, and 28 is the angle subtended at the centre by the part of the 
rod within the bowl. 


98. A uniform rod, of weight W, is suspended horizontally from 
two nails in a wall by means of two vertical strings, each of length J, 
attached to its ends. A smooth weightless wedge, of vertical angle 


30°, is pressed down with a vertical force = between the wall and 


the rod, without touching the strings, its lower edge being kept hori- 
zontal and one face touching the wall. Find the distance through 
which the rod is thrust from the wall. 


29, AB is a smooth plane inclined at an angle a to the horizon, 
and at A, the lower end, is a hinge about which there works, without 
friction, a heavy uniform smooth plank AC, of length 2a. Between 
the plane and the.plank is placed a smooth cylinder, of radius 7, 
which is prevented from sliding down the plane by the pressure of 
the plank from above. If W be the weight of the plank, W’ that of 
the cylinder, and @ the angle-between the plane and the plank, shew 
that : 

W'r 1—cosé@ 
Wa = COs (a + @) . 


80. ‘Two equal circular dises—of radius r—with smooth edges, 
are placed on their flat sides in the corner between two smooth 
vertical planes inclined at an angle 2a, and touch each other in the 
line bisecting the angle; prove that the radius of the least disc that 
can be pressed between them, without causing them to separate, is 
F(seoa=1). 


sin a 


31, A rectangular frame ABCD consists of four freely jointed 
bars, of negligible weight, the bar AD being fixed in a yertical posi- 
tion. A weight is placed on the upper horizontal bar AB at a given 
point P and the frame is kept in a rectangular shape by a string AC. 
Find the tension of the string, and shew that it is unaltered if this 


weight be placed on the lower bar CD vertically under its former 
position. 


32. A uniform rod MN has its ends in two fixed straight rough 
grooves OA and OB, in the same vertical plane, which make angles a 
and 8 with the horizon; shew that, when the end JZ is on the point 
of slipping in the direction 40, the tangent of the angle of inclina- 
tion of MN to the horizon is —S™(¢—=8-2«) 

o the horizon is dsin B+e) sin(ase’ where ¢ is the 


angle of friction. 


a 
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33, A rod, resting on a rough inclined plane, whose inelination a 
to the horizon is greater than the angle of friction X, is free to turn 
about one of its ends, which is attached to the plane; shew that, 
for equilibrium, the greatest possible inclination of the rod to the 
line of greatest slope is sin-! (tan cot a). 


34, Two equal uniform rods, of length 2a, are jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed 
sphere of radius ¢. Find the limiting position of equilibrium, and 
shew that, if the coefficient of friction be c+-a, the limiting inclination 


of each rod to the vertical is tan-1X/e+a. 


35. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius 
a. Shew that the line joining the middle point of the rod to the 


a 
centre of the sphere makes with the vertical an angle tan— aca 5 


36. A rough rod is fixed in a horizontal position, and a rod, 
having one end freely jointed to a fixed point, is in equilibrium 
resting on the’ fixed rod; if the perpendicular from the fixed point 
upon the fixed rod be of length b and be inclined to the horizon at an 
angle a, shew that the portion of the fixed rod upon any point of which 
the movable rod may rest is of length 


2ub cos a 
a/sin?a — u? cos*a’ 


where y is the coefficient of friction. 


87. A glass rod is balanced, partly in and partly out of a cylin- 
drical tumbler, with the lower end resting against the vertical side 
of the tumbler. Ifa and B be the greatest and least angles which 
the rod can make with the vertical, shew that the angle of friction is 


titan sin’ a — sin? 6 
sin? @ cos a + sin” 8 cos 6" 

88. A rod rests partly within and partly without a box in the 
‘shape of a rectangular parallelopiped, and presses with one end 
against the rough vertical side of the box, and rests in contact with 
the opposite smooth edge. The weight of the box being four times 
that of the rod, shew that if the rod be about to slip and the box 
be about to tumble at the same instant, the angle that the rod makes 
with the vertical is 44+4cos-1(4 cos), where X is the angle of 
friction. : 
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39. A uniform heavy rod lies on a rough horizontal table and is 
pulled perpendicularly to its length by a string attached to any point. 
About what point will it commence to turn? 


; Shew also that the ratio of the forces, required to move the rod, 
when applied at the centre and through the end of the rod perpen- 
dicular to the rod, is ,/2+1:1. 


40. ‘Two equal heavy particles are attached to a light rod at 
equal distances c, and two strings are attached to it at equal distances 
a from the middle point; the rod is then placed on a rough hori- 
zontal table, and the strings are pulled in directions perpendicular 
to the rod and making the same angle @ with the vertical on opposite 
sides of the rod. Find the least tensions that will tur the rod and 


shew that, if the coefficient of friction be “ , the tension will be least 
when @ is 45°. : 


41, Two equal similar bodies, 4 and B, each of weight W, are 
connected by a light string and rest on a rough horizontal plane, 
the coefficient of friction being u~. A force P, which is less than 
2ui¥, is applied at d in the direction BA, and its direction is 
gradually turned through an angle @ in the horizontal plane. Shew 
that, if P be greater than ,/2uIV, then both the weights will slip 


when cos 0= 5p but, if P be less than ,/2uW and be greater than 


BW, then A alone will slip when sin ont : 


42, A uniform rough beam AB lies horizontally upon two others 
at points 4 and C; shew that the least horizontal force applied at-B 
in a direction perpendicular to BA, which is able to move the beam, 


is the lesser of the two forces suW and nw * , where AB is 2a, 
ACis b, W is the weight of the beam, and , the coefficient of friction. 
43. Auniform rough beam AB, of length 2a, is placed horizontally 


on two equal and equally rough balls, the distance between whose centres 
is b, touching them in C and D; shew that, if b be not greater than 


+ , & position of the beam can be found in which a force P exerted at 


B perpendicular to the beam will cause it to be on the point of motion 
both at C and D at the same time. ; 


44, A uniform heavy beam is placed, in a horizontal position, 
between two unequally rough fixed planes, inclined to the horizon 


at given angles, in a vertical plane perpendicular to the planes. Find 
the condition that it may rest there. : 


~ cd 
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45. A uniform rod is in limiting equilibrium, one end resting 
on @ rough horizontal plane and the other on an equally rough plane 
inclined at an angle a to the horizon. If X be the angle of friction, 
and the rod be in a vertical plane, shew that the inclination, 0. 
of the rod to the horizon is given by 


sin (a — 2)) 
tan = cas Lo 
an 0= ain h sit (a—)) 


Find also the normal reactions of the planes. 


46. If a pair of compasses rest across a smooth horizontal 
cylinder of radius ¢c, shew that the frictional couple at the joint 
to prevent the legs of the compasses from slipping must be 


a 
W (c cot a cosec a—a sina), 


where W is the weight of each leg, 2a the angle between the legs, and 
a@ the distance of the centre of gravity of a leg from the joint. 


47. The handles of a drawer are equidistant from the sides of 
the drawer and are distant ¢ from each other; shew that it will be 
impossible to pull the drawer out by pulling one handle, unless the 
length of the drawer from back to front exceed jc. 


48. I£ one cord of a sash-window break, find the least coefficient 
of friction between the sash and the window-frame in order that the 
other weight may still support the window. ; 


49, A circular hoop, of radius one foot, hangs on a horizontal 
bar and a man hangs by one hand from the hoop. If the coefficient 
of friction between the hoop and the bar be 1+,/3, find the shortest 
possible distance from the man’s hand to the bar, the weight of 
the hoop being neglected. SA 


50. A square, of side 2a, is placed with its plane vertical between 
two smooth pegs, which are in the same horizontal line and at a 
distance c; shew that it will be in equilibrium when the inclination 

; a _ 2 
of one of its edges to the horizon is either 45° or 4 sin-! re 2 af 


1, Three equal circular discs, A, B, and C, are placed in contact 
with each other upon a smooth horizontal plane, and, in addition, 
Band CO are in contact with a rough vertical wall. If the coefficient 
of friction between the circumferences of the discs and also between 
the discs and wall be 2-,/3, shew that no motion will ensue when 4 
is pushed perpendicularly towards the wall with any force P. 
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52. If the centre of gravity of a wheel and axle be at a distance 
a from the axis, shew that the wheel can rest with the plane through 
the axis and the centre of gravity inclined at an angle less than @ 


Dire ; : 
to the vertical, where sin ae sin ¢, b being the radius of the axle, 


and ¢ the angle of friction. 


53. A particle, of weight w, rests on a rough inclined plane, of 


weight WV, whose base rests on a rough table, the coefficients of friction 
being the same. If a gradually increasing force be applied to the 
particle w along the surface of the inclined plane, find whether it will 
move up the plane before the plane slides on the table, the angle of 
inclination of the plane being a. 


; ae 

54, A rough cylinder, of weight W’, lies with its axis horizontal 
upon a plane, whose inclination to the horizontal is a, whilst a man, 
of weight W (with his body vertical); stands upon the cylinder and 
keeps it at rest. If his feet be at A and a vertical section of the 
cylinder through 4 touch the plane at B, shew that the angle, @, sub- 
tended by AB at the centre of the section, the friction being sufficient 
to prevent any sliding, is given by the equation 


W sin (0+0)=(W+W’") sina. 


55, Two rough .uniform spheres; of equal radii but unequal 
weights WV, and Wo, rest in a spherical bowl, the line joining their 
centres being horizontal and subtending an angle 2a at the centre of 
the bowl; shew that the coefficient of friction between them is not 


HW tan (45-8), 


] h 
ess than W,+W, 


56. Two rigid weightless rods are firmly jointed, so as to be at 
right angles, a_weight being fixed at their junction, and are placed 
over two rough pegs in the same horizontal plane, whose coefficients 
of friction are ¢ and y’. Shew that they can be turned either way 


from their symmetrical position through an angle ian ote 5 


without slipping. 


57. A sphere, of weight WV, is placed on a rough plane, inclined 
to the horizon at an angle a, which is less than the angle of friction; 


shew that a weight 5 ee a , fastened to the sphere at the 
cos a—sina 


upper end of the diameter which is parallel to the plane, will just 
prevent the sphere from rolling down the plane. 


What will be the effect of slightly decreasing or slightly increasing 
this weight? 


SS 


Na 
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58. Two equal uniform rods are joined rigidly together at one 
extremity of each to form a V, with the angle at the vertex 2a, and 
are placed astride a rough vertical circle of such a radius that the 
centre of gravity of the V is in the circumference of the circle, the 
angle of friction being e. Shew that, if the V be just on the point of 
motion when the line joining its vertex with the centre of the circle 
is horizontal, then sin e= »/sin a. 


If the rods be connected by a hinge and not rigidly connected 
and the free ends be joined by a string, shew that the joining string 
will not meet the circle if sina be <4; if this condition be satisfied, 
shew that if the V is just on the point of slipping when the line 
joining its vertex to the centre is horizontal, the tension of the string 


; WwW j,—____ 
will be ss »/1+cosec a, where W is the weight of either rod. 


59. A vertical rectangular beam, of weight W, is constrained by 
guides to move only in its own direction, the lower end resting on a 
smooth floor. If a smooth inclined plane of given slope be pushed 
under it by a horizontal force acting at the back of the inclined 
plane, find the force required. 


If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of » so that the inclined 
plane may remain, when left in a-given position under the beam, 
without being forced out? 


: 60. A circular disc, of weight W and radius a, is suspended 
horizontally by three equal vertical strings, of length b, attached 
symmetrically to its perimeter. Shew that the magnitude of the 
horizontal couple required to keep it twisted through an angle 6 is 


sin 6 

| Pea 

eA Ge ate Ae 
as 4a” sin? 5 Fe 


61. Two small rings, each of weight W, slide one upon each of 
two rods in a vertical plane, each inclined at an angle a to the 
vertical; the rings are connected by a fine elastic string of natural 
length 2a, and whose modulus of elasticity is 4; the coefficient: of 
friction for each rod and ring is tan 8; shew that, if the string be 
horizontal, each ring will rest at any point of a segment of the rod 
whose length is 


Wa cosec a {cot (a — 8) — cot (a+ )}. 


Wa? 


62. A wedge, with angle 60°, is placed upon a smooth table, and 
_ a weight of 20 lbs. on the slant face is supported by a string lying on 
that face which, after passing through a smooth ring at the top, 
supports a weight W hanging vertically; find the magnitude of IW. 


i > — ot 
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Find also the horizontal force necessary to keep the wedge at rest 
(1) when the ring is not attached to the wedge, 
(2) when it is so attached. 

Solve the same question supposing the slant face of the wedge to 


be rough, the coefficient of friction being Er and the 20 Ib. weight on 
N 
the point of moving down. 


63. Shew that the power necessary to move a cylinder, of radius 
r and weight W, up a smooth plane inclined at an angle a to the 
horizon by means of a crowbar of length J inclined at an angle B to 
the horizon is 
Wr sina 
1 1+cos(a+ 8)” 


64, A letter-weigher consists of a-uniform plate in the form of.a 
right-angled isosceles triangle 4 BC, of mass 3 ozs., which is suspended 
by its right angle C from a fixed point to which a plumb-line is 
also attached. The letters are suspended from the angle A, and their 
weight read off by observing where the plumb-line intersects a scale 
engraved along 4B, the divisions of which are marked 1 oz., 2 oz., 
3 0z., etc. Shew that the distances from A of the divisions of the 
scale form a harmonic progression. 


65, A ladder, of length J feet and weight W Ibs., and uniform in 
every respect throughout, is raised by two men 4 and B from a hori- ; 
zontal to a vertical position. A stands at one end and B, getting 
underneath the ladder, walks from the other end towards -4 holding 
Successive points of the ladder above his head, at the height of d feet 
from the ground, the force he exerts being vertical. Find the force 
exerted by B when thus supporting a point n feet from A, and shew 
that a work done by him in passing from the n** to the (rn —1)™ foot 
8 Sn (n—1)" - 

When must 4 press his feet downwards against his end of the 
ladder? 


66. Prove-that an ordinary drawer cannot be pushed in by a 
force applied to one handle until it has been pushed in a distance 
a. by forces-applied in some other manner, where a is the distance 
between the handles and yu is the coefficient of friction. 


_ 67, Three equal uniform rods, each of weight W, have their ends 
hinged together so that they form an equilateral triangle ; the triangle 
rests in a horizontal position with each rod in contact with a 
smooth cone of semivertical angle a whose axis is vertical; prove 
that the action at each hinge is oo : 


6 tai she 
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68. A reel, consisting of a spindle of radius ¢ with two circular 
ends of radius a, is placed on a rough inclined plane and has a thread 
wound on it which unwinds when the reel rolls downwards. If « be 
the coefficient of friction and a be the inclination of the plane to the 
horizontal, shew that the reel can be drawn up the plane by means 
of the thread if » be not less than 9" * 

@—€ COS a 

69. Prove the following geometrical construction for the centre 
of gravity of any uniform plane quadrilateral ABCD ; find the centres 
of gravity, X and Y, of the triangles ABD, CBD; let XY meet BD in 
U; then the required centre of gravity is a point G on XY, such that 
YG=XUz 


70, ‘There is a small interval between the bottom of a door and ¢ 


the floor, and a wedge of no appreciable weight has been thrust into 
this interval, the coefficient of friction between its base and the floor 
being known. If the angle of the wedge be smaller than a certain 
amount, shew that no force can open the door, the slant edge of the 
wedge being supposed smooth. 


71. On the top of a fixed rough cylinder, of radius r, rests a thin 
uniform plank, and a man stands on the plank just above the point 
of contact. Shew that he can walk slowly a distance (n+1) re along 
the plank without its slipping off the cylinder, if the weight of the 
plank is n times that of the man and eis the angle of friction between 
the plank and the cylinder. 


72. A hoop stands in a vertical plane on a rough incline which 
the plane of the hoop cuts in a line of greatest slope. It is kept in 
equilibrium by a string fastened to a point in the circumference, 
wound round it, and fastened to a peg in the incline further up and 
in the same plane. If) is the angle of friction, @ the angle the hoop 
subtends at the peg, and a that of the incline, shew that there is 
limiting equilibrium when 6=a+cos™! [). What will 
happen if @ has a greater value? F 


73. Shew that the least force which applied to the surface of a 
heavy uniform sphere will just maintain it in equilibrium against a 
rough vertical wall is 

i Weose or Wtane[tan e— ,/tan®e—1] 


according as e<or>cos? ee y , where W is the weight and e« the 


angle of friction. 


74, A uniform rod, of weight W, can turn freely about a hinge at 
one end, and rests with the other against a rough vertical wall making 


an angle a with the wall. Shew that this end may rest anywhere on 


toe 
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an are of a circle of angle 2 tan—!{u tana], and that in either of the 


extreme positions the pressure on the wall is 4W [cot?a +p?) — 3, where 
pis the coefficient of friction. : 


75, If the greatest possible cube be cut out of a solid hemisphere 
of uniform density, prove that the remainder can rest with its curved 
surface on a perfectly rough inclined plane with its base inclined to 
the horizon at an angle 

- 8 (3r—,/6) . 
—1 hn 5 SNES 
sin [ a sina | : 


where a is the slope of the inclined plane. 


76, A cylindrical cork, of length 7 and radius r, is slowly ex- 
tracted from the neck of a bottle. If the normal pressure per unit of 
area between the bottle and the unextracted part of the cork at any 
instant be constant and equal to P, shew that the work done in 
extracting it is murl?P, where uw is the coefficient of friction. 


ANSWERS TO THE EXAMPLES. 


I. (Pages 15, 16.) 

Ey G25 5. uy Soe a va Vol 5 (%) 260" 5 
(vi) 15 or ,/505; (vii) 3. 

2. 20 Ibs. wt.; 4 lbs. wt. 

3.  ,/2 lbs. ne in a direction south-west. 

4. 205 lbs. wt. 

5. P lbs. wt. at right angles to the first component. 

6. 2 lbs. wt. 7. 20 Ibs. wt, 8. 17 lbs. wt. 
9 


60°. 10. 3 Ibs. wt.; 1 Ib. wt. 
11. (i) 120°; (ii) cos (= 5), ie. 151° 3’, 
2 2 
Ze 3cose- (-3m) 


13. In the direction of the resultant of the two given 
forces. 
14. (i) 23-8; (ii) 6°64; (iii) 68° 12’; (iv) 2°56. 
II. (Pages 19, 20.) 


5,/3 and 5 lbs. wt. 2. (i) $P./2; (ii) 43P. 
50 lbs. wt. 


Each is 100,/3, 2.e. 57-735, lbs. wt. 
36-603 and 44:83 lbs. wt. nearly. 


SO ge ala 


ii STATICS 


6. P Uist) and 5 (./6— J/2), ie Px -732 and — 
Px-b176: 

8. #,/3 and 2F. 

9. F,/2 at 135° with the other component. 


10. 10,/5 at an angle tan“ } (i.e, 22°36 at 26° 34’) with 
the vertical. 


1l. 33°62 lbs, wt. ; 51:8 Ibs. wt. 


III. (Pages 25, 26.) 


Ip 1 BRE TS: ai fale ley 3. 20 
4. 2.90'5 112° S37" ( = 180° — cos-? -&,), and 157° 23’. 


I3/) 
9. A,=34-4 lbs. wt., a,-81°; R,=6-5 lbs. wt., a,=169", © 
10. A012 57". 11.52.00); 
12é<267 25-10 le+, 13... 46°" 1385 
14, +296: 14°, 15. 2°66 ewts. 


IV. (Pages 26—28.) 


1. 40. 2. 608 (-; , ie. 104° 29’, 
3. 2,/3 and ,/3 Ibs, wt. 

4. 15,/3 and 15 Ibs. wt. iy ee 
6. 5 and 13 9. 12 lbs, wt. 


16. The straight line passes through C and the middle 
point of AB, ‘ 


19. The required point bisects the line joining the 
middle points of the diagonals, 


20. Through B draw BZ, parallel to AC, to meet CD 
in LZ; bisect DL in X; the resultant is a force through X, © 
parallel to AD, and equal to twice AD, : 


he ee 


ANSWERS : lil 


V. (Pages 33—35.) 
1. 4 lbs. wt. in the direction AQ. 
2. /50 + 32,/2 at an angle tan”! Sits ad #.€.. 9°46 


Ibs. wt. at 36° 40’, with the first force. 
8. 2P in the direction of the middle force. 
4. 7P at cos'1}, 2. 38° 13’, with the third force. 
5. ,/3P at 30° with the third force. 
6. 12°31 making an angle tan~'5, 7.e. 78° 41’, with AB. 
7. 14-24 lbs. wt. 
8. 5 lbs. wt. opposite the second force. 
tP (,/5 +1) /10 + 2,/5 2/5 bisecting the angle between 
Q and R. 
10._ 10 lbs. wt. towards the opposite angular point. 


1l. 125 +68,/3 lbs. wt. at an-angle tan7! os ie lee 
PoE } 


2.e. 15:58 lbs. wt; at 76° 39’, with the first force. 

13. Px 5-027 towards the opposite angular point of the 
octagon. 

14. 17-79 lbs. wt. at 66° 29’ with the fixed line. 

15. 9°40 lbs. wt. at 39° 45’ with the fixed line. 

16. 39-50 Ibs. wt. at 111° 46’ with the fixed line. 

17. 42-5 kilog. wt. at 30° with OA. 


co . 


VI. (Pages 38—41.) 


1 i y6- 2); WW/3-)). 

2. 22 and 34 lbs. wt. 3. 126 and 32 Ibs. wt. 

4. 56 and 42 Ibs. wt. 5. 48 and 36 lbs, wt. 

6. 4, 8, and 12 lbs. wt. © A Deas Le 

8. 120 Ibs. wt. 

9. The inclined portions of the string make 60° with 


- the vertical and the thrust is W./3. 


iv STATICS 


10. 7:23 Ibs. wt. 1l. The weights are equal. 
12. 1-34 inches. 13. 24 and 93 lbs. wt. 
14. 14 lbs. wt. 15... 6 £6.25 ins.; 2554 ins: 


16. They are each equal to the weight of the body. 
18. 2P cos = where a is the angle at the bit between 
the two portions of the rein. 


20. Tse’. 22° SW fe 


VII. (Pages 45, 46.) 


1. 42-9 Ibs. wt. ; 19-91 Ibs. wt. 

2. 14 and 12 tons wt. 

8. 37-8 and 85:1 lbs. wt. 4. 15:2 Ibs. 

5. 3°4, 6°6, 3°67, 7°55 and 5 ewt. respectively. 

6. 160 lbs. and 120 Ibs. wt. ; 128 and 72 lbs. wt, 
7. 20 cwts. and 6 ewts. 

8. 244-84 and 561-34 lbs. wt. 

9. 2°73 and -93 tons wt. 
10. (1) 3, 1} and 1 ton wt.; (2) 2, 2 and 1 ton wt. 


ll. A thrust of 5:01 tons wt in-AC, and a pull of 1:79 
tons wt. in OD. 


VIII. (Pages 5557.) 
1 (i) R=11, AC=7 ins; (ii) R=30, AG=1 ft. 
7 ins.; (iii) R=10, AC =1 ft. 6 ins. 

2. (i) R=8, AC=25 ins; (ii) R=8, ACO =—75 ins, ; 
(iii) R=17, AC=—19, ins. 

3. (i) Q=9, AB=8} ins. ; (ii) P= 23, F=133; 
(iii) Q=68, R= 123. | 

4. (i) Q=25, AB=35, ins. ; (ii) P=245, R=138; 
(ili) Q= 24, R= 38, 


ANSWERS v 


5. 15 and 5. lbs. wt. 6. 43% and 13} lbs. wt. 

8. 98 and 70 lbs. wt. 

9. The block must be 2 ft. from the stronger man. 
10. 4 ft. 3 ins. ele bo-wik 12. 1 foot. 
13. 20 lbs.; 4 ins.; 8 ins. 14. 142 ins. ; 10% ins. 
16. 40 and 35 lbs. ae 17. iW. 


18. The force varies inversely as the distance between 
his hand and his shoulder. 

19. (i) 100 and 150 lbs. wt.; (ii) 50 and 100 lbs. wh 
(iit) 25 and 75 lbs. wt. 

~ 20. 1 Ib. wt. at 5 ft. from the first. 

21. 77°55 and 34-45 lbs. wt. approx. 


IX. (Pages 71—74.) 


1h Bo 2. 5,/3 ft.-lbs. 

8. 75,/3 = 129°9 lbs. wt. 

4. 3 ft. 8 ins. from the 6 lb. wt. 

5. Ata point distant 6°6 feet from the 20 lbs. 
6. 2 ft. from the end. 7. 22 Ibs. 

8. 23 Ibs. 

9. 


(1) 4 tons wt. each ; (2) 42 tons wt., 35 tons wt. 
10. # is 3 inches from the peg. ll. 4 cwt. 
12. One-quarter of the length of the beam. 
13. 55 lbs. wt. 
14. The weight is 3} lbs. and the point is 84 ins. from 
the 5 Ib. wt. 
15. 3 ozs. 16. 855, 853, and 29 lbs. wt. 
17. 96, 96 and 46 lbs. wt. 
18. 13% ins. from the axle. 
See LO, 2 2/2 lbs. wt., parallel to C'A, and cutting AD at P, 
_ where AP equals $4 D. 
20. 2P acting along DC. 
: 21. The oe is parallel to AC and cuts AD at P, 
where AP is ? ft. 


% Tae eae, 22 
on - ; cae ea ie ee 


V1 STATICS 


22. 20,/5 lbs. wt, cutting AB and AD in points distant 
from A 8 ft. and 16 ft. respectively. 

23. P,/3 perpendicular to BC and cutting it at Q where 
BQ is 3BC. 

29. The required height is #/,/2, where / is the length 
of the rope. 


31. A straight line dividing the exterior angle between 
the two forces into two angles the inverse ratio of whose 
sines is equal to the ratio of the forces. 


33. 225 Ibs. wt. 


X. (Page 79.) 


2. 9 ft.-lbs. Oz. 


4. <A force equal, parallel, and opposite, to the force at 
C, and acting at a point C’ in AC, such that CO’ is 2 AB. 


XI. (Pages 92—96.) 


2 45°, 3. 10,/2 and 10 Ibs. wt. 
4. The length of the string is AC. 

5. EW I3; 4/8. 

8 


a 
= must be <1 and >1. 


1 
12. 3,/S.and £,/5 lbs. wt. 
14. W coseca and W cota. 15. 1W,/3. 
16... 30°; 2W./3; 4W,/3. 7. /7.:2,/8. 
18. 4°,/3 lbs; wt. 19. 62 Ibs. wt. 


21. Anh? + a? sin? a/(h +a cos a), Where 2a is the height 
of the picture. 


22. The reactions are 
b : i r 


a 
eae Wand ab ReS ar W. 

25. 3:16 ft.; 133 and 118-8 lbs. wt. 

26. 15°5 lbs. wt. 27. 6-75 and 16-6 lbs. wt, 

28, 2°83 and 3°61 ewts. 29. 26-8 and 32:1 lbs. wt. 


~~, 


. ANSWERS vil 


e 


XII. (Pages 107—111.) 


l. 47/3. mee WIS: 

4. £Weota; Weota. 

F “Wsin B Wsina | cot B—cot a 
"sin (a+ B)’ sin (a +)’ an ( SD ae =) : 

8. 3 Ib. wt. ll. AC=a; the tension=2W,/3. 


14. The reactions at the edge and the base are 
respectively 3°24 and 4:8 ozs. wt. nearly. 


15. W.r/2/R—7, 18. Ws ee Ferd 16: 
24. 1331 and 1662 lbs. wt. 
26.- 1743 and 28 lbs. wt. 27. 20 Ibs. wt. 


XIII. (Page 113.) 


1. The force is 4,/2 lbs. wt. inclined at 45° to the 
third force, and the moment of the couple is 10a, where 
@ is the side of the square. 

2. The force is 5P ,/2, parallel to DB, and the moment - 
_ of the couple is 3Pa, where a is the side of the square. 

38. The force is 6 lbs. wt., parallel to CB, and the 
21/3 


5 - where a is the side of 


moment of the couple is 


the hexagon. 


XIV. (Pages 117, 118.) 


1. The side makes an angle tan! 2 with the horizon, 
2. 1a. 3. (n+2)NPae 

4. A weight equal to the weight of the table. 

6. 10 lbs. 


7. On the line joining the centre to the leg which is 
opposite the missing leg, and at a distance from the centre 
equal to one-third of Lae diagonal of the square. 


22—2 


vill STATICS 


8. 120 lbs. 9. sin-? 2 _ 2 
prw 


cos A 


11. The pressure on A is W Santee 


XV. (Pages 128, 129.) 
1. 14, 13, and 13 feet. 2. 2, 22, and 13 feet. 
3. 2,/5, 3, and 3 inches. 
6. The pressure at the point A of the triangle is 
w a. 
3°" esin B’ 
where a is the perpendicular distance of the weight JV from 
the side BC. 
LOS COR. 12.2) cost 4 ovd.e, 75° aa”: 


XVI. (Pages 131, 132.) 


43 inches from the end. 

15 inches from the end. 

25 feet. — 4. 2° inch from the middle, 
74 inch from the first particle, 


6. It divides the distance between the two extreme 
weights in the ratio of 7 : 2. 


Ben I Se 


inquons cde 8. 1°335... feet. 9. - inches, 


10. 12 Ibs. ; the middle point of the rod, 
XVII. (Pages 137, 138.) 


1. One-fifth of the side of the square. 
3a 
4 


3. At a point whose distances from AB and AD are 
16 and 15 inches respectively, 


2. from AB ; i from AD, 


———_ " = 


ANSWERS ix 


4. 7} and 8} inches. 5. an/195 50 / 283. 
7. At the centre of gravity of the lamina. 
8. S8iand 11} inches. LOne De lavats 


12. At a point whose distances from BC and CA are 
respectively ;*,ths and j4:ths of the distances of A and B 
from the same two lines, 


14. It divides the line joining the centre to the fifth 
weight in the ratio of 5: 9, 

18. - One-quarter of the side of the square. 

20. 41 inches from 4, 


21. It passes through the centre of the circle inscribed 
in the triangle. 


XVIII. (Pages 141143.) 


23; inches from the joint. 
5{ inches from the lower end of the figure. 
It divides the beam in the ratio of 5 : 11. 
At the centre of the base of the triangle. 
72 inches. 
One inch from the centre of the larger sphere. 
8. Its distance from the centre of the parallelogram is 
one-ninth of a side. 
9. The distance from the centre is one-twelfth of the 
diagonal. 
10. The distance from the centre is 1,th of the diagonal 
of the square. : 
11. It divides the line joining the middle points of the 
opposite parallel sides in the ratio of 5 : 7. 


, 5a 
12. 4,/3 inches from 0. ; 14, Ts" 


ey oo So! 


15. A’ bisects AD, where D is the middle point of BO. 
16, It divides @A in the ratio /m—1:mJm—3,/m+1. 


x STATICS 
‘ : ae ieee : 
17. The height of the triangle is —-+—, 2.¢. °634, of the 
side of the square. 
18. +33 Inches from the centre. 
19. The centre of the hole must be 16 inches from ike 
centre of the disc. 


20. It is at a distance ee from the centre of the 


larger sphere. 
21. 45h, where A is the height of the cone, 
22. 13°532 inches. 


23. The height, z,of the part scooped out is one-third 
of the height of the cone. 


24. 3080 miles nearly. 


XIX. (Pages 145—148.) 
1. By 7, 8, and 9 lbs. wt. respectively. 


1,5 inch. 6. 5:4. 
10. At the centre of gravity of the triangle. 
14. 2sin-"4. 15.0 761: & 


16. The Sisk of the cone must be to the height of the 
cylinder as 2> [2 : 1, we. as *5858 : 1. 


19. It divides the axis of the original cone in the ratio 
32. 
XX. (Pages aia 
ue 
6 


1. 62 inches. Hae us inches. 4, 5 
Ri ae 


8. 18 if they overlap in the direction of their lengths, 
and 8 if in the direction of their breadths. 


11. ,/3 times the radius of the hemisphere. 
12, 1/2 14. dr. 


ANSWERS xi 


18. ‘The string makes an angle cos~? (“3"*) with 


the plane where a is its inclination to the horizon; the 
equilibrium is stable. 


19. The line from the fixed point to the centre is inclined 


: W— ° 
at an angle sin™ | 9 = "| to the vertical; the equi- 
p+W+we 


librium is stable. 


XXI. (Pages 168—170.) 


1. (1) 1683 ft.tons; 117 ft.-tons. 2. 1000 feet. 
3.7 6x10" it, -lbs. 4. 21120. 5. 922 hours. 


6. 87%. 7. 712, mins. 9.. 4:4352, 
10. 660,000 ft-lbs. ; 30 HP. 
11. 11132 tons wt. 13. 176 ft-lbs. ; -213 u.P. 
14. 24-2... ft-lbs. ; ~3.(n +1) ft.-lbs. 
16. 3 ft.-lbs. 18. 166 ft.-Ibs. 


XXII. soak 178—180.) 


l. 5 feet. 

2. 4 feet from the first weight; toward the first 
weight. : 

Se, FEY. 4S 2, lbs. 6. 4 lbs. 

7. 94 lbs. 


8. 6 ins. from the 27 ounces ; 12 inch, 
9. 1 foot. 10. 360 stone wt. ll. 21 Ibs. wt. 
12. 15 Ibs. wt. 18. 2,/2 at 45° to the lever. 


+ 14. 50 Ibs. wt. 
-15.. The long arm makes an angle tans with the 


horizon. 
16. 81 lbs, wt. 19. 20 lbs. 


20. ‘The weight of 23 owt. al. 3 (V3-1)4. 


Xi STATICS 


XXIII. (Pages 186, 187.) 


1. (i) 320; (ii) 7; (iii) 3. 

2. (i) 7; (ii) 452; (iii) 7; (iv) 6. 

3. 290 Ibs, 4. 103 Ibs. 5. 5 Ibs. 
Le Tbr, 9. 49 Ibs. ;_1 lb. each. 


10. 40; 21m, 12. 92% Ibs. wt, 13. 18 Ibs, wt. 


XXIV. (Pages 189, 190.) 


Eeebaiba: 2. 4 strings; 2 lbs,’ 
3. 47 lbs.; 6 pulleys. 4. 7 strings; 14 lbs. 
5. Soak where n is the number of strings ; = . : 
6. 9 stone wt. 

7. The cable would support 21 tons. 8. 7, 
9. 75 lbs. ; 1662 Ibs. 10. 13; owt. 


XXV. (Pages 195, 196.) 

1. (i) 30 Ibs. ; (ii) 4 Ibs. ; (iii) 4, 

2. (i) 161 Tbs. wt. ; (ii) 16 Ibs. wt. > (iti) $ Ib. 5 (iv) 5. 

3. 10 lbs. wt.; the point required divides the distance 
between the first two strings in the ratio of 23 : 5 

4. 11 inch from the end. 5." 183°: 

6. + inch from the end, 

8. W=7P+4w; 8 ozs.; 1 Ib. wt, 

9. 4; 1050 lbs, id). * 

12. W=P(2"—1)+ W' (gr 1). 


XXVI. (Pages 201—203.) 


1. 12 Ibs. wt.; 20 Ibs. wt. a. 30°; wae. 


8. 103-92 Ibs. wt. ds 32a OP 
i ie Ys 7. cos '}¢3 sin} to the plane, 


vi 


12. 
13. 


14. 


Lav ara 


10. 
12. 


13. 
14. 


15. 


sO Le wena Bo\irt 


ANSWERS Xiii 


53 lbs. wt. ; is Ibs. wt. 9. 6 lbs. wt. 
sina 


16+ lbs. [Wiis 5a eevee 
Z sin 6 —sina 


The point divides the string in the ratio 1 : sina. 
17°374 lbs. wt. ; 46-884 lbs. wt. 

10-318 lbs. wt. ; 12-208 Ibs. wt. 

16°12 lbs. wt. ; 34-056 lbs. wt. 


XXVII. (Pages 208, 209.) 


7 lbs. wt. 

120 lbs. wt. ; 70 lbs. wt. on each ; 11032 lbs. wt. 
20 inches. 4. 7 feet. 5. 34 tons. 
3 lbs. wt. (6 {53a oe 8. 231 Ibs. wt. 
21 lbs. wt. 10. 360 lbs, Lig 2 OMltast 
1500 ft.-lbs. 
47040 ft.-lbs.; 2 ewt.; 210 feet. 

2b 2k 


oe Ge IS 


XXVIII. (Pages 216, 217.) 


11 lbs. "2, 264 Ibs. 3. 2 ozs. 
2205 © lbs, 5. 24-494 Ibs. 6. 5: ,/26, 
$,/110 inches ; ,/110 lbs. 

9s.-30.3. 1s, 94d. 

He will losé one shilling. 

LO LOL po LUe sels 


EQS oD ce Os 
See ara 
,. wu! — P? 
ig © aa ieee Say ai 
peak “16. 16 Ibs. 


xiv STATICS 


XXIX. (Pages 222 224). 


1. 343 inches from the fulcrum. 

2. 2 inches from the end; 1 inch. 

3. 32 inches from the fulcrum. 

4.5 2inch; 41 lbs, 5. 4 inches. 


6. 16 lbs.; 8 inches beyond the point of attachment of 
the weight. 

1a.5 % Tb. 5 49 Ib. 

8. 26 lbs. ; 15 Ibs.; 10 inches from the fulcrum. 

9. 3 Ibs, 10. 153 Ibs. ; 62 Ibs<3 4 inches 


11. Itis 10 inches from the point at which the weight 
is attached. 


12. 3 ozs. 13. 30 inches. 


15. The machine being graduated to shew lbs. the 
weights indicated must each be increased by 3th of a lb. 


16. ‘The numbers marked on the machine must each be 
increased by 30° where x and y are respectively the 


' distances of the centre of gravity of the machine and its 
end from the fulcrum, and W is the weight of the machine. 


17. He cheats his customers, or himself, according as he 
decreases, or increases, the movable weight. 


XXX. (Pages 230, 231.) 
(In the Sollowing examples + is taken to be 22.) 


1. 4400 lbs, 2. 5,8, inches. 3. 2% Ibs. wt. 
4. 1,99, lbs, wt. | 5. 484 Ibs. wt. 

6. 1323 tons wt. 7. 62.tons wt, 

8. 50329 Ibs. wt. 9. 4,52. inches. 


10. 45255. 11. 54308. 12. 42 ft.-Ibs, 


ANSWERS XV 


XXXI. (Pages 244—246.) 
1. 10 lbs. wt.; 121 Ibs. wt.; 10,/17 and 42,/17 lbs. 


wt. respectively, inclined at an angle tan-+4 with the 


horizontal. 
1 hae £4 
eb Ww => ee == 4714. 


3. 10,/10 lbs wt. at an angle tan '3 with the 
horizon. 


Gace 7. 4£,/3 Ibs. wt. 9. ABE 

10. sin8=sina+yp cosa, ' 
W,+W;, 

ll. tan-' yw) where W, and W, are the two 
W,- W, ; 

weights. 

14. ax 134. 

15. At an angle equal to the angle of friction. 

16. 2°19 cwts. - Lien J 977 Abs, wt. 5. “32. 


XXXII. (Pages 257—259.) 


3808 ft.-lbs. 2. 7,392,000 ft.-lbs.; 77% HP. 
23,040,000 ft.-lbs. ; 54% HP. 

7766, 6. 446. 

7. -11, °34, and ‘47 nearly. 

8. a= 4125; 6=-01125. 


Pear 


(The answers to the following four questions 
will be only approximations.) 


9. a=5:3; b= 097. 
10. P=7:3+°236W; 
pe een, yf a 
~ 3654118 W’ 7-34 :236W- 
ll. P=4:3+4:7W; 8 and ‘88. 
12. P=185+5:5W; 59 and 79. 


xvl STATICS 


XXXII. (Pages 262, 263.) 
1. 112 Ibs. wt. 9. 45°. 


It can be ascended as far as the centre. ; 
8. 50 feet ; one-quarter of the weight of the ladder. 


2u— tana 
aw 


soak aba, 2u, the weight is negative 
ae i 1 na> Bs 2 g 5 


2.€. the ladder would have to be held up in order that there 
should be equilibrium; if tana<p, the weight is again 
negative, and we should then only get limiting equilibrium 
if the ladder were held up, and in this case the feet would 
be on the point of moving towards one another. 


XXXIV. (Pages 264, 265.) 


1. tan-'i; height =twice diameter, 4. 45°, 
6. 2 tant ie 2 tan (-1443) = 16° 26’ 
8. Unity. 


XXXV. (Pages 269273.) 


11. ae = 0577. 15) p (= + 1) SRDS 
18." £. 


9 
20. The required force is 2W at an angle cos~'11 with 


the line of greatest slope. 
Pre : 15/3 é 
21. Ina direction making an angle cos 7 (= 15° 48’) 
with the line of greatest slope. 


24. If «cota be greater than unit , there is no Limiting 
position of equilibrium, <.e., the particle will rest in any 
position. 


28. 60°. 


8. 


10. 
12. 


ANSWERS Xvil 


XXXVI. (Pages 277, 278.) 


At P, where BP equals 4 BC ; th 


a ACB 


7 el. 
3 VW. 
wi? 

W 3 2 J/3 Ww 

Oe hota 

Half the weight of the middle rod. 

One-eighth of the total weight of the rods, acting 


5 N10 at tan~'1 to the horizontal. 


in a horizontal direction. 


XXXVII. (Page 285.) 


6. + ft.-lb. f Tat $b.40, 
XXXVIII. (Pages 293296.) 

1. 39 Ibs. wt. ; 25:8 lbs. wt. at 1° 40’ to the horizon. 

2. 152-3 and 267-96 lbs. wt. hee fe 

4, 124°, 103°, 133°. 5. 26-9 lbs. wt. 

6. 74 lbs. wt.; 12-7 lbs. wt. 

7. A force 2° 6 Ibs. along a line which cuts BC and AC 
produced in points K and ZL such that CX = 19-25 ins. and 
CL =17-6 ins. 

- 8 (1) 14 ft.; (2) 74 ft. in the direction epposite 
to AB, . 
9. 3:9 ft. from the end. 
10. 7:15 lbs. wt. and 6°85 lbs, wt. 
11. 150, 158-115, and 50 lbs. wt. 
13. Each equals the wt. of 10 ewt. 
14. -46; 91-2 and 57:2 Ibs. wt. 
15. 


58:1, 65°8, 37-4, 33-2, and 29 lbs, wt. respectively. 


Xviil STATICS 
20. T= 13055" Te 9195 To eb ed = oe 
1) 1G WibSs ae and Vie are ties ; the others are struts. 


al. -7,= 8°39 5° 9421198 5 7,=9-62. 75 is A etree 
7, and 7, are ties. 


22. 37:2, 47-5 and 43:1 ewts. 


23. 6 tons and 2 tons; 5°77, 1:155, 1-155 and 3-464; 
of these last four the first, nee and nee th are struts sri 
the second is a tie. 


24. The tensions of 4B, BC, CD, DA are 32: 4, os A’ 
16°8 and 25-5 lbs. wt.; the thrust of BD is 367 Ibs. 


EASY MISCELLANEOUS EXAMPLES. 
(Pages 318—320.) 


1. 15 lbs. wt. at an angle tan™’4 with the second 
force. 


2. Hach component is 57-735...lbs. wt. 

3. 14:24 lbs. wt. 4. 50 and 86-6025... lbs. wt. 

6. 3 feet. 7. 2 ozs, 9. 41 inches from A. 
10. 74 inches. 


12. It divides the line joining the centre to the middle 
point of the-opposite side in the ratio 2 : 13. 


13. jths of the diameter of a penny. 
14. 8 and 12 lbs. wt. 15. 94 Ibs. wt, 
16° We 2. 


17. The required point divides thé distance between the 
two extreme strings in the ratio 13 : 49, 


18, 1,/3 Ibs. wt. 20. 18 inches; 4 inches, 
pI eecs, phen 


23. He can ascend the whole length. 
24, 10285. 


ANSWERS XIX 


HARDER MISCELLANEOUS EXAMPLES. 
(Pages 320—332.) 


5. The centre of the inscribed circle. 
6. P divides AD in the ratio 1 : SES 


9. The forces are in equilibrium. 


21. 2b. wt. 28. - 
firey © ? 
31. eee where a and 6 are the lengths of the 


sides of the frame and AP is za. 


39, At a point distant /c?+a?—a from the centre of 
the rod, where 2¢ is the length of the rod, and a is the 
distance from the centre of the given point. 


40 SS SRS 
"asin 6 + pe cos 8’ 
particle, 


where W is the weight of each 


44. The difference between the angles of inclination of 
the planes to the horizon must be not greater than the sum 
of the angles of friction. 


45. WeosdAsin (a—X) coseca, and WcosXsin dX cosec a, 
where W is the weight of the rod. 


48. ‘The ratio of the depth to the width of the sash. 


49. ,/3 feet. 


53. The particle will move first, if w#W>(1 +p?) w cosa 
sina, where a is the inclination of the face of the plane. 


57. The equilibrium will be broken. 


59. Wtanz; —ot tan i, where W’ is the weight of 


"the inclined plane. 
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62. W— 10/3; the force is (i) 5,/3 Ibs. weight, and — 


(ii) zero, 


= as ; the force is @ 5 lbs. wt, and (ii) zero. 


65. He must press. downwards when Z has raised more 
than half the ladder. 
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PREFACE. 


TTXHE present book forms Part I. of The Elements 

of Statics and Dynamics, of which Part I. (Statics) — 
has already been published. 

It aims at being useful for Schools and the less 
advanced students of Colleges; the examples are, In 
consequence, large in number, and generally of a 
numerical and easy character. Except in two articles 
and a few examples at the end of the Chapter on 
Projectiles, it is only presumed that the student has 
a knowledge of Elementary Geometry and Algebra, and 
of the Elements of Trigonometry. 

It is suggested that, on a first reading of the 
subjects, all articles marked with an asterisk should 
be omitted. 

Part I. and Part II. are, as far as is possible, 
independent of one another; hence, any teacher, who 
wishes his pupils to commence with Dynamics, may 
take Part II. before Part I., by omitting an occasional 
article which refers to Statics. 

Any corrections of mistakes, or hints for improve- 
ment, will be gratefully received. 

Ss. L. LONEY. 

Barnes, 8.W. 

March, 1891. 


PREFACE TO THE TENTH EDITION. 


1B having become desirable to re-set the type for a 

new Edition, I have taken the opportunity of 
thoroughly overhauling the whole book. Its general 
scope is unaltered, but I have introduced more graphical 
and experimental work; I have, however, confined 
myself to experiments that can be arranged by a 
teacher with the simplest of apparatus in an ordinary 
class-room. 

For two new figures on Pages 137 and 175 I am 
indebted to the kindness of Dr R, T. Glazebrook, who 
allowed me to make use of blocks prepared for his 
Mechanics, 

I hope that the additions that have been made will 
add to the usefulness of the book. 


S. L. LONEY. 


Roya Hortoway Conner, 
ENGLEFIELD GREEN, SURREY. 
May 15th, 1906. 
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DYNAMICS. 


CHAPTER I. 
VELOCITY. 


1. IF at any instant the position of a moving point 
be P, and at any subsequent instant it be Q, then PQ is 
the change in its position in the intervening time. 

A point is said to be in motion when it changes its 
position. The path of a moving point is the curve drawn 
through all the successive positions of the point. 


2. Speed. Def. The speed of a moving point is 
the rate at which it describes its path. 

A point is said to be moving with uniform speed when 
it moves through equal lengths of its path in equal times, 
however small these times may be. 


Suppose a train describes 30 miles in‘each of several consecutive 
hours. We are not justified in saying that its speed is uniform unless 
we know that it describes half a mile in each minute, 44 feet in each 
second, one-millionth of 30 miles in each one-millionth of an hour, 


and so on. 

When uniform, the speed of a point is measured by the 
distance passed over by it in a unit of time; when variable, 
by the distance which would be passed over by the point in 
a unit of time, if it continued to move during that unit of 
time with the speed which it has at the instant under 
_ consideration. 


ToD) ] 
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By saying that a train is moving with a speed of 40 miles an hour, 
we do not mean that it has gone 40 miles in the last hour, or that it 
will go 40 miles in the next hour, but that, if its speed remained 
constant for one hour, then it would describe 40 miles in that hour. 


When the speed of a point is not uniform, it may be 
measured at any instant as follows; take the distance s 
that it describes in the next tenth of a second; then the 
space described 


: is an approximation to 
time taken ” 


“ oer 
quantity =-, 1.¢. 
10 


the speed required, For a nearer approximation, let s, be 
the distance described by it in the one-hundredth of a 


: : 8 
second which follows the moment considered; then —- 


1 2 
100 


. space described 
time taken 


, iS a nearer approximation. A still 


ee OR i atanty : : 
nearer approximation is —.*—, where s, is the distance 


» .. 1000 
dese¥tbed in the one-thousandth of a second which follows 


the moment under consideration ; and so on, the time being 
taken smaller and smaller. By this means we obtain a 
definite notion of the varying velocity at any instant, 


In mathematical language this conception amounts to 
the following ;. Let s be the length of the portion of the path 
described by a moving point in the small time t JSollowing the 


instant under consideration ; then the ultimate value of _ as 


the time t is taken smaller and smaller, is the measure of the 
speed of the moving point at the instant under consideration. 


In a similar way the rate of change of any quantity 
(be it money, population of a country, or speed or anything 
else whose change can be measured) is the ratio of the 


change in that quantity to the small time in which the 
change occurs. 
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3. The units of length and time usually employed in 
England are a foot and a second. 

A foot is the third part of a yard. A yard is defined 
to be the distance between the centres of two small gold 
plugs inserted in a solid brass bar which is kept at West- 
minster. | 

A day, z.e. the time taken by the Earth to rotate once 
on its axis, is divided into 24 hours, each hour into 60 
minutes and each minute into 60 seconds. Hence the 
definition of a second. 

In scientific measurements the unit of length generally 
used is the centimetre, which is the one hundredth part of 
a metre. A metre was meant to be defined as one ten- 
millionth part of a quadrant of the Earth’s surface, ¢.¢. of the 
distance from the North Pole to the Equator. In practice 
it is the length of a certain platinum bar kept in Paris. 

One metre = 39°37 inches approximately, and therefore 
a foot = 30°48 centimetres nearly. 

A decimetre is ;',th, and a millimetre ;,1,,th of a metre. 


4. The unit of speed is the speed of a point which 
moves uniformly over a unit of length in a unit of time. 
Hence the unit of speed depends on these two units, and if 
either, or both of them, be altered, the unit of-speed will 
also, in general, be altered. : 


5. If a point be moving with speed wu, then in each 
unit of time the point moves over uw units of length. 

Hence in ¢ units of time the point passes over w.¢ 
units of length. 

Hence the distance s passed over by a point which moves 
with speed w for time ¢ is given by s=w.t. 

It is easy to change a velocity expressed in one set of 

1—2 
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units to other units. For instance a velocity of 60 miles 
per hour is equivalent to 


1 mile per minute, 


; : 
or gg mile per second, 
tx 5280 

or 528° feet per second, 
4.C. 88 feet per second. 


Ex. 1. Shew that the speed of the centre of the earth is about 
18°5 miles per second, assuming that it describes a circle of radius 
93000000 miles in 365 days. 


Ex. 2. Shew that the speed of light is about 194000 miles per 
second assuming that it takes 8 minutes to describe the distance from 
the sun to the earth. 


6. Displacement. The displacement of a moving 
point is its change of position. To know the displacement 
of a moving point, we must know both the length and the 
direction of the line joining the two positions of the moving 


point. Hence the displacement of a point involves both 
magnitude and direction. 


Ex. 1. A man walks 3 miles due east and then 4 miles due 


north; shew that his displacement is 5 miles at an angle tan—! 4 
north of east. 


Ex. 2. A ship sails 1 mile due south and then /2 miles south- 


west; shew that-its displacement is 5 miles in a direction tan-} $ 
west of south. ~ 


Ex. 3. A vessel proceeded as follows, all the angles being 
reckoned from the north towards the east; 5 miles at 225°, 6 north, 
2 at 90°, 3 at 135°, 4 at 300°. The time taken was 2 hours, and the 
tide was flowing from east to west at the rate of 3 miles per hour. 
Shew graphically that the true distance between the initial and final 
positions of the vessel is about 9-18 miles and that it had moved. 
towards the west a distance of 8°88 miles approximately. 


7. Velocity. Def. The velocity of a moving point 
ts the rate of its displacement. 


A velocity therefore possesses both magnitude and 
direction. 
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A point is said to be moving with uniform velocity, 
when it is moving in a constant direction, and passes over 
equal lengths in equal times, however small these times 
may be. 


When uniform, the velocity of a moving point is 
measured by its displacement per unit of time; when vari- 
able, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
moved during that unit of time with the velocity which it 
has at the instant under consideration. 


As in Art. 2, the velocity of a moving point, when not 
uniform, may be obtained by finding its displacements in 
the next 34, gio) 100°: Of a second after the moment 
considered, and we thus obtain approximations gradually 
getting nearer and nearer to the measure required. 


Mathematically, if d be the displacement of the point in 
the small time t following the instant under consideration, ; 


then the ultimate value of Girt ed t is taken smaller and 


smaller, is the velocity at the instant under consideration. 


8. It will be noted that when the moving point is 
moving in a straight line, the velocity is the same as the 


speed, 


If the motion be not in a straight line the velocity is 
not the same as the speed. For example, suppose a point 
to be describing a circle uniformly, so that it passes over 
equal lengths of the arc in equal times however small; then 
its direction of motion (viz. the tangent to the circle) is 
‘different at different points of the circumference; hence 
in this case the velocity of the point (strictly so called) 
is variable, whilst its speed is constant, 
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9. The magnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal to a unit 
of length in a unit of time. 

When we say that a moving point has velocity v, we 
mean that it possesses v units of velocity, 7.e., that it would 
undergo a displacement, equal to v units of length, in the 
unit of time. 


If the velocity of a moving point in one direction be 
denoted by v, an equal velocity in an opposite direction is 
necessarily denoted by —v. 

The expression ft./sec. is by some writers used to denote 
a velocity of one foot per second. Thus “a velocity of 
3 ft./sec.” means “a velocity of 3 feet per second.” So “a 
velocity of 10 cm./sec,” means “a velocity of 10 centimetres 
per second.” 


10. Since the velocity of a point is known when its 
direction and magnitude are both known, we can con- 
veniently represent the velocity of a moving point by a 
straight line AB; thus, when we say that the velocities of 
two moving points are represented in magnitude and 
direction by the straight lines AB and CD, we mean that 
they move in directions parallel to the lines drawn from 
A to B, and C to D respectively, and with velocities which 
are proportional to the lengths AB and CD. 


11. A body may have simultaneously velocities in 
two, or more, different directions. One of the simplest 
examples of this is when a person walks on the deck of a 
moving ship from one point of the deck to another. He 
has one motion with the ship, and another along the deck of | 
the ship, and his motion in space is clearly different from 
what it would have been had either the ship remained at 
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rest, or had the man stayed at his original position on the 
deck, 

Again, consider the case of a ship steaming with its bow 
pointing in a constant direction, say due north, whilst a 
current carries it in a different direction, say south-east, 
and suppose a sailor is climbing a vertical mast of the 
ship. The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz., the. rate 
and direction of the ship’s sailing, the rate and direction of 
the current, and the rate at which he climbs the mast; 
His actual velocity is said to be “compounded” of these 
three velocities. 

In the following article we shew how to find the 
velocity which is equivalent to, or compounded of, two 
velocities given in magnitude and direction. 


12. Theorem. Parallelogram of Velocities. 


If a moving point possess simultaneously velocities which 
are represented in magnitude and direction by the two sides 
of a parallelogram drawn from a point, they are equi- 
valent to_a velocity which 18 represented in magnitude and 
direction by the diagonal of the parallelogram passing 
through the point. 


Let the two simultaneous velocities be represented by 
the lines 4B and AC, and let their magnitudes be u and v. 

Complete the parallelogram BACD. | 

Then we may imagine the motion of the point to be 
along the line AZ with the velocity u, whilst the line AB 
moves parallel to the foot of the page so that its end A 
describes the line AC’ with velocity v. In the unit of time 
the moving point will have moved through a distance 4B 
along the line AB, and the line AB will have in the same 
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time moved into the position ('D, so that at the end of the 
unit of time the moving point will be at D. 

Now, since the two coexistent velacities are constant 
in magnitude and direction, the 


velocity of the point from A to D ries Teeee 
must also be constant in magni- PS ; 
tude and direction; hence AD is Aside 
the path described by the moving ' se E 


point in the unit of time. 
Hence AD represents in magnitude and direction the 
velocity which is equivalent to the velocities represented 


by AB and AC. 


To facilitate his understanding of the previous article the student 
may look on AC as the direction of motion of a steamer, whilst 4B is 
a chalked line, drawn along the deck of the ship, along which a man 
is walking at a uniform rate. 


13. Def. The velocity which is equivalent to two or 
more velocities is called their resultant, and these velocities 
are called the components of this resultant. 

The resultant of two velocities « and v in directions 
which are inclined to one another at a given angle a may 
, be easily obtained. 

In the figure of Art. 12, let AB and AU represent 
the velocities w and v, so that the angle BAC is a. 

Then we have, by Trigonometry, 

AD*?= AB’ + BD*-2AB. BD cos ABD. 

Hence, if we represent the resultant velocity AD by w, 

we have 
w'=u" + w+ Quv cosa, since 2 ABD=7 —a. 
Also, if we denote the angle BAD by 6, we have 


AB _sinADB sin DAC 
BD sin BAD sin BAD” 
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_u_ sin(a—@) _ sinacos @ —cosasin 6 
” sin 0 sin 0 


= sin a cot 6 —cos a. 


: w+v cosa 
- cot 6 = ——__—__,, 
v sina 
v sina 
so that fon dig | eee ee 
w+ Vv cosa 


Hence the resultant of two velocities wu and v inclined to 


one another at an angle a, is a velocity Vu? + v? + 2uv cosa 
v sin a 


inclined at an angle tan™! —_—— to the direction of the 
W+V COs a 


velocity u 

The direction of the resultant velocity may also be 
obtained as follows; draw DE perpendicular to AB to 
meet it, produced if necessary, in /; we then have 
ED BDsin EBD 
AE AB+ BD cos EBD 


vsina 
~ w+vcosa” 


tan DAB = 


14. A velocity can be resolved into two component 
velocities in an infinite number of ways. For an infinite 
number of parallelograms can be described having a given 
line AD as diagonal ; and, if ABDC be any one of these, 
the velocity AD is equivalent to the two component veloci- 
ties AB and AC, : 

The most important case is when a velocity is to be 
resolved into, two velocities in two directions at right angles, 
one of these directions being given. When we speak of 


the component of a velocity in a given direction it is under- 
stood that the other direction in which the given velocity 
is to be resolved is perpendicular to this given direction. 
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Thus, suppose we wish to resolve a velocity «, repre- 
sented by 4D, into two components 


at right angles to one-another, one PoP 
of these components being along a Ss 
line AB making an angle 6 with ee 


AD. aN : | 


Draw DB perpendicular to AB, A B 
and complete the rectangle ABDC. 7 
Then the velocity 4D is equivalent to the two com- 
ponent velocities AB and AC. 
Also AB = AD cos =u cos 6, 
and AC = BD = ADsin 6 = usin 8, 
We thus have the following important 


Theorem. A velocity wu ws equivalent to a velocity 
uw cos 6 along a line making an angle 6 with its own direction 
together with a velocity usin O perpendicular to the direction 


of the first component. 


The case in which the angle 6 is greater than a right 
angle may be considered as in Statics, Art. 30, 


Ex. 1. A man is walking in a north-easterly direction with a 
velocity of 4 miles per hour; find the components of his velocity in 
directions due north and due east respectively. 


Ans. Bach is 2,/2 miles per hour. 
Ex. 2. A point is moving in a straight line with a velocity of 


10 feet per second; find the component of its velocity in a direction 
inclined at an angle of 30° to its direction of motion, 


Ans. 5,/3 feet per second. 
Ex. 3. A body is sliding down an inclined plane whose inclina- 


tion to the horizontal is 60°; find the components of its velocity in 
the horizontal and vertical directions. 


Ans, 5 and w ue » where w is the velocity of the body. 


15. Components of a velocity in two given directions. 


If we wish to find the components of a velocity uw in two given 2 
directions making angles a and 8 with it, we proceed as follows. | 


= : ~ 
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Let AD represent u in magnitude and direction. Draw AB and 
AC making angles a and 8 with it, and through D draw parallels to 
complete the parallelogram ABDC as in Art. 12. Since the sides of a 
triangle are proportional to the sines of the opposite angles, we have 


APS 2S BD* SeedD 
sin ADB” sin BAD sin ABD’ 
ees BD 1, AD 
“” sing sina sin (a+) 
es AD end BD x AD yn a, 
sin (a+) sin (a+) 
Hence the component velocities in these two directions are 
sin 8 sina 
sin (+6) and 2 naa gc 


16. Triangie of Velocities. J/ a moving point 


possess simultaneously velocities represented by the two sides 
AB and BC of a triangle taken in order, they are equivalent 


to a velocity represented by AC. 


For, completing the parallelogram ABCD, the lines AB 
and BC represent the same velocities as AB and AD and 
hence have as their resultant the velocity represented by AC. 


Cor. 1. If there be simultaneously impressed on a point three 
velocities represented by the sides of a triangle taken in order, the 
point will be at rest. 


Cor. 2. If a moving point possess velocities represented by \. OA 
and «. OB, they are equivalent to a velocity (A+). OG, where G is a 
point on AB such that 

1.AG=p. GB. 


For, by the triangle of velocities, the velocity 4. OA is equivalent 
to velocities \. OG and. GA; also the velocity 1. OB is equivalent 
tow. OG and ». GB; but the velocities \. GA and «. GB destroy one 

_another; hence the resultant velocity is (\N+) . OG. 


17. Parallelopiped of Velocities. By a proof similar to that 
for the parallelogram of velocities, it may be shewn that the resultant 


__ of three velocities represented by the three edges of a parallelopiped 


rr 
7 


meeting in a point, is a velocity represented by the diagonal of the 
parallelopiped passing through that angular point. Conversely, a 
velocity may be resolved into three others. 
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18. Polygon cf Velocities. If a moving point 
possess simultaneously velocities represented by the sides 
AB, BC, CD,...KL of a 
polygon (whether the sides 
of the polygon are, or are 
not, in one plane), the 
resultant velocity is repre- 
sented by AL. 

For, by Art. 16, the 
velocities AB and BC are 
equivalent to that repre- 
sented by AC’; and again the velocities AC and CD to AD, 
and so on; so that the final velocity is represented by AZ, 

Cor. If the point Z coincide with A (so that the 
polygon is a closed figure) the resultant velocity vanishes, 
and the point is at rest. 


19. When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resolving the velocities along two 
fixed directions at right angles, and then compounding the 
resultant velocities in these directions, 


Suppose a point possesses velocities u, v, w,... in direc- 
tions inclined at angles a, B, y,... to a fixed line OX, and 
let OY be perpendicular to OX, The components of w along 


~ 
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OX and OY are respectively w cos a and uw sin a; the com- 
ponents of v are v cos 8 and v sin 8; and so for the others, 
Hence the velocities are equivalent to 
wucosa+vcos B+ wcosy...... parallel to OX, 
and wsina+vsin§+wsiny...... parallel to OY. 


If their resultant be a velocity V at an angle 6 to OX, 
we must have 


Vcos0=ucosa+vcos B+ wecosy +... : 
and Vsin @=usina+vsinB+wsiny+...... 
Hence, by squaring and adding, 
V?=(wcosa+vcos B+...) +(wsinat+vsinB+...)%; 


usina+vsin B+... 


and, by division, tan 6 = : 
wcosa+vcos P+... 


These two equations give V and 6. 


EXAMPLES. I. 


1. A vessel steams with its bow pointed due north with a velocity 
of 15 miles an hour, and is carried by a current which flows in a south- 
easterly direction at the rate of 3/2 miles per hour. At the end of an 
hour jind its distance and bearing from the point from which it 
started. 

The. ship has two velocities, one being 15 miles per hour north- 
wards, and the other 3,/2 miles per hour south-east. 

Now the latter velocity is equivalent to 

3/2 cos 45°, that is, 3 miles per hour eastward, 
and 3,/2 sin 45°, that is, 3 miles per hour southward. 

Hence the total velocity of the ship is 12 miles per hour northwards 
and 3 miles per hour eastward. > 2 

Hence its resultant velocity is »/ 122+ 8, i.e. 1153 miles per hour 
in a direction inclined at an angle tan-!} to the north, i.c., 12:37 
miles per hour at 14°2’ east of north. 


9. A point possesses simultaneously velocities whose measures are 
4, 3, 2 and 1; the angle between the first and second is 30°, between 
the second and third 90°, and between the third and fourth 120°; jind 
their resultant. 
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Take OX along the direction of the first velocity and OY perpen- 
dicular to it. 

The angles which the velocities make with OX are respectively 
0°, 30°, 120°, and 240°. 

Hence, if V-be the resultant velocity inclined at an angle 6 to OX, 
we have 

V cos 06=4+3 cos 80° +2 cos 120°+1.cos 240°; 

and Vsind= 38sin30°+2sin120°+1.sin 240°. 

We therefore have 

a [3 az 1\ _5+3,/8 
Voos@=4+3.~> +2 5 =a | 35) = 2 

J/3 _ 34+,/3 


9 ) 


4 2 


and Vsind=8.5+2.%e ~1. 


Hence, by squaring and adding, 
V?=16+9,/3=31-5885, so that V=5-62, 
and, by division, 
8+./3 o Bar 
tan 0= 543.3 =2,/8 -3=-4641=tan 24° 54’. 
Hence the resultant is a velocity equal to 5-62 inclined at an angle 
24° 54’ to the direction of the first velocity. 


Graphically; This result may also be obtained by drawing; mark 
off OA on OX equal to 4 inches and draw AB, making 4B equal to 
3 inches and XAB equal to 30°. 


6 ia dae 
Draw BC perpendicular to AB and equal to 2 inches, and then 
CD at an angle of 120° with BC produced and equal to 1 inch. 
Join OD. 
On measurement, OD =5-62 inches, and the z AOD=25° nearly. 


3,_ The velocity of a ship is 8777 miles per hour, and a ball is 
bowled across the ship perpendicular to the direction of the ship 


~~ 
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with a velocity of 3 yards per second; describe the path of the ball 
in space and shew that it passes over 45 feet in 38 seconds. 


4, A boat is rowed with a velocity of 6 miles per hour straight 
across a river which flows at the rate of 2 miles per hour. If its 
breadth be 300 feet, find how far down the river the boat will reach the 
opposite bank below the point at which it was originally directed. 


5. A man wishes to cross a river to an exactly opposite point on 
the other bank; if he can pull his boat with twice the velocity of the 
current, find at what inclination to the current he must keep the 
boat pointed. 


6. A boat is rowed on a river so that its speed in still water 
would be 6 miles per hour. If the river flow at the rate of 4 miles 
per hour, draw a figure to shew the direction in which the head of the 
boat must point so that the motion of the boat may be at right 
angles to the current. 


7. A stream runs with a velocity of 14 miles per hour; find in 
what direction a swimmer, whose velocity is 24 miles per hour, should 
start in order to cross the stream perpendicularly. 

What direction should be taken in order to cross in the shortest 
time? 


8, A ship is steaming in a direction due north across a current 
running due west. At the end of one hour it is found that the ship 
has made 8,/3 miles in a direction 30° west of north. Find the 
velocity of the current, and the rate at which the ship is steaming. 


9, Two steamers X and Y are respectively at two points A and B, 
which are 5 miles apart. X steams away with a uniform velocity 
of 10 miles per hour in a direction making an angle of 60° with AB. 
Find in what direction Y must start at the same moment, if it steam 
with a uniform velocity of 10,/3 miles per hour, in order that it may 
just come into collision with X; find also at what angle it will 
strike X and the time that elapses before they meet. 


10, A tram-car is moving along a road at the rate of 8 miles per 
hour; in what direction must a body be projected from it with a 
velocity of 16 feet per second, so that its resultant motion may be at 
right angles to the tram car? 


1], A ship is sailing north at the rate of 4 feet per second; the 
current is taking it east at the rate of 3 feet per second, and a sailor 
is climbing a vertical pole at the rate of 2 feet per second; find the 
velocity and direction of the sailor in space. 


12. Find the components of a velocity u resolved along two lines 
inclined at angles of 30° and 45° respectively to its direction. 
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13. A point which possesses velocities represented by 7, 8, and 13 
is at rest; find the angle between the directions of the two smaller 
velocities. 


14, <A point possesses velocities represented by 3, 19, and 9 
inclined at angles of 120° to one another; find by drawing and by 
calculation their resultant. 


15, A point possesses simultaneously velocities represented by w, 
2u, 3,/3u, and 4u ythe angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90°, and 150°; 
shew, by drawing and by calculation, that the resultant iswin a direction 
inclined at an angle of 120° to that of the first velocity. 


16. A point has equal velocities in two given directions; if one 
of these velocities be halved, the angle which the resultant makes 
with the other is halved also. Shew that the angle between the 
velocities is 120°. 


17. A point possesses velocities represented in magnitude and 
direction by the lines joining any point on a circle to the ends of a 
diameter; shew that their resultant is represented by the diameter 
through the point. 


18. A point possesses simultaneously four velocities; the first is 
24 ft. per sec.; the second is 36 ft. per sec. at 40° to the first; the 
third is 45 ft. per sec. at 50° to the second; and the fourth is 60 ft. 
per sec. at 35° with the third; shew, by a drawing, that the resultant 
velocity is about 118-5 ft. per sec. at about 82° with the direction of 
the first component velocity. 


20. Average Speed and Velocity. The average 
speed of a point in a given period of time is the same as 
the speed of a moving point which moves with uniform 
speed, and describes the same path as the given point in 
the given time. Thus the average speed of a moving point 
in a given period of time is the whole distance described 
by the point in the given time divided by the whole time. 
The average speed of an athlete who runs 100 yards in 
10§ seconds is 100+102 or 9,8, yards per second. 

Again suppose a train describes one mile in the first 
5 minutes after leaving a station, then runs 15 mins, at 
the rate of 20 miles per hour, and finally takes 6 mins. 
over the last mile before coming to rest, 
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The total space described = 1 + 22+1=7 miles, 
The time taken = 5 + 15+6=26 minutes, 


Its average speed = 7, miles per minute = 35 x 60 miles 
per hour = 16-15 miles per hour nearly. 


The average velocity of a given point in any direction 
(strictly so called) is the whole displacement in the given 
direction in the given time divided by the given time. 


21. Relative Motion. Rest and motion are rela- 
tive terms; we do not know what absolute motion is ; all 
motion that we become acquainted with is relative. 

For example, when we say that a train is travelling 
northward at the rate of 40 miles an hour, we mean that 
that is its velocity relative to the earth, @.¢, it is the velocity . 
that a person standing at rest on the earth would observe 
in the train. Beside this motion along the surface it 
partakes with the rest of the earth in the diurnal motion 
about the axis of the earth; it also moves with the earth 
round the sun; and in addition has, in common with the 
whole solar system, any velocity that that system may have, 


22. Consider the case of two trains moving on parallel 
rails in the same direction with equal velocities and let 
A and B be two points, one on each train; a person at one 
of them, A say, would, if he kept his attention fixed on B 
and if he were unconscious of his own motion, consider B to 


en 


be at rest. The line AB would remain constant in magni- 
tude and direction, and the velocity of B relative to A 
would be zero. 


bo 


L. D. 
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Next, let the first train be moving at the rate of 20 
miles per hour, and let the second train B be moving in the 
same direction at the rate of 25 miles per hour. In this 


Be 225 


case the line joining A to B would (if we neglect the 
distance between the rails) be increasing at the rate of 
5 miles per hour, and this would be the velocity of B 
relative to A, 


Thirdly, let the second train be moving with a velocity 
of 25 miles per hour in the opposite direction to that of the 
first ; the line joining A to B would now be increasing at the 


rate of 45 miles per hour in a direction opposite to that of 
A’s motion, and the relative velocity of B with respect to A 
would be —45 miles per hour, 

In each of these cases it will be noticed that the 
relative velocity of the second train with respect to the 


‘ 
\ 
‘ 
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t \ 
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first is obtained by compounding with its own velocity a 
velocity equal and opposite to that of the first. 


Lastly, let the first train be moving along the line OC’ 
with velocity u, whilst the second train is moving with 
velocity v. along a line O,D inclined at an angle 6 to OC. 


Resolve the velocity v into two components, viz., v cos 0 
parallel to OC and v sin 6 in the perpendicular direction. 


As before, the velocity of B relative to A, parallel to 
OC, is veos@—w; also, since the point A has no velocity 
perpendicular to OC, the velocity of B relative to A in that 
direction is vsin 0. 


Hence the velocity of B relative to A consists of two 
components, viz., v cos 6—w parallel to OC, and v sin 0 
perpendicular to OC, These two components are equivalent 
to the original velocity v of the train B combined with a 
velocity equal and opposite to that of A, 


Hence we have the following important result ; 


Relative Velocity. When the distance between two 
points is altering, either in direction or in magnitude or in 
both, then either point is sard to have a velocity relative to the 
other ; also the relative velocity of one point B with respect to 
a second point A is obtained by compounding with the velocity 
of B a velocity which is equal and opposite to that of A. 


23. It may be advisable for the student to consider 
relative motion in a slightly different manner. Suppose 
the velocities of the two points A and B to be represented 
by the lines AP and BQ, so that in one second the positions 
of the points change from A and B to P and Q. Complete 
the parallelogram APRB and join RY. 
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By Art. 16 the velocity BQ is equivalent to two 
velocities represented by BR and RQ; also BR is equal 
and parallel to AP. 

Hence the velocity of B is equivalent to two velocities, 
one, LF, equal and parallel to that of A, and the other by RQ. 


The velocity of B relative to A is therefore represented 


by RQ. 


A 


But #Q is the resultant of velocities RB and BQ, i.e. of 
the velocity of B and a velocity equal and opposite to that 
of A, Hence the relative velocity of B with respect to A is 
obtained by compounding with the actual velocity of B a 
velocity equal and opposite to that of A. 


24. From the previous article it follows that, if two 
points A and #& be moving in the same direction with 
velocities w and » respectively, the relative velocity of B 
with respect to A in that direction is v—u, and that of A 
with respect to Bis w—v. 


If they be moving in different directions the relative 
velocity is found by compounding velocities by means of 
the parallelogram of velocities, 


Ex. A train is travelling along a horizontal rail at the rate 


of 30 miles per hour, and rain is driven by the wind, which is in the 
same direction as the motion of the train, so that it falls with a 
velocity of 22 feet per second and at an angle of 80° with the vertical. 


Find the apparent direction of the rain to a person travelling with the 
train. 


“ae ae, ae C ” 
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The velocity of the train is 44 feet per second. 


Let AB represent the actual velocity of the rain go that, if 4H be 
a vertical line, the angle EAB is 30°. 


Draw AC horizontal and opposite to the direction of the train and 
let it represent in magnitude the velocity, 44 feet per second, of the 
train. 


Complete the parallelogram ABDC. 
Join AD, and let the angle HAD be @. 
AD is the apparent direction of the rain. 
From the triangle BAD, we have 

BD _ sinDAB _ sin(@+30°) 


AB sinBDA _—cos0 
17 le) 7 oO 
: 44 _ sin @ cos 30 +006. 7 sim BOT mas pas 30° +-sin 30°. 
22 cos 0 
Fete /3 1 
ae 2=tan 0.~> +5- 


“. tan 6=,/3=tan 60°. 


Hence @ is 60°. It follows, since BAD is a right angle, that the 
apparent direction of the rain is at right angles to its real direction. 


EXAMPLES, II. 


1, A railway train, moving at the rate of 30 miles per hour, is 
struck by a stone, moving horizontally and at right angles to the train 
with a velocity of 33 feet per second. Find the magnitude and 
direction of the velocity with which the stone appears to meet the 


train. 
2. . One ship is sailing due east at the rate of 12 miles per hour, 


and another ship is sailing due north at the rate of 16 miles per hour; 
find the relative velocity of the second ship with respect to the first, 


bS 
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3. One ship is sailing south with a velocity of 15,/2 miles per 
hour, and another south-east at the rate of 15 miles per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an observer on the first vessel. 


4. A ship is sailing north-east with a velocity of 10 miles per 
hour, and to a passenger on board the wind appears to blow from the 
north with a velocity of 10,/2 miles per hour. Find the true velocity 
and direction of the wind. 


5, A ship steams due west at the rate of 15 miles per hour 
relative to the current which is flowing at the rate of 6 miles per hour 
due south. What is the velocity relative to the ship of atrain going 
due north at the rate of 30 miles per hour? 


6. In a tunnel, drops of water which are falling from the roof 
are noticed to pass the carriage window of a train in a direction 


making an angle tan-14 with the horizon, and they are known to 


have a velocity of 24 feet per second. -Negleeting the resistanee-of 
the-air, find the velocity of the train. 


7, To a man walking at the rate of 2 miles an hour the rain 
appears to fall vertically; when he increases his speed to 4 miles per 
hour it appears to meet him at an angle of 45°; find the real direction 
and speed of the rain. 


8. A steamer is going due west at 14 miles per hour, and the 
wind appears from the drift of the clouds to be blowing at 7 miles 
per hour from the north-west. Find its actual velocity and make a 
geometrical construction for its direction. 


9. A railway train is moving at the rate of 28 miles per hour, 
when a pistol shot strikes it in a direction making an angle sin-13 
-with the train. The shot enters one compartment at the corner 
furthest from the engine and passes out at the diagonally opposite 
corner; the compartment being 8 feet long and 6 feet wide, shew that 
the shot is moving at the rate of 80 miles per hour, and traverses the 
carriage in zyths of a second. 


10. Two trains, each 200 feet long, are moving towards each 
other on parallel lines with velocities of 20 and 30 miles per hour 
respectively. Find the time that elapses from the instant when they 
first meet until they have cleared each other. 2 


11. The wind blowing exactly along a line of railway, two trains, 
moving with the same speed in opposite directions, have the steam 
track of the one doublé that of the other; shew that the speed of each 
train is three times that of the wind. : 


12. One ship, sailing east with a speed of 15 miles per hour, passes 
@ certain point at noon; and a second ship, sailing north at the 
same speed, passes the same point at 1.30 p.m.; at what time are 
they closest together, and what is the distance then? 
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Let O be the fixed point, A the position of the second ship at 12.0 
noon, so that OA =294 miles. 


The relative velocity of the first ship with respect to the second is 
obtained by compounding with its velocity of 15 a velocity equal and 
opposite to that of the second ship, i.e. a velocity of 15 southwards. 
Hence this relative velocity is 15,/2 in the direction OX, i.e. south- 
east. 

Draw AL perpendicular to OK. Then AL is clearly the shortest 
distance required. It 


=OA sin AOL=224 x 
Also the time after 12.0 noon 
=the time in which OL is described with the relative velocity 15/2 


5S 
55 = = ./2=15-9 miles nearly. 


1 
ee 223 x NE 
“15/2 10/2 

Otherwise thus; Let P and Q be the actual positions of the ships 
at the end of time t, and let PQ=z. 


Then OP=0A - 15t=15[$ - #1], 
and O0Q=15t. 

Hence x2=15? ((- t)?+ t?]=15? x 22-3443] ; 

=2x 15? x [(t— $)? + 4°51]. 
Now a square can never be negative, so that its least value is zero. 
Hence the least value of x is when t= 4, and then 
@=nJ2x 15 x |e =42 /2=15°9 nearly. 

13, A ship steaming north at the rate of 12 miles per hour 

observes a ship, due east of itself and distant 10 miles, which is 


steaming due west at the rate of 16 miles per hour; after what time 
are they at the least distance from one another and what is this least 


distance ? 


—3 hour. 


Bmw 
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14, Two points are started simultaneously from points A and B 
which are 5 feet apart, one from A towards B with a velocity which 
would cause it to reach B in 3 seconds, and the other at right angles 


to the direction of the former with } of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them, and the time when they are nearest. 


15. A ship is sailing due east, and it is known that the wind is 
blowing from the north-west, ‘and the apparent direction of the wind 
(as shewn by a vane on the mast of the ship) is from N.N.E.; shew 
that the speed of the ship is equal to that of the wind. 


16. A person travelling eastward at the rate of 4 miles per hour, 
finds that the wind seems to blow directly from the north ; on doubling 
his speed it appears to come from the north-east; find the direction 
of the wind and its velocity. 


17. A person travelling toward the north-east, finds that the wind 
appears to blow from the north, but when he doubles his speed it 
seems to come from a direction inclined at an angle cot-!2 on the 
east of north. Find the true direction of the wind. 


18. Two points move with velocities v and 2v respectively in 
opposite directions in the circumference of a circle. In what positions 
is their relative velocity greatest and least and what values has it 
then? 


25. Angular Velocity. Def. If a point P be in 
motion in a plane, and if O be a fixed point in the plane and 
OA a fixed straight line drawn through O, then the rate at 
which the angle AOP increases is called the angular velocity 
of the moving point P about O. 


When uniform, the angular velocity is measured by the 
number of yadians in the angle which is turned through by 
OP in a unit of time. 


When variable, it is measured at any instant by what 
would be the angle turned through by the line OP in a 
unit of time, if during that unit it continued to turn at the 


same rate as at the instant under consideration, 


:  Exs. If the line OP tum through 4 right angles (i.e. 2a radians) 
in one second, the angular velocity is 27. ; 


fap 
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If it turn through three-quarters of a right angle in one second, 


3 30r 
th ee 
e angular velocity is i 5 or. 


If OP make 7 revolutions in one second, the angular velocity is 
7 x 2m or 147. 


26. ‘The angular velocity can always be expressed i in 
terms of the linear velocity when the path is known, 


The only case that we shall consider is when the 
angular velocity is uniform, and the moving point P is 
describing a circle about the fixed point O as centre. 


_ Tf a moving point describe a circle, its angular velocity 
about the centre of the circle is equal to its speed divided by 
the radius of the circle, 


Let P be the position of the moving point at any time, 
and in the unit of time let the point Aésécihe the are PQ. 
In this time the line OP turns through the angle POQ. 
Hence the angular velocity is equal to the number of 
radians in the angle POQ. 


But the muumber. of radians in POQ = Breet 5 


OP 


Also, since the arc PQ is described in one seaeink it is 
equal to the speed v. 


26 DYNAMICS 


Hence, if w be the angular velocity and r the radius of 
the circle, we have 


1.6. V=TO. 


Exs. (1) If the moving point describe a circle of 3 feet radius with 
unit angular velocity, the speed is given by v=3.1=8 feet per second. 


(2) If the moving point describe a circle of 5 feet radius with speed 


8 feet per second, its angular velocity w is given by w= = radian per 
second. 


(3) The earth makes a complete revolution about its own axis in 
24 hours. The angular velocity of any point on its surface therefore 
‘= Qa 
24 x 60 x 60 


Since the earth’s radius is 4000 miles, the velocity of any point on the 
equator 


radians per second. 


2a : 

~ 24 x 60 x 60 d 
24 x 60 x 60 x 4000 miles per secon 
= 1047 miles per hour approximately. 


EXAMPLES. III. 


1, A wheel turns about its centre, making 200 revolutions per 


minute; what is the angular velocity of any point on the wheel about 
the centre ? 


2. A wheel turns about its centre, making 4 revolutions per 
second; what is the angular velocity of any point on the wheel about 


the centre and what is its linear velocity, if the radius of the wheel 
be 2 feet? 


- 3. If the minute hand of a clock be 6 feet long, find the velocity 
of the end in feet per second. 


What is its angular velocity ? 


4, Compare the velocities of the extremities of the hour, minute, 
and second hands of a watch, their lengths being -48, -8, and -24 
inches respectively. 


5, A treadmill, with axis horizontal and of diameter 40 feet, 
makes one revolution in 40 seconds. At what rate per hour does a 
man upon it walk over its surface, supposing he always keeps at the 


same height above the ground? 
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6. From a train moving with velocity V a carriage on a road 
parallel to the line, at a distance d from it, is observed to move so as 
to appear always in a line with a more distant fixed object whose 
least distance from the railway is D. Find the velocity of the 
carriage. 


7. A point moves in a circle with uniform speed ; shew that its 
angular velocity about any point on the circumference of the circle is 
constant. 


8. A string has one end attached to the corner of a square 
board, fixed on a smooth horizontal table, and is wound round the 
square carrying a particle at its other end; the particle is projected 
with velocity w at right angles to the side of the square whose side 
is a; if the length of the string be 4a, find the time that the string 
takes to unwrap itself from the square, assuming that the speed of the 
particle remains the same throughout the motion. 


** 9, A wheel rolls uniformly on the ground, without sliding, its 
centre describing a straight line; to find the velocities of different 
points of its rim. 

Let O be the centre and r the radius of the wheel, and let v be the 
velocity with which the centre advances. Let A be the point of the 
wheel in contact with the ground at any instant. 

Now the wheel turns uniformly round its centre whilst the centre 
moves forward in a straight line; also, since each point of the wheel 
in succession touches the ground, it follows that any point of the 
wheel describes the perimeter of the wheel relative to the centre, 
whilst the centre moves through a distance equal to the perimeter; 
hence the velocity of any point of the wheel relative to the centre is 
equal in magnitude to the velocity v of the centre. 


B 


A C 


Hence any point P of the wheel possesses two velocities each 
equal to v, one along the tangent, PT’, at P to the circle, and the 
other in the direction, PM, in which the centre O is moving. 


ae 
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Hence the velocity of 4=v—v=0, and so A is at rest for the 
instant. 


So the velocity of B=v+v=2v. 
Consider the motion of any other point P. It has two velocities, 
each equal to v, along PM and PT respectively. 


Now, since PM and PT are respectively perpendicular to OB and 
OP, the LMPT=Z POB=6 (say). 


The resultant of these two velocities v is a velocity 2v cos 5 along 


PL, where LLPT=1, MPT=5 = LOPA. 


Hence 4 APL= 4 OPT=a right angle. 


Hence the direction of motion of the point P is perpendicular to 
AP, and its angular velocity about A 


z Qv cos : 20 cos . 
SPREE oe. — — == 
* 2r cos : 


= the angular velocity of the wheel about O. 


Hence each point of the wheel is turning about the point of con- 
tact of the wheel with the ground, with a constant angular velocity 
whose measure is the velocity.of the centre of the wheel divided by 
the radius of the wheel. 


10, An engine is travelling at the rate of 60 miles per hour and its 
wheel is 4 feet in diameter; find the velocity and direction of motion 
of each of the two points of the wheel which are at a height of 3 feet 
above the ground. 


ll. If a railway carriage be moving at the rate of 30 miles per 
hour and the diameter of its wheel be 3 feet, what is the angular 
velocity of the wheel when there is no sliding? Find also the relative 
velocity of the highest point of the wheel with respect to the centre. 


12. If a railway carriage be moving at the rate of 30 miles per 
hour and the radius of the wheel be 2 feet, what is the angular velocity 
of the wheel when there is no sliding? Also what is the relative 
velocity of the highest point of the wheel with respect to the centre? 


13. The wheel of a carriage is of radius 2 feet and the carriage 
is moving at the rate of 10 miles per hour; if there be no slipping, 


find the velocity of the highest point, and also the velocities of points — 


which are at heights of 1 and 8 feet respectively above the ground. | 


al 


CHAPTER ILI. 
ACCELERATION. 


27. Change of Velocity. Suppose a point at any 
instant to be moving with a 
velocity represented by O4, 
and that at some subsequent 
time its velocity is represented 
by OB. 

Join AB, and complete the 
parallelogram OA BC. 

Then the velocities repre- 
sented by OA and OC are equivalent to the velocity OB. 
Hence the velocity OC is the velocity which must be com- 
pounded with OA to produce the velocity OB. The velocity 
OC is therefore the change of velocity in the given time. 

Thus the change of velocity is not, in general, the 
difference in magnitude between the magnitudes of the 
two velocities, but is that velocity which compounded with 
the original velocity gives the final velocity. 

The change of velocity is not constant unless the change 
is constant both in magnitude and direction. 


EXAMPLES. IV. 


1. A point is moving with a velocity of 10 feet per second, and 
at a subsequent instant it is moving at the same rate in a direction 
E inclined at 30° to the former direction; find the change of velocity. 
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On drawing the figure, as in the last article, we have Od = OB=10, 
and the angle AOB=30°. 
Since OA= OB, we have 2 OAB=75°, and therefore 2 AOC=105°. 


Also AB=204 sin 15°=20. an (/6 —./2)=5°176. 
Hence the change in the velocity, i.e., OC, is 5-176 feet per second 
in a direction inclined at 105° to the original direction of motion. 


2. A ship is observed to be moying eastward with a velocity of 
3 miles per hour, and at a subsequent instant it is found to be moving 
northward at the rate of 4 miles per hour; find the change of 
velocity. 


8. A point is moving with a velocity of 5 feet per second, and at 
. ® subsequent instant it is moving at the same rate in a direction 
inclined at 60° to its former direction; find the change of velocity. 


4, A point is moving eastward with a velocity of 20 feet per 
~ second, and one hour afterwards it is moving north-east with the same 
speed; find the change of velocity. 


5. <A point is describing with uniform speed a circle, of radius 
7 yards, in 11 seconds, starting from the end of a fixed diameter; find 
the change in its velocity after it has described one-sixth of the cir- 
cumference. 


28. Acceleration. Def. The acceleration of a 
moving point is the rate of change of its velocity. 

Note that the acceleration of a moving point has both 
magnitude and direction. 

The acceleration is uniform when equal changes of 
velocity take place in equal intervals of time, however 
small these intervals may be. 

When uniform, the acceleration is measured by the 
change in the velocity in a unit of time; when variable, 
it is measured at any instant by what would be the change 
of the velocity in a unit of time, if during that time the 
acceleration continued the same as at the instant under 
consideration. 


29. The magnitude of the unit of acceleration is the 
acceleration of a point which moves so that its velocity is 
changed by the unit of velocity in each unit of time. 
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Hence a point is moving with » units of acceleration 
when its velocity is changed by » units of velocity in each 
unit of time. 


Thus a point is moving with 10 centimetre-second units of accelera- 
tion when its change of velocity is 10 cms. per second in each second. 
This acceleration is sometimes called an acceleration of 10 cms./sec?. 

30. Theorem. Parallelogram of Accelera- 
tions. Jf a moving point have simultaneously two accelera- 


tions represented in magnitude and direction by two sides of 
a_ parallelogram drawn from a point, they are equivalent to 
an acceleration represented by the diagonal of the parallelo- 


gram passing through that angular point, 
Let the accelerations be represented by the sides AB and 


AC of the parallelogram ABDC, i.e. let AB and AC repre- 
sent the velocities added to the velocity of the point in a 
unit of time. On the same scale let ZF represent the 
velocity which the particle has at any instant. 


Draw the parallelogram K/L having its sides parallel 
to AB and AC; produce HK to M, and EL to N, so that 
KM and LN are equal to AB and AC respectively, 

Complete the parallelograms as in the above figure. 

Then the velocity HF is equivalent to velocities HX and 
EL. But in the unit of time the velocities XM and LV are 
the changes of velocity. . 
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Therefore at the end of a unit of time the component 
velocities are equivalent to HM and HN, which are equi- 
valent to HO, and this latter velocity is equivalent to velo- 
cities YY and FO. (Art. 16.) 

Hence in the unit of time YO is the change of velocity 
of the moving point, z.e. /O is the resultant acceleration of 
the point. 

But /O is equal and parallel to AD. 

Hence AD represents the acceleration which is equi- 
valent to the accelerations AB and AC, i.e. AD is the 
resultant of the accelerations AB and AC. 


31. It follows from the preceding article that accelera- 
tions are resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13—19 
will be true when we substitute “acceleration” for “velocity.” 

Velocities and accelerations,-and also forces (Art. 72) 
are examples of an important class of physical quantities 
which are called Vector quantities. The characteristic of 
a Vector quantity is that it has direction as well as magni- 
tude, and is thus fitly represented by a straight line ; iach 
cases vector quantities are compounded by the parallelo- 
grammic law. 

In the language of Vectors Arts. 12 and 30 are 
examples of the Addition of Vectors, and it would be said 
that the addition of the vectors AB and BD (or AC) gives 
the vector AD. 


In contradistinction to Vectors, quantities which only 
possess magnitude, and and not direction, are called Sealars, 
Kinetic Energy, which will be detined later on, is an | 
example of a physical quantity which is a Scalar; other 
examples are a ton of coal, a sum of money, etc. Scalar 
quantities are compounded by Simple Addition, 
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32. Theorem. 4 point moves in a straight line, ; 
starting with velocity u, and moving with constant accelera. , 
tion f in its direction of motion ; if v be its velocity at the 
end of time t, and s be its distance at that instant Srom its 
starting point, then 

(1) v=u+/f, 
(2) s=ut+4h fr, 


(3) v=? + 9f, } 


(1) Since f denotes the acceleration, i.c., the change in 
the velocity per unit of time, / denotes the change in the 
velocity in ¢ units of time. 

But, since the particle possessed w units of velocity 
initially, at the end of time ¢ it must possess w+,/¢ units 


of velocity, 7.¢. 
v=ut ft. 


(2) Let V be the velocity at the middle of the interval 
so that, by (1), Vau +f 5. 


Now the velocity changes uniformly throughout the 
interval ¢ Hence the velocity at any instant, preceding 
the middle of the interval by any time 7’, is as much less 
than JV, as the velocity at the same time 7’ after the middle 
of the interval is greater than J. 
Hence, since the time ¢ could be divided into pairs of 
such equal moments, the space described is the same as if 
the point moved for time ¢ with velocity V. 


ee en Vit=(u+f5)t-utr gfe 


(3) The third relation can be easily deduced from the 
first two by eliminating ¢ between them. 


3, D. 3 


=, 


————— 
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For, from (1), v= (ut ft)? 
=u? + Quft + f°? = 
=u? + 2f (ut +4 fe). 


Hence, by (2), vw = u? + 2s. 


33. Alternative proof of equation (2). 

Let the time ¢ be divided into n equal intervals, each equal to 7, 
so that t=nr. 

The velocities of the point at the beginnings of these successive 


intervals are 
U, Ut+fr, W+3fr,...... Ute -@ Jr. 
Hence the space s, which would be moved through by the point, if it 
moved during each of these intervals 7 with the velocity which it has 
at the beginning of each, is 
8 =U.T+[UtTST]. TH. +[u+f(n-1)7].7 
=n. UT + fOT4{1+243......4+(n—1)} 
n (n—1) 
1.2 


1 : 
=wi+ hye. (4 - 5) since ai 
< n n 


Also the velocities at the ends of these successive intervals are 
U+tfr, Wt 2fr, ...... u+nfr. 

Hence the space s, which would be moved through by the point, if 
it moved during each of these intervals 7 with the velocity which it 
has at the end of each, is 

89=(u+fr). 7+ (ut fr). +0... +(u+nfr).r 
= nur +fr2 (14+243,..... +n) 


Saut+d fe (1 + z) , aS before. 


Now the true space s is intermediate between s, and 8,3; also the 
larger we make n and therefore the smaller the intervals + become, 
the more nearly do the two hypotheses approach to coincidence. 

If we make n infinitely large the values of sand 8, both become 
ut+ bfe, 

Hence s=ut+} fe. 


=n.ur+fr?. » on summing the a.p., 


34, When the moving point starts from rest we have 
w= 0, and the formulae of Art. 32 take the simpler forms 
v =ft, 
; 7 37%, 
and vi = 27a, 
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}} 35. Graphic Wthod. Velocity-Time Curve. 


| ST determine, by means of a graph, the distance described 
im a given time when the velocity of the moving point is 
varying. 

Take ‘two straight lines OX and OY at right angles, 
and let times be represented by lengths drawn along OX, 
so that a unit of length in this direction represents a unit 
of time. 


Y 


Dw, 


Oo N A Xx 


2 ne 

At each point M erect a perpendicular MP to represent 
the velocity of the moving point at the time represented 
by OM. The tops of all these ordinates will be found to 
lie on a line such as BPQC, which is curved or straight. 

We shall shew that the distance described in time OA 
by the moving point is represented by the area bounded 
by OB, OA, AC and the curved line BC. 

Take an ordinate VQ close to MP. Then during the 
time ZW the point moves with a velocity which is greater 
than MP and less than VQ. Hence, since the distance 
described with constant velocity:= velocity x time, the 
distance described by it in time MN is > MP. MN and is 
<NQ. MN, i.e. the number of units of space described 


3—2 


—— RU Seas 
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in time AL is intermediate between the number of units 


of area in the rectangles PV and QM. Similarly, if we 
divide OA into any number of equal small parts and erect 
parallelograms on each. 

Hence the number of units in the distance described in 
time OA is intermediate between the space represented by 
the sum of the inner rectangles and the sum of the outer 
rectangles. 

Now let the number of portions of time into which the 
time OA is divided be made indefinitely large ; then these 
two series of rectangles get nearer and nearer to one 
another and to the area of the curve. Hence the number 
of units of space described in time OA is ultimately equal 
to the number of units of area in the area OACB. 


36. Case of uniform acceleration. Let w be 
the initial velocity and f the constant acceleration. 

On OY mark off OB to represent the velocity w at time 
0. Since the velocity at any time f= +7, 


the ordinate MP at M SORTS OM. eee (1). 
Y; 


O M A Xx 


: teal BTU parallel to OX to meet MP in 7’ and AG 
in UV, ; ; 
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} Then LP = MP—OB=f. OM, by (1), 


| SMR, sa 

/ go that = — t; } 

( 1a ws On = SS iiteneleaat lA 

Hence Z7'BP is a constant angle, and therefore P lies 
\ on a straight line passing through BZ. 

In this case, therefore, the velocity-time curve is the 
\ straight line BC, and UC= BU .tan CBU=/. t. 

Hence the number of units of space described in time ¢ 
=the number of units of area in OACB 


| =area OBUA + area BUC 


=OA.OB+4BU.UC 
= OA [OB +4U0]=t[u+hf] 
| = ut +4 fe. 


37. In the figure of Art. 35 since AQ is the increase 
of velocity in time MW the acceleration of the moving 
point at this instant=the value, when J/¥ is made inde- 
finitely small, of ae [Art. 28] 

= the value of tan QPR. 


But when JZV is made indefinitely small the point Q 
moves up to P, PQ becomes the tangent at P, and tan QVPR 
-becomes the tangent of the angle that the tangent at P 
makes with OY. 


Hence in the Velocity-Time graph the numerical value 
of the acceleration is the slope of the curve to the Time-Line. 


38. Space described in any particular second. 


[The student will notice carefully that the formula (2) of Art. 32 
gives, not the pase traversed in the ¢" second, but that traversed in 
t seconds. ] 
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The space described in the ¢” second 
= space described in ¢ seconds — space described in (¢— 1) 
seconds 
= [ut + 4/8]—[w (¢-1) +44(0-1)) 
=ut+4f[@—(¢-1)] 
2¢—1 
=U +f Sees 
Hence the spaces described in the first, second, third, 
...mth seconds of the motion are 
2n—1 
wthfurdfu..wst 5 7 
These distances form an arithmetical progression whose 
common difference is f. ; 


Hence, if a body move with a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose common difference is equal to 
the number of units in the acceleration. 


The space described in any particular second may be other- 
wise found as follows. As in Art. 32, the space described in the ¢th 
second is the same as that which would-be described if the point 
moved during that second with the velocity which it has at the 
middle of that second. 


Now the velocity at the middle of the ¢ second 
=velocity at the end of time (¢- 4) 
=utf(t- 4). 

Hence the space described in the ¢t® second 


aur fet, 


_ 89. Ex.l. A train, which is moving at the rate of 60 miles per 
hour, is brought to rest in 3 minutes with a uniform retardation ; find 
this retardation, and also the distance that the train travels before. 
coming to rest. 

60 x 1760 x 3 


60 miles per hours 55 -ay =88 feet per second. 
Let f be the acceleration with which the train moyes. 
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Since in 180 seconds a yelocity of 88 feet per second is destroyed, 
we have (by formula (1), Art. 32) 


0=88 +f (180). 
i ties 43 ft.-sec. units. 
[N.B. /f has a negative value because it is a retardation. ] 
Let x be the distance described. By formula (3), we have 
0=882+2 (-72).a. 
. w= 88? x +$=7920 feet. 


Ex. 2. dA point is moving with uniform acceleration; in the 
eleventh and fifteenth seconds from the commencement it moves through 
720 and 960 cms. respectively; jind its initial velocity, and the 
acceleration with which it moves. 

Let wu be the initial velocity, and f the acceleration. 


Then 720=distance described in the eleventh second 
=[u.11+4/.117]-(w.10+$f. 107]. 


120 = WSF cs ieaeeseFrcenvunonvecence (1) 
So 960=[w.154+$f.157]-[w.144+4f. 142). 
Oeste 42 fp si ccnuaeaande A (2). 


Solving (1) and (2), we have w=90, and f=60. 
Hence the point started with a velocity of 90 cms. per second, and 
moved with an acceleration of 60 cm.-sec. units. 


EXAMPLES. V. 


1. The quantities w, f, v, 8, and t having the meanings assigned 
to them in Art. 32, 
(1) Givenu= 2, f= 3, t= 5, find v and s; 
(2) Givnu= 7, f=-1, t= 7, find v and s; 
(3) Givenu= 8, v= 38, s= 9, findfandt; 
(4) Givenv=-6, s=-9, f=-%, find wand ¢. 
The units of length and time are a foot and a second. 


9, A body, starting from rest, moves with an acceleration equal 
to 2 ft.-sec. units; find the velocity at the end of 20 seconds, and the 
distance described in that time. 


3, In what time would a body acquire a velocity of 30 miles per 
hour, if it started with a velocity of 4 feet per second and moved with 
the ft.-sec. unit of acceleration ? 


v 


a 


cer 
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4, With what uniform acceleration does a body, starting from 
rest, describe 1000 feet in 10 seconds? 


5, <A body, starting from rest, moves with an aeceleration of 3 
centimetre-second units; in what time will is acquire a velocity of 
30 centimetres per second, and what distance does it traverse in that 
time ?- 

6. A point starts with a velocity of 100 cms. per second and 
moves with —2 centimetre-second units of acceleration. When will 
its velocity be zero, and how far will it have gone? 


7._ A body, starting from rest and moving with uniform accelera- 
tion, describes 171 feet in the tenth second; find its acceleration. 


8. A particle is moving with uniform acceleration; in the eighth 
and thirteenth second after starting it moves through 8s and 1s feet 
respectively; find its initial velocity and its acceleration. 


9, In two successive seconds a particle moves through 203-and 
23% feet respectively; assuming that it was moving with uniform 
acceleration, find its velocity at the commencement of the first of 
these two seconds and its acceleration. Find also how far it had 
moved from rest before the commencement of the first second. 


10. A point, moving with uniform acceleration, describes in the 
last second of its motion 3%;ths of the whole distance. If it started 
from rest, how long was it in motion.and through what distance did 
it move, if it described 6 inches in the first second ? 


1], A point, moving with uniform acceleration, describes 25 feet 
in the half second which elapses after the first second of its motion, 
and 198 feet in the eleyenth second of its motion; find the acceleration 
of the point and its initial velocity. 


12, A body moves for 3 seconds with a constant acceleration 
during which time it describes 81 feet; the acceleration then ceases 
and during the next 8 seconds it describes 72 feet; find its initial 
velocity and its acceleration. : 


13, The speed of a train is reduced from 40 miles an hour to 10 
miles per hour whilst it travels a distance of 150 yards; if the re- 
tardation be uniform, find how much further it will travel before 
coming to rest. 


14. A point starts from rest and moves with a uniform accelera- 
tion of 18 ft.-sec. units; find the time taken by it to traverse the first, 
second, and third feet respectively. 


~ 15, A particle starts from a point O with a uniform velocity of — 
4 feet per second, and after 2 seconds another particle leaves O in the 


same direction with a velocity of 5 feet per second and with an 
acceleration equal to 3 ft.-sec, units. Find when and where it will 
overtake the first particle. 
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16. A point moves over 7 feet in the first second during which it 
is observed, and over 11 and 17 feet in the third and sixth seconds 
respectively; is this consistent with the supposition that it is subject 
to a uniform acceleration? 


17. A point is moving in a north-east direction with a velocity 6, 
and has accelerations 8 towards the north and 6 towards the east. 
Find its position after the lapse of one second. [The units are a foot 
and second.] 


18. A particle starts with a velocity of 200 cms. per second and 
moves in a straight line with a retardation of 10 cms. per sec. per sec. ; 
find how long elapses before it has described 1500 ems. and explain 
the double answer. 


19, Two points move in the same straight line starting at the 
same moment from the same point in it; the first moves with constant 
velocity w and the second with constant acceleration J; during the 
time that elapses before the second catches the first shew that the 


2 
greatest distance between the particles is s at the end of time & from 
the start. : 


20. In a run of 12 minutes from rest to rest @ train has the 
following speeds, in miles per hour, at the end of each minute ; 
25, 40, 50, 56, 45, 40, 46, 45, 48, 35, 20, 0. Draw a curve repre- 
senting the relation between the speed at any instant and the time 
from the start, and estimate the average velocity during the run. 


21. A point starts from rest, and its velocities at the end of each 
second up to the seventh are as follows; 5, 18, 38, 62, 78, 81 and 83 
feet per second. Sketch the velocity curve on a time base, and esti- 
mate the distance through which the point moves in the seven seconds. 
Estimate also the instant at which the acceleration is greatest and the 
value of the acceleration at that instant. 


22. The velocities of a body are found to be 4, 8°8, 19, 22, 15-7, 
and 10 feet per second at intervals of 5 seconds from rest. Plot the 
curve of velocities to a time base, and estimate the distance passed 
over in the 80 seconds. Find also the acceleration at 16 seconds from 
the start. 


CHAPTER III. 
MOTION UNDER GRAVITY. 


40. Acceleration of falling bodies. When a 
heavy body of any kind falls toward the 
earth, it is a matter of everyday experience 
that it goes quicker and quicker as it falls, 
or, in other words, that it moves with an 
acceleration. That it moves with a con- 
stant acceleration may be roughly shewn by 
the following experiment first performed by 
Morin. 

A circular cylinder covered with paper is 
connected with clock-work and made to rotate 
about its axis which is vertical. In front of 
the cylinder- is an iron weight, carrying a 
pencil P, which is compelled by guides to fall 
in a vertical line and is so arranged that the 
tip of the pencil just touches the paper on the 
surface of the cylinder. 

When the cylinder is revolving uniformly, the weight 
is allowed to drop and the pencil traces out a curve on 
the paper. When the weight has reached the ground the 
paper is unwrapped and. stretched out on a flat surface, 
The curve marked out by the pencil is found to be such 
that the vertical distances described by the pencil from the 


cd 
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beginning of the motion are always proportional to the 
squares of the horizontal distances 

described by it, so that, if Q, R be A 

any two points on the curve, then 


marae padi M Q 
AN fN? 
Now since the cylinder revolved N R 


uniformly, these horizontal distances 

are proportional to times that have 

elapsed from the commencement of the motion. Hence 
the vertical distance described is proportional to the square 
of the time from the commencement of the motion. 

But, from Art. 34, we know that, if a point move from 
rest with a constant acceleration, the space described is 
proportional to the square of the time. 

Hence we infer that a falling body moves with a con- 
stant acceleration. 


41. Galileo’s Experiment. That the acceleration 
of a falling body is constant was first shewn by Galileo 
by some experiments conducted at Pisa about the year 
1590. To avoid the difficulty of measuring the velocity 
of a freely falling body, which soon becomes very large, he 
considered the motion down an inclined plane instead, and 
assumed that the law of motion for a small sphere rolling 
down a groove in an inclined plane would be similar to 
that of a freely falling body. - 


4 
9 
16 


Commencing from the top of his groove, he measured 
off distances down it proportional to 1, 4, 9, 16, ..., 2.¢. pro- 
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portional to 1’, 27, 3, 4°,..... He then let his small sphere 
start from the top, and verified that the times of its 
describing these distances were proportional to 1, 2, 3, 4,.... 
Hence the distances described from rest were proportional 
to the squares of the times. But, as in Art. 34, the 
distances are proportional to the squares of the times 
when the acceleration / is constant. 


Hence it follows that the acceleration down the inclined 
plane is constant, and from that Galileo assumed that the 
acceleration of a freely falling body is constant also. 


The great difficulty Galileo had was in measuring time 
accurately, as the clocks of his time were very inaccurate. 
He used a vessel of water of large transverse section which 
had in its bottom a small hole which he could close with 
his finger. When the ball started he removed his finger, 
and the water ran out into a vessel placed to receive it. 
When the ball had reached one of his marks he closed the 
hole; the water that had meantime run out was then 
weighed, and formed a fairly accurate measure of the 
time that had elapsed. 


42. From the results of the foregoing, and other more 
accurate, experiments we learn that, if a body be let fall 
towards the earth in vacuo, it will move with an acceleration 
which is always the same at the same place on on the earth, 
but_which varies ee for different Blase 


“acceleration due to gravity,” i aoe is ER denoted_by the 
letter _‘g.” 

When foot-second units are used, the value of g varies 
from about 32-091 at the equator to about 32:252 at the 


poles. In the latitude of London its value is about 32-19 
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When _centimetre-second units are used, the extreme 
limits are about 978 and 983 resy respectively, and in the 
latitude of London the value is about 981-17. 

The best method of determining the value of “ g” is by 
means of pendulum experiments; we shall return to the 


subject again in Chapter XI. 


[Zn all numerical examples, wuless it is otherwise stated, 
the motion may be supposed to be in vacuo, and the value 


of g taken _to_be 32 when foot-second units, and 981 when 
centimetre-second units, are used. | 


43. Vertical motion under gravity. Suppose a 
body is projected vertically from a point on the earth’s sur- 
face so that it starts with velocity w. The acceleration of 
the body is opposite to the initial direction of motion, and is 
therefore denoted by —g. Hence the velocity of the body 
continually gets less and less until it vanishes; the body is 
then for an instant at rest, but immediately begins to acquire 
a velocity in a downward direction, and retraces its steps. 


Time to a given height. The height h at which a body 
has arrived in time ¢ is given by substituting —g for / in 
_ equation (2) of Art. 32, and is therefore given by 


h=ut —tg0. 
This is a quadratic equation with both roots positive; the 
lesser root gives the time at which the body is at the given 
height on the way up, and the greater the time at which it 
is at the same height on the way down. 


Thus the time that elapses before a body, which starts with a 
velocity of 64 feet per second, is at a height of 28 feet is given by - 


28 = 64t — 1622, whence t= 4 or 4. 


Hence the particle is at the given height in half a second from the 
commencement of its motion, and again in 3 seconds afterwards, 


~ 
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44. Velocity at a given height. 
The velocity v at a given height h is, by equation (3) of 


Art. 32, given by 
v =u? — 2Qgh, 


Hence the velocity at a given height is independent of the 

time from the start, and is therefore the same at the same 

point whether the body be going upwards or downwards. 
45. Greatest height attained. 


At the highest point the velocity is just zero; hence, if 
« be the greatest height attained, we have 


0 =u? — 2g. 


Hence the greatest height attained = — : 
at) 


Also the time 7’ to the greatest height is given by 
O=u-gT. 
U 


g 


46. Velocity due to a given vertical Jall from rest. 
If a body be dropped from rest, its velocity after falling 


through a height h is obtained by substituting 0, g, and A for. 


u, fand s in equation (3) of Art. 32 : 
.. v= J 29h. 


EXAMPLES. VI. 


1, A body is projected from the earth vertically with a velocity of 
40 feet per second; find (1) how high it will go before coming to rest, 
(2) what times will elapse before it is at a height of 9 feet. 


2. A particle is projected vertically upwards with velocity of 


40 feet per second. Find (i) when its velocity will be 25 feet per. 


_ Second, and (ii) when it will be 25 feet above the point of pro- 
jection. ? 
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3. A stone is thrown vertically upwards with a velocity of 60 feet 
per second. After what times will its velocity be 20 feet per second, 
and at what height will it then be? 


4, Find (1) the distance fallen from rest by a body in 10 seconds, 
(2) the time of falling 10 feet, (3) the initial vertical velocity when the 
body describes 1000 feet downwards in 10 seconds. 


5, A-stone is thrown vertically into a mine-shaft with a velocity 
vet 96 feet per second, and reaches the bottom in 3 seconds; find the 
depth of the shaft. 


. A body is projected from the bottom of a mine, whose depth 
is 88g feet, with a velocity of 24g feet per second; find the time in 
which the body, after rising to its greatest height, will return to the 
surface of the earth again. . 


7, The greatest height attained by a particle projected vertically 
upwards is 225 feet; find how soon after projection the particle will 
be at a height of 176 feet. 


. A body moving in a vertical direction passes a point at a 
height of 54°5 centimetres with a velocity of 436 centimetres per 
second; with what initial velocity was it thrown up, and for how 
much longer will it rise? 


9. A particle passes a given point moving downwards with a 
velocity of fifty metres per second ; how long before this was it moving 
upwards at the same rate? 


10. A body is projected vertically upwards with a velocity of 
6540 centimetres per second ; how high does it rise, and for how long 
is it moving upwards? 


11. Given that a body falling freely passes through 176-99 feet in 
the sixth second, find the value of g. 


12. A falling particle in the last second of its fall passes through 
8 224 feet. Find the height from which it fell, and the time of its 
falling. 


13, A body falls freely from the top of a tower, and during the 
last second of its flight falls }$ths of the whole distance. Find the 
height of the tower. 


14, A body falls freely from the top of a tower, and during the 
last second it falls ;°;ths of the whole distance. Find the height of the 
tower. : 


~ 
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15. A stone 4 is thrown vertically upwards with a velocity of 
96 feet per second; find how high it will rise. After 4 seconds from 
the projection of A, another stone B is let fall from the same point. 
Shew that 4 will overtake B after 4 seconds more. 


16. A body is projected upwards with a certain velocity, and it is 
found that when in its ascent it is 960 feet from the ground it takes 
4 seconds to return to the same point again; find the velocity of pro- 
jection and the whole height ascended. 


17. A body projected vertically downwards described 720 feet in 
t seconds, and 2240 feet in 2¢ seconds; find t, and the velocity of pro- 
jection. 

18. A stone is dropped into a well, and the sound of the splash is 


head in 7;'5 seconds; if the velocity of sound be 1120 feet per second, 
find the depth of the well. 


19, <A stone is dropped into a well and reaches the bottom with a 
velocity of 96 feet per second, and the sound of the splash on the water 


reaches the top of the well in 37% seconds from the time the stone 
starts; find the velocity of sound. 


20. Assuming the acceleration of a falling body at the surface of 
the moon to be one-sixth of its value on the earth’s surface, find the 
height to which a particle will rise if it be projected vertically upward 
from the surface of the moon with a velocity of 40 feet per second. 

| 47...Motion down a smooth inclined plane. 


Let AB be the vertical section of a smooth inclined 


= 


plane inclined at a given angle a to the horizon, and let P 
be a body on the plane. . 


~ 
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If there were no plane to stop its motion, the body 
would fall vertically with an acceleration g: 


Now, by the parallelogram of accelerations, a vertical 
acceleration g is equivalent to 


(1) an acceleration g cos a perpendicular to the plane 
in the direction PR, 


and (2) an acceleration g sin a down the plane. 
The plane prevents any motion perpendicular to itself. 


Hence the body moves down the plane with an accelera- 
tion g sin a, and the investigation of its motion is similar 
to that of a freely falling body, except that instead of g we 
have to substitute g sin a, 


It follows at once that the velocity acquired in sliding 
from rest down a length / of the plane 


= /2g sina. l= /2g. tsina= J2g. AC, 
and is therefore the same as that acquired by a particle in 
falling freely through a vertical height equal to that of the 
plane. In other words the velocity acquired is independent 


of the inclination of the plane and depends only on the 
vertical height through which the particle has fallen, 


48. If the body be projected up the plane with initial 
velocity wu, an investigation similar to that of Arts, 43—45 
will give the motion. The greatest distance attained, 


2 
os —; the time taken in tra- 


measured up the plane, is oy sia 


versing this distance is , and so on, 
gsina 
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EXAMPLES. VII. 


1, A body is projected with a velocity of 80 feet per second up a 
smooth inclined plane, whose inclination is 30°; find the distance 
described, and the time that elapses, before it comes to rest. 


2. A heavy particle slides from rest down a smooth inclined 
plane which is 15 feet long and 12 feet high. What is its velocity 
when it reaches the ground, and how long does it take? 


3. A particle sliding down a smooth plane, 16 feet long, acquires 
a velocity of 16/2 feet per second; find the inclination of the plane. 


4, What is the ratio of the height to the length of a smooth 
inclined plane, so that a body may be four times as long in sliding 
down the plane as in falling freely down the height of the plane start- 
ing from rest? 


5. A particle is projected (1) upwards, (2) downwards, on a plane 
which is inclined to the horizon at an angle sin-!2; if the initial 


velocity be 16 feet per second in each- case, find the distances described 
and the velocities acquired in 4 seconds. 


6. A particle slides without friction down an inclined plane, and 
in the 5th second after starting passes over a distance of 2207-25 centi- 
metres; find the inclination of the plane to the horizon. 


7. AB is a vertical diameter of-a circle, whose plane is vertical, 
and PQ a diameter inclined at an angle @ to AB. Find @ so. that the 
time of sliding down PQ may be twice that of sliding down AB. 

49. Theorem. Te time that a body takes to slide 
down any smooth chord of a vertical circle, which is drawn 
Jrom the highest point of the circle, is constant. 

Let AB be a diameter of a vertical circle, of which A is 
the highest point and AD any chord. 

Let. DAB=6; put AD=x and AB=a, so that 

x =a cos 6, 

As in the last article, the acceleration down AD is 
g cos @. Let 7’ be the time from A to D. Then AD is 
the distance described in time 7 by a particle starting 
from rest and moving with acceleration g cos 0. 

. c=4g cos 0, 7, 


T= 2a = 2a 
ty NV gcos 6 — ge 
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This result is independent of 6, and is the same as the 
time of falling vertically through the distance AB. 


Hence the time of falling down all chords of this circle 
beginning at A is the same. 

The same theorem will be found to be true for all chords 
of the same circle ending in the lowest point. 


50. Lines of quickest descent. The linc of 
quickest descent from a given point to a curve in the same 
vertical plane is the straight line down which a body would 
slide from the given point to the given curve in the shortest 
time. 

It is not, in general, the same line as the geometri- 
cally shortest line that can be drawn from the given point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least, is not 
the perpendicular from the given point upon the given plane, 
except in the case where the given plane is horizontal. 


51. Theorem. Zhe chord of quickest descent Srom a 
given point P to a curve in the same vertical plane is PQ, 
where Q is a point on the curve such that a circle, having P 
at tts highest point, touches the curve at Q. 


4—2 
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For let a circle be drawn, having its highest point at 
P, to touch the given curve externally in Y. Take any 


other point Q, on the curve, and let PQ, meet the circle 
again in FR, : 
Then, since PQ, is > PR, 
the time down 7Q, is > time down PR. 
But time down PR =time down PQ (Art. 49), 
so that the time down PQ, is> time down PQ, 
and Q, is any point on the given curve, 
Hence the time down PQ is less than that down any 
other straight line from P to the given curve. 
Similarly it may be shewn that, if we want the chord 
of quickest descent from a given curve to a given point P, 
we must describe a circle having the given point P as its 
lowest point to touch the curve in Q; then QP is the 
required straight line. 


Ex. 1. To find the straight line of quickest descent from a given 
point P to a given straight line which is in the same vertical plane as P. 


Let BC be the given straight line. Then we have to describe a 
circle having its highest point at P to touch the given straight line. - 


Draw PB horizontal to meet BC in B. From BC cut off a portion 
BQ equal to BP. Then PQ is the required chord; for it is clear 


ee 


SS a oy” | 
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that a circle can be drawn to touch BP and BQ at P and Q re- 
spectively. 


B P 


Ex. 2. To find the line of quickest descent from a given point to a 
given circle in the same vertical plane. 

Join P to the lowest point B of the given circle to meet the circle 
again in YQ. Then PQ is the required line. For join O, the centre of 
the circle, to Q and produce to meet the vertical line through P in C, 

The 4 QPC= z OBQ, since OB and CP are parallel, 

= 2OQB= POOP: 
Hence a circle whose centre is C, and radius CP, will have its highest 
point at P and will touch the given circle at Q. 


If P be within the given circle, join P to the highest point and 
produce to meet the circumference in Q; then PQ Will be the required 
line, 


7 
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52. Ex.1. A cageinamine-shaft descends with 2 ft.-sec. units of 
acceleration. After it has been in motion for 10 seconds a particle is 
dropped on it from the top of the shaft. What time elapses before the 
particle hits the cage? 

Let T be the time that elapses after the second particle starts. 
The distance it has fallen through is therefore dgT?. The cage has 
been in motion for (7'+10) seconds, and therefore the distance it has 
fallen through is 

4.2 (L410)? or (T+10)2, 
Hence we have (1+10)?=497T?=16T°. 
te ee dO AT 
. T=84 seconds. 


Ex. 2. A stone is thrown vertically with the velocity which would 
just carry it to a height of 100 feet. Two seconds later another stone is 
projected vertically from the same place with the same velocity ; when 


‘and where will they meet ? 


Let u be the initial velocity of projection. Since the greatest 
height is 100 feet, we have 


0=u?— 29.100. 
“. U=n/2g.100=80. 


Let 7 be the time after the first stone starts before the two stones 
meet. 


Then the distance traversed by the first stone in time 7'=distance 
traversed by the second stone in time (7’— 2). 


“ 807—}9T?=80 (1-2) ~49(T-2) 
=80T - 160 - $9 (727-47 +4). 
- 160=h9 (47-4) =16 (47-4). 
a .. T =84 seconds. 
Also the height at which they meet=807_— dof? 
=280—196=84 feet, 


The first stone will be coming down and the second stone going 
upwards. 


EXAMPLES. VIII. 


1, From a balloon, ascending with a velocity of 32 ft. per second, 
a stone is let fall and reaches the ground in 17 seconds; how high 
was the balloon when the stone was dropped ? 


_ & Tf a body be let fall from a height of 64 feet at the same 
instant that another is sent vertically from the foot of the height 
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with a velocity of 64 feet per second, what time elapses before they 
meet? 


If the first body starts 1 sec. later than the other, what time will 
elapse ? 


3. A tower is 288 fect high; one body is dropped from the top of 
the tower and at the same instant another is projected vertically 
upwards from the bottom, and they meet half-way up; find the initial 
velocity of the projected body and its velocity when it meets the 
descending body. 


4, A body is dropped from the top of a given tower, and at the 
same instant a body is projected from the foot of the tower, in the 
same vertical line, with a velocity which would be just sufficient 
to take it to the same height as the tower; find where they will 
meet. 


5. A-particle is dropped from a height h, and after falling rds 
of that distance passes a particle which was projected upwards at the 
instant when the first was dropped. Find to what height the latter 
will attain. 


6. A body begins to slide down a smooth inclined plane from rest 
at the top, and at the same instant another body is projected upwards 
from the foot of the plane with such a velocity that they meet half- 
way up the plane; find the velocity of projection and determine the 
velocity of each when they meet. ‘ 


7. A body is projected upwards with velocity u, and z% seconds 
afterwards another body is similarly projected with the same velocity ; 
find when and where they will meet. 


8. A balloon ascends with a uniform acceleration of 4 ft.-sec. 
units; at the end of half a minute a body is released from it; find the 
time that elapses before the body reaches the ground. 


9, After a ball has been falling under gravity for 5 seconds it 
passes through a pane of glass and loses half its velocity; if it now 
reach the ground in 1 second, find the height of the glass above the 
ground. 


10. The space described by a falling body in the last second of 
its motion is to that described in the last second but one as 3; 2; find 
the height from which the body was dropped, and the velocity with 
which it strikes the ground. - 


11, A-plane is of length 288 feet and of height 64 feet; shew how 
to divide it into three parts so that a particle at the top of the plane 
may describe the portions in equal times, and find these times. 


12. Shew that the time that a particle takes to slide down a 
chord of a vertical circle, starting from one end of a horizontal 
diameter, varies as the square root of the tangent of the inclination of 
the chord to the vertical. 
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13, A number of smooth rods meet in a point A and rings placed 
on them slide down the rods, starting simultaneously from 4. Shew 


2 
that after a time ¢ the rings are all on a sphere of radius : 


14. A number of bodies slide from rest down smooth inclined 
planes which all commence at the same point and terminate on the 
same horizontal plane; shew that the velocities acquired are the 
same, 


15. Two heavy bodies descend the height and length respectively 
of a smooth inclined plane; shew that the times vary as the spaces 
described and that the velocities acquired are equal. 


16. A heavy particle slides down a smooth inclined plane of given 
height; shew that the time of descent varies as the secant of the 
inclination of the plane to the vertical. 


17. A body slides down smooth chords of a vertical circle ending 
in its lowest point; shew that the velocity on reaching the lowest 
point varies as the length of the chord. 


18. If two circles touch each other at their highest or lowest 
points, and a straight line be drawn through the point to meet both 
circles, shew that the time of sliding from rest down the portion of this 
line intercepted between the two circles is constant. 


19, A plane, of height h and inclination a to the horizon, has a 
smooth groove cut in it inclined at an angle £ to the line of greatest 
slope; find the time that a particle would take to describe the groove, 
starting from rest at the top. 

Se EC 
20, If a length s be divided into m equal parts at the end of each 


of which the acceleration of a moving point is increased byt , find 
n 

the velocity of a particle after describing the distance s if it started 

from rest with acceleration f. 


‘ 21, A particlestarts from rest with acceleration J; atthe end of time 
tit becomes 2f; it becomes 8f at end of time 2t, and soon. Find the 
velocity at the end of time nt, and shew that the distance described is 


n(n+1)(2n+1). , 
ibe Utama Sc 


22. A body starts from rest and moves with uniform acceleration ; 
shew that the distance described in the (++ nee second is equal to 
the distance described in the first n seconds together with the distance 
described in the first (n+1) seconds. 


\ 


VIII MOTION UNDER GRAVITY 57 


23. If a particle occupies m seconds less and acquires a velocity 
of m feet per second more at one place that at another in falling 


through the same distance, shew that equals the geometrical mean 
between the numerical values of gravity at the two places. 


24. A train goes from rest at one station to rest at another, 


one mile off, being uniformly accelerated for the first 3rds of the 
journey and uniformly retarded for the remainder, and takes 3 minutes 
to describe the whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 


25. An engine-driver suddenly puts on his brake and shuts off 
steam when he is running at full speed; in the first second afterwards 
the train travels 87 feet, and in the next 85 feet. Find the original 
speed of the train, the time that’elapses before it comes to rest, and 
the distance it will travel in this interval, assuming the brake to cause 
a constant retardation. Find also the time the train will take, if it 
be 96 yards long, to pass a spectator standing at a point 484 yards 
ahead of the train at the instant when the brake was applied. 


26, A railway-train goes from one station to another moving 
during the first part of the journey with uniform acceleration f; when 
steam is shut off and the brakes are applied, it moves with uniform 
retardation f’. If a be the distance between the stations, shew that 
the time the train takes is ; 

LAS e 
i 
; If 


27. During the first quarter of the journey from a station A to 
a station B the velocity of a train is uniformly accelerated, and during 
the last quarter it is uniformly retarded, and the middle half of the 
journey is performed at a uniform speed. Shew that the average speed 


of the train is $rds of the full speed. 


98. A lift ascending from a pit 600 feet deep rises during the first 
part of its ascent with uniform acceleration. On nearing the top the 
upward force is cut off, and the impetus of the lift is just sufficient to 
carry it to the top. If the whole process occupies 380 secs., find the 
acceleration during the first part of the ascent, and the maximum 
velocity attained. 


99. A train starts from rest and reaches its greatest speed of 


- 50 miles per hour in 5 minutes. This speed is maintained till it is 


half a mile from the next stopping place. Find the values of the 
acceleration and retardation in foot-second units, and the whole time 
taken for the journey if it be 100 miles. Draw also the velocity-time 
curve for the whole journey. 


CHAPTER IV. 
THE LAWS OF MOTION. 


53. In the present chapter we propose to consider the 
production of motion, and it will be necessary to commence 
with a few elementary definitions. 

Matter is “that which can be perceived by the senses ” 
or “that which can be acted upon by, or can exert, force.” 

No definition can however be given that would convey 
an idea of what matter is to anyone who did not already 
possess that idea. It, like time and space, is a primary 
conception. 


A Particle is a portion of matter which is infinitely 
small in all-its dimensions, or, at any rate, so small that 
for the purpose of our investigations the distances between 
the different portions of it may be neglected. Sometimes 
bodies of a finite size can be treated as particles, as in the . 
case of a cricket ball thrown into the air, or of a stone 
falling to the ground. Again in considering the motion of 
the Earth round the Sun, the Earth itself may be treated 
as a particle. 


A Body is a portion of matter which is bounded by 
surfaces, and which is limited in every direction, so that it 
consists of a very large number of material particles. 
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The Mass of a body is the quantity of matter in the 
body. 


Force is that which changes, or tends to change, the 
state of rest or uniform motion of a body. 
These definitions may appear to the student to be vague, 
but we may illustrate their meaning somewhat as follows. 
If we have a small portion of any substance, say iron, 
resting on a smooth table, we may by a push be able to 
move it fairly easily ; if we take a larger quantity of the 
same iron, the same effort on our part will be able to move 
it less easily. Again, if we take two portions of platinum 
and wood of exactly the same size and shape, the effect 
produced on these two substances by equal efforts on our 
part will be quite different. Once more, if we have a 
croquet-ball and a cannon-ball, both of the same size, 
lying at rest on the ground, and we kick each of them 
with the same force, the effect on the first is greater than 
that on the second. So also we can distinguish between 
a cask full of water, and an empty one of the same size, 
by watching the effect of equal kicks applied to them. 
Thus common experience shews us that the same effort 
applied to different bodies, under seemingly the same 
conditions, does not always produce the same result. This 
is because the masses of the bodies are different. 


54. If to the same mass we apply two forces in 
succession, and they generate the same velocity in the 
same time, the forces are said to be equal. 

If the same force be applied to two different masses, 
and if it produce in them the same velocity in the same 
time, the masses are said to be equal. 

The student will notice that we here assume, that it is 

- possible to create forces of equal intensity on different 


- 
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oceasions, e.g. we assume that the force necessary to keep a 
spiral spring stretched through the same distance is the 
same when other conditions are unaltered. 

Hence by applying the same force in succession we can 
obtain a number of masses-each equal to a standard unit of 
mass. The foregoing would be a theoretical method of 
defining equal masses, applicable under all conditions. In 
practice, we shall find that equal masses have equal weights, 
so that the process of weighing is the simplest practical 
‘method of comparing masses. 


55. The British unit of mass is called the Imperial 
Pound, and consists of a lump of platinum deposited at 
Westminster, of which there are in addition several 
accurate copies kept in other places of safety. 


The French, or scientific, unit of mass is called a gramme, and is 
the one-thousandth part of a certain quantity of platinum kept in 
Paris. The gramme was meant to be defined as the mass of a cubic 
centimetre of pure water at a temperature of 4° C. 


Tt is a much smaller unit than a Pound. 
One Gramme = about 15-432 grains. 
One Pound =about 453-6 grammes. 


The system of units in which a centimetre, gramme, and second, 
are respectively the units of length, mass, and time, is generally called 
the o.a.s. system of units. 


56. Density. The density of a uniform body is the 
mass of a unit volume of the body; so that, if m be the 
mass of volume V of a body whose density is p, then 

m= Vp. 


57. The Weight of a bddy is the force with which 
the earth attracts the body. 


It can be shewn that every particle of matter in nature attracts 
every other particle with a force, which varies directly as the product 
of the masses of the quantities, and inversely as the square of the 
distance between them; hence it can be deduced that a sphere attracts 
a particle on, or outside, its surface with a force which varies inversely 
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as the square of the distance of the particle from the centre of the 
sphere. The earth is not accurately a sphere, and therefore points on 
its surface are not equidistant from the centre; hence the attraction 
of the earth for a given mass is not quite the same at all points of its 
surface, and therefore the weight of a given mass is slightly different 
at different points of the earth. 

58. The Momentum of a body is proportional to 
the product of the mass and the velocity of the body. 

If we take as the unit of momentum the momentum of 
a unit mass moving with unit velocity, then the momentum 
of a body is mv, where m is the mass and v the velocity of 
the body. The direction of the momentum is the same as 
that of the velocity. 


Thus the momentum of a body of 100 grammes moving with 
velocity 275 cms. per sec. is 27500 centimetre-gramme-second units 
of momentum. 

59. We can now enunciate what are commonly called 
Newton’s Laws of Motion. ‘The first two were discovered 
by Galileo (about the year 1590) and the third in some of 
its many forms ‘was known to Hooke, Huyghens, Wallis, 
Wren and others before the publication of the Principia.” 
They were put into formal shape by Newton in his Principia 
published in the year 1686, 


They are ; . 

Law I. Lvery body continues in tts state of rest, or @ 
uniform motion in a straight line, except in so far_as it be 
compelled by external impressed force to change that state, 

Law II. The rate of change of momentum 1s pro 
tional to the impressed force, and takes place in the direction 
of the straight line in which the force acts. 

Law III. Zo every action there is an equal_and 
opposite _reacte 

No strictly formal proof, experimental or otherwise, 
can be given of these three laws. On them however is 
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based the whole system of Dynamics, and on Dynamics 
the whole theory of Astronomy. Now the results obtained, 
and the predictions made, from the theory of Astronomy 
agree so well with the actual observed facts of Astronomy 
that it is inconceivable that the original laws on which the 
subject is based should be erroneous. For example, the 
Nautical Almanac is published four years beforehand ; the 
motions of the Moon and the Planets are therein predicted, 
and the time and place of Eclipses of the Sun and Moon 
foretold; and the predictions in it are always correct. 
Hence the real reason for our belief in the truth of the 
above three laws of motion is that the conclusions drawn 
from them agree with our experience. 


60. Law I. We never see this law actually ex- 
emplified on the Earth because it is practically impossible 
_ ever to get rid of all forces during the motion of the body. 
It may be seen approximately in operation in the case of 
piece of dry, hard ice projected along the surface of dry, 
well swept ice. The only forces acting on the fragment of 
ice, in the direction of its motion, are the friction between 
the two portions of ice and the resistance of the air. The 
smoother the surface of the ice the further the small 
portion will go, and the less the resistance of the air the 
further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of 
the air and no other forces acting on the body, then it 
would go on for ever in a straight line with uniform 
velocity. 
The law states a principle sometimes called the Prin- 
ciple of Inertia, viz.—that a body has no innate ten- 


dency to change its state of rest or of uniform motion in - 


a straight line. A lump of iron resting on the ground 


- 


‘ 
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does not move by itself, nor unless it is acted upon by 
a force external to itself. 

If a portion of metal attached to a piece of string be 
swung round on a smooth horizontal table, then, if the 
string break, the metal, having no longer any force acting 
on it, proceeds to move in a straight line, viz. the tangent 
to the circle at the point at which its circular motion 
ceased, 

If a man step out of a rapidly moving train he is 
generally thrown to the ground ; his feet on touching the 
ground are brought to rest; but, as no force acts on the 
upper part of his body, it continues its motion as before, 
and the man falls to the ground. 

If a man be riding on a horse which is galloping at a 
fairly rapid pace and the horse suddenly stops, the rider is 
in danger of being thrown over the horse’s head. 

If a man be seated upon the back seat of a dog-cart, 
and the latter suddenly start, the man is very likely to be 
left behind. 


61. LawTII. From this law we derive our method of 
measuring force. 

Let m be the mass of a body, and / the acceleration 
produced in it by the action of a force whose measure 
is 2 ; , 

Then, by the second law of motion, 

P « rate of change of momentum, 
x rate of change of mv, 
a mx rate of change of v (if m is unaltered), 


om. f. 


. P=X. m/f, where d is some constant. 
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Now let the unit of force be so chosen that it may 
produce in unit mass the unit of acceleration. 
Hence, when m =1 and f= 1, we have P=1, 
and therefore N= de 
The unit of force being thus chosen, we have 
Pm. f- 
Therefore, when proper units are chosen, the measure 


of the force is equal to the measure of the rate of change 
of the momentum. 


62. From the preceding article it follows that the 
magnitude of the unit of force used in Dynamics depends 
on the units of mass, and acceleration, that we use. The 
unit of acceleration, again, depends, by Arts. 9 and 29, on 
the units of length and time. Hence the unit of force 
depends on our units of mass, length, and time. When 
these latter units are given the unit of force is a deter- 
minate quantity. 

When a pound, a foot, and a second are respectively the 
units of mass, length, and time, the corresponding unit of 
force is called a Poundal. 


Hence the equation P= mf is a true relation, 
m being the number of pounds in the body, P the 
number of poundals in the force acting on it, and 
f the number of units of acceleration produced in 
the mass m by the action of the force P on it. 

This relation is sometimes expressed in the form 
Moving Forge 
Mass moved * 

N.B. All through this book the unit of force used will 
be a poundal, unless it is otherwise stated. Thus, when we 
say that the tension of a string is 7’, we mean 7’ poundals, 


Acceleration = 
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63. When a gramme, a centimetre, and a second are respectively 
the units of mass, length, and time, the corresponding unit of force is 
called a Dyne. [This name is derived from the Greek word dvapus, 
pronounced Dunamis, which means Force. ] 


Hence when the equation P=mf is used in this system the force 
must be expressed in dynes, the mass in grammes, and the acceleration 
in centimetre-second units. 


64. Connection between the unit of force and 
the weight of the unit of mass. As explained in 
Art. 42, we know that, when a body drops freely in vacuo 
it moves with an acceleration which we denote by Sg" 
also the force which causes this acceleration is that which 
we call its weight. 

Now the unit of force acting on the unit of mass pro- 
duces in it the unit of acceleration. 

Therefore g units of force acting on the unit of mass 
produce in it g units of acceleration (by the second law). 

But the weight of the unit of mass is that which pro- 
duces in it g units of acceleration. 


« 


Hence the weight of the unit of mass = g units of force. 


65. Foot-Pound-Second System of units. In this system 
g is equal to 32:2 approximately. 

Therefore the weight of one pound is equal to g units of 
force, 2.e. to g poundals, where g = 32-2 approximately. 


Pee 
Hence a poundal is approximately equal to 39-9 times 


the weight of a pound, 7.e. to the weight of about half an 
ounce. 

Since g has different values at different points of the 
earth’s surface, and since a poundal is a force which is the 
same everywhere, it follows that the weight of a pound 
is not constant, but has different values at dif- 
ferent points of the earth. 


1d Os 5 
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66. Centimetre-Gramme-Second System of units. In this system 
-g is equal to 981 approximately. : 
Therefore the weight of one gramme is equal to g units of force, 
i.e. to g. dynes, where 
g=981 approximately. 


1 
Hence a dyne is equal to the weight of about 981 of a gramme. 


The dyne is a much smaller unit than a poundal. The approxi- 
mate relation between them may be easily found as follows: 
1 
One Poundal 32-2 A ee 
One Dyne ~ 1 
a7 Wt. of a gramme 
981 
_ 981 onepound _ 981 : : 
~ 32-2 ~ one gramme 32-2 * ae (by orp ee 


Hence One Poundal=about 13800 dynes. 


EXAMPLES. IX. 


1. A mass of 20 pounds is acted on by a constant force which in 
5 seconds produces a velocity of 15 feet per second. Find the Sorce, if 
the mass was initially at rest. 
15 


From the equation v=u+/t, we have f=15—3, 
Also, if P be the force expressed in poundals, we have 
P=20 x 3=60 poundals. 
Hence P is equal to the weight of about $2, i.e. 14, pounds. 


2, A mass of 10 pounds is placed on a smooth horizontal plane, 
and is acted on by a force equal to the weight of 3 pounds; find the 
distance described-by it in 10 seconds. 


Here moving force = weight of 3 Ibs. =3g poundals; 
and mass moved=10 pounds. 


Hence, if ft.-sec. units are used, the acceleration = oar 


so that the distance required =+. =a 10?=480 feet. 


3. Find the magnitude of the force which, acting on a kilogramme 
for 5 seconds, produces in it a velocity of one metre per second. 


Here the velocity acquired =100 ems. per sec. 
Hence the acceleration = 20 c.a.8. units. 


Hence the force=1000 x 20 dynes=weight of about ae 5a or 


20°4 grammes. 
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4, Find the acceleration produced when 
(1). A force of 5 poundals acts on a mass of 10 pounds. 
(2) A force equal to the weight of 5 pounds acts on a mass of 
10 pounds. 
(3) A force of 50 pounds weight acts on a mass of 10 tons. 


5. Find the force expressed (1) in poundals, (2) in terms: of the 
weight of a pound, that will produce in a mass of 20 pounds an 
acceleration of 10 foot-second units. 


6. Find the force which, acting horizontally for 5 seconds on a 
mass of 160 pounds placed on a smooth table, will generate in it a 
velocity of 15 feet per second. 


7. Find the magnitude of the force which, acting on a mass of 
10 cwt. for 10 seconds, will generate in it a velocity of 3 miles per 
hour. 


8. A force, equal to the weight of 2 lbs., acts on a mass of 40 lbs. 
for half a minute; find the velocity acquired, and the space moved 
through, in this time. 


9, A body, acted upon by a uniform force, in ten seconds describes 
' a distance of 7 metres; compare the force with the weight of the body, 
and find the velocity acquired. 


10, In what time will a force, which is equal to the weight of a_ 
pound, move a mass of 18 lbs. through 50 feet along a smooth 
horizontal plane, and what will be the velocity acquired by the 
mass ? 


11. A body, of mass 200 tons, is acted on by a force equal to 
112000 poundals; how long will it take to acquire a velocity of 
30 miles per hour? 


12, In what time will a force, equal to the weight of 10 Ibs., acting 
on a mass of 1 ton move it through 14 feet? 


13, A mass of 224 lbs. is placed on a smooth horizontal plane, 
and a uniform force acting on it parallel to the table for 5 seconds. 
causes it to describe 50 feet in that time; shew that the force is equal 
to about 28 Ibs. weight. 


14, A heavy truck, of mass 16 tons, is standing at rest on a 
smooth line of rails. A horse now pulls at it steadily in the direction 
of the line of rails with a force equal to the weight of 1 ewt. How far 
will it move in 1 minute? ; 

15. A force equal to the weight of 10 grammes acts on a mass 
of 27 grammes for 1 second; find the velocity of the mass and the 


distance it has travelled over. At the end of the first second tho 
force ceases to act; how far will the body travel in the next minute? 


5—2 
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16. A force equal to the weight of a kilogramme acts on a body 
continuously for 10 seconds, and causes it to describe 10 metres in 
that time; find the mass of the body. 


17. A horizontal force equal to the weight of 9 lbs. acts on a 
mass along a smooth horizontal plane; after moving through a space 
of 25 feet the mass has acquired a velocity of 10 feet per second; find 
its magnitude. 


18. A body is placed on a smooth table and a force equal to the 
weight of 6 lbs. acts continuously on it; at the end of 3 seconds the 
body is moving at the rate of 48 feet per second; find its mass. 


19, <A body, of mass 3 Ibs., is falling under gravity at the rate of 
100 feet per second. What is the uniform force that will stop it (1) in 
2 seconds, (2) in 2 feet? 


20. Of two forces, one acts ona mass of 5 Ibs. and in one-eleyenth 
of a second produces in it a velocity of 5 feet per second, and the other 
acting on a mass of 625 Ibs. in 1 minute produces in it a velocity of 
18 miles per hour; compare the two forces. - 


21, A mass of 10 Ibs. falls 10 feet from rest, and is then brought 


to rest by penetrating 1 foot into some sand; find the average thrust 
of the sand on it. 


22. A cannon-ball of mass 1000 grammes is discharged with a 
velocity of 45000 centimetres per second from a cannon the length of 
whose barrel is 200 centimetres; shew that the mean force exerted on 
the ball during the explosion is 5-0625 x 109 dynes. 


23. It was found that when 1 foot was cut off from the muzzle of 
a gun firing a projectile of 100 lbs., the velocity of the projectile was 
altered from 1490 to 1330 feet per second. Shew that the force 
exerted on the projectile by the powder-gas at the muzzle, when 
expanded in the bore, was about 315 tons weight. 


24, A bullet moving at the rate of 200 feet per second is fired into 
a trunk of wood into which it penetrates 9 inches; if a bullet moving 
with the same velocity were fired into a similar piece of wood 5 inches 


thick, with what velocity would it emerge, supposing the resistance to 
be uniform ? 


25. A motor car travelling at the rate of 40 kilometres per hour 
is stopped by its brakes in 4 seconds; shew that it will go about 22 
metres from the point at which the. brakes are first applied, and that 
the force exerted by them is about *283-times the weight of the Car, 
and would hold the car at rest on an incline of about lin 3}, . 
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67. A poundal and a dyne are called Absolute Units 
because their values are not dependent on the value of g, 
which varies at different places on the earth’s surface. The 
weight of a pound and of a gramme do depend on this 
value. Hence they are called Gravitation Units. 

68. The weight of a body is proportional to, its mass 
and is independent of the kind of matter of which it is com- 
posed. The following is an experimental fact: If we have 
an air-tight receiver, and if we allow to drop at the same 
instant, from the same height, portions of matter of any 
kind whatever, such as a ‘piece of metal, a feather, a piece 
of paper etc., all these substances will be found to have 
always fallen through the same distance, and to hit the base 
of the receiver at the same time, whatever be the sub- 
stances, or the height from which they are allowed to fall. 
Since these bodies always fall through the same height in 
the same time, therefore their velocities [rates of change of 
space, ] and their accelerations [rates of change of velocity, | 
must be always the same. 

The student can approximately perform the above experiment 
without creating a vacuum. Take a penny and a light substance, 
say a small piece of paper; place the paper on the penny, held 
horizontally, and allow both to drop. They will be found to keep 
together in their fall, although, if they be dropped separately, the 
penny will reach the ground much quicker than the paper. The 
penny clears the air out of the way of the paper and so the same 
result is produced as would be the case if there were no air. 

Let W, and W, poundals be the weights of any two of 
these bodies, m, and m, their masses. Then since their 
accelerations are the same and equal to g, we have 


W, =m, 
and : Wo = 2g 5 
wal pe We my Tang, 


or the weight of a body is proportional to its mass. 
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Hence bodies whose weights are equal have equal 
masses ; so also the ratio of the masses of two bodies is 
known when the ratio of their weights is known. 

The equation W=mg is a numerical one, and means 
that the number of units of force in the weight of a body 
is equal to the product of the number of units of mass in 
the mass of the body, and the number of units of accelera- 
tion produced in the body by its weight. 

From the result of Art. 61, combined with this article, 


we haye 7 bas 2.¢e. the ratio of any force to the weight 
! g 


of a body is the same as the acceleration produced by the 
force acting on the body to the acceleration produced by 
gravity. 

This form of the relation between P and J is preferred 
by some. 


69. Distinction between mass and weight. The student must 
carefully notice the difference between the mass and the weight of a 
_ body. He has probably been so accustomed to estimate the masses of 
bodies by means of their weights that he has not clearly distinguished 
between the two. If it were possible to have a cannon-ball at the 
centre of the earth it would have no weight there; for the attraction 
of the earth on a particle at its centre is zero. If, however, it were in 
motion, the same force would be required to stop it as would be 
necessary under similar conditions at the surface of the earth. Hence 
we see that it might be possible for a body to have no weight; its mass 
however remains unaltered. 


The confusion is probably to a great extent caused by the fact that. 
the word ‘pound’? is used in two senses which are scientifically 
different; itis used to denote both what we more properly call ‘‘ the 
mass of one pound”? and ‘the weight of one pound.”? I¢ cannot be 
too strongly impressed on the student that, strictly speaking, a pound 
is a mass and a mass only; when we wish to speak of the force with 
which the earth attracts this mass we ought to speak of the ¢ weight 
of a pound.’”? This latter phrase is often shortened into ‘a pound,” 
but care must be taken to see in which sense this word is used. 

It may also be noted here that the expression ‘‘a ball of lead 
weighing 20 Ibs.’? is, strictly speaking, an abbreviation for « ball of 
lead whose weight is equal to the weight of 20 lbs.”? The mags of the 
lead is 20 lbs. ; its weight is 20g poundals. 
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70. Weighing by Scales and a Spring Balance. We have pointed 
out (Art. 42) that the acceleration due to gravity, i.c. the value of 9g; 
varies slightly as we proceed from point to point of the earth’s surface. 
When we weigh out a substance (say tea) by means of a pair of scales, 
we adjust the tea until the weight of the tea is the same as the weight 
of sundry pieces of metal whose massés are known, and then, by 
Art, 68, we know that the mass of the tea is the same as the mass of 
the metal. Hence a pair of scales really measures masses and not 
weights, and so the apparent weight of the tea is the same every- 
where, 


When we use a spring balance, we compare the weight of the tea 
with the force necessary to keep the spring stretched through a certain 
distance. If then we move our tea and spring balance to another 
place, say from London to Paris, the weight of the tea will be different, 
whilst the force necessary to keep the spring stretched through the 
same distance as before will be the same. Hence the weight of the 
tea will pull the spring through a distance different from the former 
distance, and hence its apparent weight as shewn by the instrument 
will be different. 

If we have two places, A and B, at the first of which the numerical 
value of g is greater than at the second, then a given mass of tea will 
[as tested by the spring balance,] appear to weigh more at A than it 
does at B. 


Ex. 1. At the equator the value of g is 32-09 and in London the 
value is 32-2; a merchant buys tea at the equator, at a shilling 
per pound, and sells in London; at what price per pound (apparent) 
must he sell so that he may neither gain nor lose, if he use the same 

_ spring balance for both transactions ? 
A quantity of tea which weighs 1 1b. at the equator will appear 
- 82°2 ‘ 32°2 
to weigh 30-00 Ibs. in London. Hence he should sell 39-09 lbs. for 
3209 


3220 


Ex. 2. Ata place 4, g=32:24, and at a place B, g=32:12. A 
merchant buys goods at £10 per cwt. at A and sells at B, using the 
same spring balance. If he is to gain 20 per cent., shew that his 
selling price must be £12. Os. 103d. per cwt. \ 


one shilling, or at the rate of shillings per pound. 


71. Physical Independence of Forces. The 
latter part of the Second Law states that the change of 
motion produced by a force is in the direction in which 
the force acts. . 

Suppose we have a particle in motion in the direction 
AB and a force acting on it in the direction AC; then 
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the law states that the velocity in the direction AB is 
unchanged, and that the only change of velocity is in the 
direction AC; so that to find the real velocity of the 
particle at the end of a unit of time, we must compound 
its velocity in the direction AB with the velocity generated 
in that unit of time by the force in the direetion AC, 
The same reasoning would hold if we had a second force 
acting on the particle in some other direction, and so for 
any system of forces. Hence if a set of forces act on a 
particle at rest, or in motion, their combined effect is 
found by considering the effect of each force on the particle 
Just as if the other forces did not exist, and as if the particle 
were at rest, and then compounding these effects. This 
principle is often referred to as that of the Physical Inde- 
pendence of Forces. 

As an illustration of this principle consider the motion of a ball 
allowed to fall from the hand of-a passenger in a train which is 
travelling rapidly. It will be found to hit the floor of the carriage at 
exactly the same spot as it would have done if the carriage had been 
at rest. This shews that the ball must have continued to move 
forward with the same velocity that the train had, or, in other words, - 


the weight of the body only altered the motion in the vertical direction, 
and had no influence on the horizontal velocity of the particle. 


Again, if any two small bodies be placed on the edge of a table, 
and be hit so that they leave the table at the same moment, but with 
velocities differing as much as possible, then whatever be their masses 
or their initial velocities, they will be heard to hit the floor at the 
same instant. It hence follows that the vertical accelerations and 
velocities produced in the bodies are independent of their masses and 
also of their initial velocities. 


So also, a circus rider, who wishes to jump through a hoop, springs 
in a vertical direction from the horse’s back; his horizontal velocity 
is the same as that of the horse and remains unaltered; he therefore 
alights on the horse’s back at the spot from which he started. 


72. Parallelogram of Forces. We have shewn 
in Art. 30 that if a particle of mass m have accelerations 


Jj: and f, represented in magnitude and direction by lines AB 
and AC, then its resultant acceleration J; is represented 
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in magnitude and direction by AD, the diagonal of the 
parallelogram of which AB and AC are adjacent sides, 


Since the particle has an acceleration /, in the direction 
AB there must be a force P, (=m/f,) in that direction, and 
similarly a force P, (=mf,) in the direction AC. Let 
AB, and AC, represent these forces in magnitude and 
direction. Complete the parallelogram AB,D,C,. Then 
since the forces in the directions AB, and AC, are propor- 
tional to the accelerations in these directions, 

att, APCS Det iD, 

Hence, by simple geometry, we have A, D and D, ina 

straight line, and 
riety SA AD AB. 

It follows that AD, represents the force which produces 
the acceleration represented by AD, and hence is the force 
which is equivalent to the forces represented by AB, and 
AC. 

Hence we infer the truth of the Parallelogram of Forces 
which may be enunciated as follows: 

Lf a particle be acted on by two forces represented in 
magnitude and direction by the two sides of a parallelogram 
drawn from a point, they are equivalent to a force repre- 

sented in magnitude and direction by the diagonal as the 
paroldelagnin. passing through the point. 
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Cor. If in Arts. 13—19 which are founded on the 
Parallelogram of Velocities we substitute the word “force” 
for “velocity” they will still be true. 


73. LawIIl. 7o every action there is an equal and 
opposite reaction. 


Every exertion of force consists of a mutual action 
between two bodies. This mutual action is called the stress 
between the two bodies, so that the Action and Reaction 
of Newton together form the Stress. 


Illustrations. ], If a book rest on a table, the book presses the 
table with a force equal and opposite to that which the table exerts.on 
the book. 


2. If a man raise a weight by means of a string tied to it, 
the string exerts on the man’s hand exactly the same force that it 
exerts on the weight, but in the opposite direction. 


8. The attraction of the earth on a body is its weight, and 
the body attracts the earth with a force equal and opposite to 
its own weight. 


4, When a man drags a heavy body along the ground by means 
of a rope, the rope drags the man back with a force equal to that 
with which it drags the body forward. [The weight of the rope is 
neglected. ] 


[In the figure AB represents the central line of the man’s bod: 
F and R are the horizontal and vertical forces which the-earth pie: 
on his feet, and which are equal and opposite to the forces his feet 
exert on the earth. T ig the tension of the rope which acts in 


ee 


THE LAWS OF MOTION 75 


opposite directions at its ends. F is the horizontal force between 
the earth and the body. ~ 


The man moves because F> TZ’. 
The body moves because 7'>F’. 
Thus at the commencement of the motion we have F> T>F’. 


When the man and body are moving uniformly these three forces 
are equal. ] 


5. In the case of a stretched piece of indiarubber, with the ends 
held in a man’s hands,. the indiarubber pulls one hand with a force 
equal and opposite to that with which it pulls the other hand. 

The compressed buffers between two railway carriages push one 
carriage with a force exactly equal and opposite to that with which 
they push the other carriage. ; 


CHAPTER V. 


LAWS OF MOTION (continvgp). APPLICATION 
TO SIMPLE PROBLEMS. 


74. Motion of two particles connected by 
a string. 

Two particles, of masses m, and m., are connected by a 
light inextensible string which passes over a 
small smooth fixed pulley. If m, be > ma, find 
the resulting motion of the system, and the 
tension of the string. 

Let the tension of the string be 7’ 
poundals; the pulley being smooth, this 
will be the same vaeteut: the string. 

Since “the string is inextensible, the velo- $ 
city of m, upwards must, throughout the ™: Le 
motion, be the same as that of m, downwards. 

Hence their accelerations [rates of change 
of velocity] must be the same in magnitude. 

Let the magnitude of the common acceleration be St. 


Now the force on m, downwards is m,g — T’ poundals, 
Hence mg — eetihee Toe vabixts a aeaee (1). 
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Mm — Mz 


mM, + Mz 


Adding (1) and (2), we have f= 
common acceleration. 
Also, from (2), 
2myms 


9 
T=m,(f + 9) eae g poundals ...... (3). 


g, which is the 


> 


Since the acceleration is known and constant, the 
equations of Art. 32 give the space moved through and 
the velocity acquired in any given time. 


Experiment. By using the foregoing result the value of g may 
be roughly obtained if allowance be made for the friction etc. of the 
pulley. ; 

Fix a light pulley at a convenient height from the ground, so that 
the distance through which the masses move may be measured. 
Round the pulley put a light string having at its ends two equal 
masses [weights of the shape P, in Art. 82, are convenient]. By 
trial find the mass R which, when placed on the right-hand P, will 
make it very slowly and uniformly descend to the ground. This mass 
Zt is in general small, and we shall neglect it. 

Now place on the same P an additional mass Q so that it descends 
to the ground with an acceleration f which is given by the previous 
formula. For m,=P+Q and m,=P. 


Measure the distance h through which the weight falls, and the 
time T that it takes; then 
See alee Q 2 
h=4fT =tapo9t ; 
Here everything is known except g which can thus be found. 
‘In an actual experiment the pulley used was a light aluminium one. 

The original masses P at the ends of the string were each 265 
_ grammes. : 

A small mass of the shape Q [Art. 82] equal to 4 grammes when 
placed on one of the weights P was found to just make it very slowly 
descend to the ground, so that this weight just overcomes the frictional 
resistance. 

An extra mass of 9 grammes was put on, and the combined 
weight was then found to descend a distance of 8 feet to the floor in 
5°5 seconds. [This time can be found to a considerable degree of 
accuracy by a stop-watch or by placing an ordinary watch beating four 
times per second to the ear; the mean of several determinations should 
_ be taken.] 
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Neglecting the 4 grammes put on in order to overcome the friction, ~ 
we have m,=265 and m,=265+49. 
os S=s309 
1 99 ix mo 
= 539 Ps 
_ 8x2x539x4 
Sr nO) SeghOd 
This is as accurate a result as we can expect to obtain from this 
experiment. 


That the tension of the string is as found may be experimentally 
verified as follows: 


and hence 


=about 31-7. 


B oO A 


my 


Me 


Attach the pulley to the end A of a uniform rod, which can turn 
about its centre. Then if during the motion the pulley C be at rest, 
the tension of the string AC must, by result (3), 
4mm 
tty g+wt. of pulley, 
and hence to keep the beam horizontal weights must be put into the 
scale-pan at.B which will just balance this tension. 


As a numerical illustration take m,=70 and m,=30 grammes; let 


the mass of the pulley C be 40 grammes and that of the scale-pan B 
be 10 grammes. 


During the motion, 


4.70.30 5 
ao Toe g=84 grammes weight ; 


=2T+wt. of pulley C= 


therefore total weight to be placed in the scale-pan 
=wt. of pulley C+84 grammes —10 grammes=114 grammes. 


Put 114 grammes into the seale-pan B; and hold the pulley C, so. 
that it cannot rotate, in such a position that BOA is horizontal; now 
let motion ensue; the beam will be found to remain horizontal so long 
as the motion continues; this shows that the tension of the string AC 
really was 124 grammes as the theory gives. ; 
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If the string be slipped off the rim of the pulley, so that no motion 
can ensue, then, in order to balance m, and m., the weights that must 
be put into the scale-pan 


=wis. of C, m,, and m, —Wwt. of the scale-pan 
=40+70+30-10=130 grammes. 


Hence when there is motion we see, from experiment, that the tension 
of the string is less than when the pulley is not free to move. 


75. Two particles, of masses m, and my, are connected 
by a light imextensible string ; mz 
ts placed on a smooth horizontal ms “T, 
table and the string passes over a 
light smooth pulley at the edge of A 
the table, m, hanging freely ; find my 
the resulting motion. 

Let the tension of the string be 7’ poundals. 

The velocity and acceleration of m, along the table must 
be equal to the velocity and acceleration of m, in a vertical 
direction. 

Let f be the common acceleration of the masses. 

The force on m, downward is mg— 7’; 

aS ST" SR Paseo sass eke Gp tees 

The only horizontal force acting on m, is the tension 7’; 
[for the weight of m, is balanced by the reaction of the 
table]. 

en Og SS eae EMER ROE ne Ee (2). 

Adding (1) and (2), we have 

Mg = (M, + M2) f- 
. mM 
: ase —_ Mm, + m2? 
giving the required acceleration. 


Hence, from (2), 7’= BCLS poundals = weight of a 
2 


: Mm, +m 
body whose mass is 


MMz 
MM, + Me 
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76. Two masses, m, and m,, are connected by a string; ~ 
m, is placed on a smooth plane inclined at an angle a to the 
horizon, and the string, after passing 
over a small smooth pulley at the top 
of the plane, supports m,, which hangs 
vertically ; if m, descend, find the re- 
sulting motion. 

Let the tension of the string be 
T poundals. The velocity and accele- 
ration of m, up the plane are clearly equal to the velocity 
and acceleration of m, vertically. 


Let f be this common acceleration. For the motion of 

m,, we have 
WG = = ec ake dae 

The weight of m, is m,g vertically downwards. 

The resolved part of m,g perpendicular to the inclined 
plane is balanced by the reaction R of the plane, since m, 
has no acceleration perpendicular to the plane. 

The resolved part of the weight down the inclined plane 
iS m.g sin a, and hence the total force up the plane is 

7 —m,g sin a. 
Hence ——.. ig sh GS eS oe. cs ee (2). 
Adding (1) and (2), we easily have 
M, — My Sina. 
My My 
Also, on substitution in (1), 
nd ney Mm, — My Sin a 
T=m,(g—f) =mg [1-™ mene 
_ mm, (1 + sin a) 
My, + My 
giving the tension of the string. 


5) 
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EXAMPLES, X. 


. A mass of 9 lbs., descending vertically, drags up a mass of 
6 lbs. by means of a string passing over a smooth pulley; find the 
acceleration of the system and the tension of the string. 

2. Two particles, of masses 7 and 9 Ibs., are connected by a light 
string passing over a smooth pulley. Find (1) their common accelera- 
tion, (2) the tension of the string, (3) the velocity at the end of 
5 seconds, (4) the distance described in 5 seconds. 

8. Two particles, of masses 11 and 13 Ibs., are connected by a 
light string passing over a smooth pulley. Find (1) the velocity at the 
end of 4 seconds, and (2) the space described in 4 seconds. I? at the 
end of 4 seconds the string be cut, find the distance described by each 
particle in the next 6 seconds. 

4, Masses of 450 and 550 grammes are connected by a thread 
passing over a light pulley; how far do they go in the first 3 seconds 
of the motion, and what is the tension of the string? 

5. Two masses of 5 and 7lbs. are fastened to the ends of a cord 
passing over a frictionless pulley supported by a hook. When they 
are free to moye, shew that the pull on the hook is equal to 11% lbs. 
weight, . 

6. Two equal masses, of 3lbs. each, are connected by a light 
string hanging oyer a smooth peg; if a third mass of 3 lbs. be laid on 
one of them, by how much is the pressure on the peg increased ? 

7. ‘Two masses, each equal to P, are confiected by a light string 
passing over a smooth pulley, and a third mass P is laid on one of 
them ; find by how much the pressure on the peg is increased. 

8. ‘Two masses, each equal to m, are connected by a string passing 
over a smooth pulley; what mass must be taken from one and added 
to the other, so that the system may describe 200 feet in 5 seconds? 

9. A mass of 3 lbs., descending vertically, draws up a mass of 
2 lbs. by means of a light string passing over a pulley; at the end of 
5 seconds the string breaks; find how much higher the 2 lb. mass 
_ will go. 

10. <A body, of mass 9 lbs., is placed on a smooth table at a 
distance of 8 feet from its edge, and is connected, by a string passing 
over the edge, with a body of mass 1 lb.; find 

(1) the common acceleration, 

@) the time that elapses before the body reaches the edge of 
the table, : 
and (8) its velocity on leaying the table. 

. A mass of 350 grammes is placed on a smooth table at a 
distance of 245-25 cms. from its edge and connected by a light string 
passing over the edge with a mass of 50 grammes hanging freely ; 
what time will elapse before the first mass will leave the table? - 
6 


L. D. 
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12. A particle, of mass 5 lbs., is placed on a smooth plane in- 
clined at 30° to the horizon, and connected by a string passing over 
the top of the plane with a particle of mass 3 lbs., which hangs ver- 
tically; find (1) the common acceleration, (2) the tension of the 
string, (3) the velocity at the end of 3 seconds, (4) the space described 
in 3 seconds. 


13. A particle, of mass 4 lbs., is placed at the bottom of a plane, 
inclined at 45° to the horizon and of length 7 feet, and is connected 
with a mass of 3 lbs. by a string passing over the top of the plane; find 
the common acceleration of the masses, and the time that elapses 
before the first arrives at the top of the plane. 


14, A body, of mass 12 lbs., is placed on an inclined plane, whose 
height is half its length, and connected by a light string passing over 
a pulley at the top of the plane with a mass of 8 lbs. which hangs 
freely ; find the distance described by the masses in 5 seconds. 


15, A mass of 6 ounces slides down a smooth inclined plane, 
whose height is half its length, and draws another mass from rest Over 
a distance of 3 feet in 5 seconds along a horizontal table which is level 
with the top of the plane over which the string passes; find the mass 
on the table. 


16. A mass of 4 ozs. is attached by a string passing over a smooth 
pulley to a larger mass; find the magnitude of the latter so that, if 
after the motion has continued 3 seconds the string be cut, the former 
will ascend 4,¢ ft. before descending. 


17. Two scale-pang, of mass 3 lbs. each, are connected by a string 
passing over a smooth pulley; shew how to divide a mass of 12 Ibs. 
between the two scale-pans so that the heavier may descend a distance 
of 50 feet in the first 5 seconds. 


18. Two strings pass over a smooth pulley ; on one side they are 
‘attached to masses of 3 and 4 lbs. respectively, and on the other to 
one of 5 Ibs.3 find the tensions of the strings and the acceleration of 
the system. — 


19. A string hung over a pulley has at one enda weight of 10 Ibs. 
and at the other end weights of 8 and 4 lbs. respectively ; after being 
in motion for 5 seconds the 4 Ib. weight is taken off; find how much 
further the weights go before they first come to rest. 


20. Two unequal masses are connected by a string passing over 
tases Lea puey es the ensuing motion shew that the 
rust o e axis o € pulley upon its supports is always ] 
than the sum of the weights of the masses. aS ee 

21. A string passing across a smooth table at right angles to two 
opposite edges has attached to it at the ends two masses P and 


which hang vertically. Prove that, if a mass M be attached to the ~ 


portion of the string which is on the table, the accel. tion of 
system when left to itself will be eration of the 


P+Q+u" 


THE LAWS OF MOTION 83 


77. Motion on a rough plane. 4 particle slides 
down «a rough inclined plane inclined to the horizon at an 
angle a; if p be the coefficient of Sriction, to determine the 
motion. 

Let m be the mass of the particle, so that its weight is 
mg poundals ; let be the normal reaction of the plane, 
and pl the friction. 

R 


ERE 


The total force perpendicular to the plane is 
(2 — mg cos a) poundals, 
The total force down the plane is (mg sin a ~pR) 
poundals. : 
Now perpendicular to the plane there cannot be any 
motion, and hence there is no change of motion. 
Hence the acceleration, and therefore the total force, in 


that direction is zero. 
20 Ab = 1G COB 2 =O oie ccescsiocracees (1). 


Also the acceleration down the plane 
_ Moving force mg sina—pR 
" massmoved = =. m 

Hence the velocity of the particle after it has moved 
from rest over a length / of the plane is, by Art. 32, equal 


ene Open V/2g1 (sin a — p cos a). 


=g (sin a— cos a), by (1). 


6—2 
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Similarly, if the particle were projected up the plane, ~ 
we have to change the sign of », and its acceleration in 
a direction opposite to that of its motion is 


g (sin a + p COS a). 


78. Two equally rough inclined planes, of equal height, 
whose inclinations to the horizon are a, and a, are placed 
back to back ; two masses, m, and m2, are placed on their 
inclined faces and wre connected by a light inextensible string 
passing over a smooth pulley at the common vertex of the two 
planes ; if m, descend, find the resulting motion, 

Let 7 be the tension of the string, R, and R, the 
reactions of the planes, and p» the coefficient of friction. 


Since m,-moves down, the friction on it acts up the 
plane. 


Since m, moves up, the friction on it acts down the 
plane. 


Hence the total force on m, down the plane 
=myg sin a,— 7’'—pR, 
=mq,g (sin a, — p cos a,) — 7. 
Hence, if / be the common acceleration of the two 3 
particles, we have 


mg (sin a, — cos a,)— T=m,f......... (1). 
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Similarly, the total force on Mm up the plane 
= 7—pR,- mz sin a, 
= T'—myg [sin a, + p cos ay |. 


Hence 
T’—mgg (sin ay + p cos Chat oy Ae epee (2). 


Adding (1) and (2), we have 
< M, (Sin a, — p. COs ay) 
J Athy + 5) =9 — Mz (SIN ag+ pt COS ay) |” 


giving the required acceleration. 


79. A train, of mass 50 tons, is ascending an incline of 
1 in 100 ; the engine exerts a constant tractive Sorce equal to 
the weight of 1 ton, and the resistance due to Jriction ete. may 
be taken at 8 lbs. weight per ton; find the acceleration with 
which the train ascends the incline. 

The train is retarded by the resolved part of its weight 
down the incline, and by the resistance of friction, 

The latter is equal to 8 x 50 or 400 lbs. wt. 

The incline is at an angle a to the horizon, where 
sin a= hy. ) 

The resolved part of the weight down the incline 


therefore 
=Wsina=50 x 2240 zop lbs. wt. 


= 1120 lbs. wt. 
Hence the total force to retard the train = 1520 lbs. wt. 
But the engine pulls with a force equal to 2240 Ibs. 


weight. 
Therefore the total force to increase the speed equals 
(2240 — 1520) or 720 Ibs. weight, i.e. 720g poundals. 


_ Also the mass moved is 50 x 2240 Ibs. 
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Hence th ievation Seo 
ence e acceéieration = 50 x 2240 


99 : 
35500 ft.-sec. units. 


Since the acceleration is known, we can, by Art. 32, 
find the velocity acquired, and the space described, in a 
given time, etc. 


EXAMPLES. XI. 


], A mass of 5 lbs. on a rough horizontal table is connected by a 
string with a mass of 8 Ibs. which hangs over the edge of the table; if 


the coefficient of friction be 4, find the resultant acceleration. 


/ Find also the coefficient of friction if the acceleration be half that 
of a freely falling body. 


2. A mass Q on a horizontal table, whose coefficient of friction is 
4/3, is connected by a string with a mass 3Q which hangs over the 
edge of the table; four seconds after the commencement of the motion 
the string breaks; find the velocity at this instant. 

Find also the distance of the new position of equilibrium of Q from 
its initial position. 


3. A mass of 200 grammes is moved along a rough horizontal 
table by means of a string which is attached to a. mass of 
40 grammes hanging over the edge of the-table; if the masses take 
twice the time to acquire the same velocity from rest that they do 
when the table is smooth, find the coefficient of friction. 


4, A body, of mass 10 Ibs., is placed on a rough plane, whose 
coefficient of friction is a and whose inclination to the horizon is 


30°; if the length of the plane be 4 feet and the body be acted on bya 
force, parallel to the plane, equal to 15 lbs. weight, find the time that 
elapses before it reaches the top of the plane and its velocity there. 


5, If in the previous question the body be connected with a mass 
of 15 Ibs., hanging freely, by means of a string passing over the top of 
the plane, find the time and velocity. ae ; 


6. A-rough plane is 100 feet long and is inclined to the horizon at 


an angle sin-! 3, the coefficient of friction being 4, and a body slides 
down it from rest at the highest point; find its velocity on reaching 
the bottom. : 


If the body were projected up the plane from the bottom so as just 
to reach the top, find its initial velocity. ; 


\ 
4 
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7. Avparticle slides down a rough inclined plane, whose inclination 
i and whose coefficient of friction is = shew that the 
time of descending any space is twice what it would be if the plane 
were perfectly smooth. 


to the horizon is 


8. Two rough planes, inclined at 30° and 60° to the horizon and 
of the same height, are placed back to back; masses of 5 and 10 lbs. 
are placed on the faces and connected by a string passing over the top 


1 
Js! 


of the planes; if the coefficient of friction be find the resulting 


acceleration. 


9, If in the previous question the masses be interchanged, what 
is the resulting acceleration? 


10. A train is moving on horizontal rails at the rate of 15 miles 
per hour; if the steam be suddenly turned off, find how far it will go 
before stopping, the resistance being 8 Ibs. per ton. 


1], If a train of 200 tgns, moving at the rate of 30 miles per 
hour, can be stopped in 60 yards, compare the frictional resistances - 
with the weight of a ton. 


12. A train is running on horizontal rails at the rate of 30 miles 
per hour, the resistance due to friction, etc. being 10 lbs. wt. per ton; 
if the steam be shut off, find (1) the time that elapses before the train 
comes to rest, (2) the distance described in this time. 


13. In the previous question if the train be ascending an incline 
of 1 in 112, find the corresponding time and distance. 


14, A train of mass 200 tons is running at the rate of 40 miles 
per hour down an incline of 1 in 120; find the resistance necessary to 
stop it in half a mile. : 


‘15. A train runs from rest for 1 mile down a plane whose descent 
is 1 foot vertically for each 100 feet of its length; if the resistances 
be equal to 8 lbs. per ton, how far will the train be carried along the 
horizontal level a4 the foot of the incline? 


16. A train of mass 140 tons, travelling at the rate of 15 miles 
per hour, comes to the top of an incline of 1 in 128, the length of the 
incline being half a mile, and steam is then shut off; taking the 
resistance due to friction, etc. as 10 lbs. wt. per ton, find the distance 
it describes on a horizontal line at the foot of the incline before 
coming to rest. 


17. In the preceding question, if on arriving at the foot of the 
incline a brake-van, of weight 10 tons, have all its wheels prevented 
from revolving, find the distance described, assuming the coefficient of 
friction between the wheels and the line to be *5. : 
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18, An engine, of mass 80 tons, pulls after it a train, of mass 


130 tons; supposing the friction to be 75th of the weight of the whole 


train, calculate the force exerted by the engine if at the end of the first 
mile from the start the speed be raised to 45 miles per hour. 


What incline would be just sufficient to prevent the engine from 
moying the train? 


Also down what incline would the train run with constant 
velocity, neither ‘steam nor brakes being on? 


80. A body, of mass m lbs., is placed on a horizontal 
plane which is in motion with a vertical upward accelera- 
tion f; find the reaction between the body and the plane. 


Let & be the reaction between the body and the plane. 
Since the acceleration is ver- 

tically upwards, the total force - R 
acting on the body must be ver- 


tically upwards. md 


The only force, besides 2, 
acting on the body is its weight mg 
mg acting vertically downwards. 


Hence the total force is R—mg vertically upwards, and 
this produces an acceleration £; hence 


R-mg=mf, giving R. 


_ Ina similar manner it may be shewn that, if the body 
be moving with a downward acceleration J; the reaction R, 
is given by 

mg — Rk, = mf. 
We note that the reaction is greater or less than the 


weight of the body, according as the acceleration of the 
body is upwards or downwards, 


Ex. 1. The body is of mass 20 lbs. and is moving with (1) an 
upward acceleration of 12 ft.-sec. units, (2) a downward acceleration of 
the same magnitude; sind the reactions. 
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In the first case we have 
R-20.g=20.12. 
“. R= 20 (32412) poundals=wt. of 274 Ibs. 
In the second case we have 
20.9g-R,=20.12. 
“. R= 20 (32-12) poundals=wt. of 124 Ibs. 
Ex. 2. Two scale-pans, each of mass M, are connected by a light 


string passing over a small pulley, and in them are placed masses M, 
and M,; shew that the reactions of the pans during the motion are 
2M, (M+M,) i 2M, (M+M,) 
M+ M,+2M 9 WM, +2M 
respectively. 
Let f be the common acceleration of the system, and suppose 
M,> M,. 
Then, as in Art. 74, we have 
_ 4M,-NM, 
I= 37+ M+ U7 
Let P be the reaction between M, and the scale-pan on which it 
rests; then the force on the mass M,, considered as a separate body, 
isIjg—P. Also its acceleration is f. 


Hence M,g-P=M,f, 
“. P=M, (9-f) 
2M, (M+M,) 
2M + M+ M,” 
81. Three inches of rain fall in a certain district in 
12 hours, Assuming that the drops fall freely from a height 
of a quarter of a mile, find the pressure on the ground per 
square mile of the district due to the rain during the storm, 
the mass of a cubie foot of water being 1000 ounces. 
The amount of rain that falls on a square foot during 
the storm is } of a cubic foot, and its mass is 250 ounces. 


Hence the mass that falls per second 


250 ies aos 
Sa1Gu. 1960060. 1445.06 


The velocity of each raindrop on touching the ground is 
V2 x gx 440 x 3, or 16 ,/330 ft. per second. 


lbs. per sq. foot. 


aa ay ‘ 
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Therefore the momentum that is destroyed per second is 
5 5/330 


144 x 96 = 16,/330, or 864 units of momentum. 


But the number of units of momentum destroyed per 
second is equal to the number of poundals in the acting 
force (Art. 61). 


Hence the pressure on the ground per square foot 


Hence the pressure per square mile 
= weight of 9 x 4840 x 640 x BRASS lbs. 
= weight of 41 tons approximately. 

In general, if a jet of water hit a wall, the pressure on 
the wall per square foot is mv* poundals, where vis the 
velocity in feet per second and m 
is the mass of a cubic foot of water 
in lbs. For a mass mv hits the 
square foot in each second, and the 
velocity of each particle of the water 
is v, so that the total momentum 
destroyed per second = mv x v= mv. 


82. Atwood’s Machine. 
This machine is used to verify the 
laws of motion and to obtain a 
rough value for g. In its simplest 
form it consists of a vertical pillar 
AB firmly clamped to the ground, 
and carrying at its top a light 
pulley which will move very freely. 
_ This pillar is graduated and carries 
two platforms, D and F, and a 
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ring J, all of which can be affixed by screws at any height 
desired. The platform D ‘can also be instantaneously 
dropped. Over the pulley passes a fine cord supporting 
at its ends two long thin equal weights, one of which, P, 
can freely pass through the ring #. Another small weight 
Q, called a rider, is provided, which can be laid upon the 
weight P, but which cannot pass through the ring £. 

The weight @ is laid upon P and the platform D is 
dropped and motion ensues; the weight @ is left behind 
as the weight P passes through the ring; the weight P 
then traverses the distance EF with constant velocity, and 
the time 7’ which it takes to describe this distance is care- 
fully measured. 

By Art. 74 the acceleration of the system as the weight 
falls from D to £ is 

Q+P)-P_. Q 
(Ora! ** gaps 

Denote this by f, and let DH =h, 

Then the velocity v on arriving at H is given by 

v= fh. 

After passing H, the distance HY’ is described with 
constant velocity v. : 

Hence, if HF =h,, we have 


gates 

oy S2fh 
2Q 2 
iv=opap oh 


Since all the quantities involved can be measured, this 
relation gives us the value of g. 

By giving different values to P, Q, A and h,, we can 
in this manner verify all the fundamental ie of motion. 
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In practice, the value of g cannot by this method be 
found to any great degree of accuracy, and the interest of 
Atwood’s machine is chiefly of an antiquarian character ; 
the chief causes of discrepancy are the mass of the pulley, 
which cannot be neglected, the friction of the pivot on 
which the wheel turns, and the resistance of the air. It 
is also difficult to accurately/measure the times involved in 
the experiment. 

It will be noted that the object of both Galileo’s Inclined 
Plane [Art. 41] and of Atwood’s Machine is to lessen the 
effect of gravity so as to make its results measurable, or, as 
it has been well expressed, to “dilute” gravity. 

The friction of the pivot may be minimised if its ends 
do not rest on fixed supports, but on the circumferences of 
four light wheels, called friction wheels, two on each side, 
which turn very freely. 


There are other pieces of apparatus for securing the 
accuracy of the experiment as far as possible, e.g. for 
instantaneously withdrawing the platform D at the re- 
quired moment. 


83. By using Atwood’s machine to shew that the acceleration of a 
given mass is proportional to the force acting on it. 


We shall-assume that the statement is true and see whether the 
results we deduce therefrom are verified by experiment. 


To explain the method of procedure we shall take a numerical 
example. 


Let P be 494 ozs. and Q 1 oz. so that the mass moved is 100 ozs. 
and the moving force is the weight of 1 oz. 


The acceleration of the system therefore=zigg (Art. 74). 
Let the distance DE be one foot so that the velocity when Q is 


taken oft=4/ 2. iG .1=45 ft. per sec., if, for simplicity, we take g 
equal to 32. 


Let the platform F be carefully placed at such a point that the 
mass will move from E to F in some definite time, say 2 secs, 


Then EF=45,.2=8 feet. 
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Now alter the conditions. Make P equal to 48 and Q equal to 4 ozs. 
The mass moved is still 100 ozs. and the moving force is now the 
- weight of 4 ozs. 

The acceleration is now cE , and the velocity at # 


4g 8 
= 2 Pare a . 
rf 100: 1== feet per second 


In 2 seconds the mass would now describe 18 feet, so that, if our 
hypothesis be correct, the platform F' must be twice as far from E as 
before. This is found on trial to be correct. 


Similarly if we make P=45} ozs. and Q=9 ozs., so that the mass 
moved is still 100 ozs., the theory would give us that EF should be 
2 feet, and this would be found to be correct. 

The experiment should now be tried over again ab initio and P and 
Q be given different values from the above; alterations should then be 
made in their different values so that 2P + Q is constant. 

By the same method to shew that the force varies as the mass when 
the acceleration is constant. 


As before let P=493 ozs. and Q=1 oz. so that, as in the last 
experiment, we have EF =% feet. 

Secondly, let P=99 ozs. and Q=2 ozs., so that the moving force 
is doubled and the mass moyed is doubled. Hence, if our enunciation 
be correct, the acceleration should be the same, since 

second moving force _ first moving force 
second mass moyed _ first mass moved ° 

The distance ZF moved through in 2 seconds should therefore be 

the same as before, and this, on trial, is found to be the case. 


Similarly if we make P=1484 ozs. and Q=3 ozs. the same result 
would be found to follow. 

In actual practice some extra weight R must be put on in order to 
overcome the friction at the pulley, ete. This should be determined 
before Q is put on; it will be that weight which will just make the 
P on which it is placed move very slowly and uniformly down to the 
ground. This weight R must be kept on when Q is added, and must 
not be counted as part of Q in the above work. 


EXAMPLES. XII. 


], If I jump off a table with a twenty-pound weight in my hand, 
what is the thrust of the weight on my hand? 

9. A mass of 20 Ibs. rests on a horizontal plane which is made to 
ascend (1) with a constant velocity of 1 foot per second, (2) with a 
constant acceleration of 1. foot per second per second; find in each- 
case the reaction of the plane. : 
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3. Aman, whose mass is 8 stone, stands on a lift which moves ~ 
with a uniform acceleration of 12 ft.-sec. units; find the reaction of 
the floor when the lift is (1) ascending, (2) descending. 


4. A bucket containing 1 ewt. of coal is drawn up the shaft of a 
coal-pit, and the reaction between the coal and the bottom of the 
bucket is equal to the weight of 126 Ibs. Find the acceleration of the - 
bucket. 


5, A balloon ascends with a uniformly accelerated velocity, so 
that a mass of 1 cwt. produces on the floor of the balloon the same 
thrust which 116 Ibs. would produce on the earth’s surface; find the 
height which the balloon will have attained in one minute from the 
time of starting. 


6. Two scale-pans, each of mass 30 grammes, are suspended by a 
weightless string passing over a smooth pulley ; a mass of 300 grammes 
is placed in the one, and 240 grammes in the other. Find the tension 
of the string and the reactions of the scale-pans. 


7. A string, passing over a smooth pulley, supports two scale- 
pans at its ends, the mass of each scale-pan being 1 ounce. If magseg 
of 2 and 4 ounces respectively be placed in the scale-pans, find the 
acceleration of the system, the tension of the string, and the reactions 
between the masses and the scale-pans. 


8. On a certain day half an inch of rain fell in 3 hours ; assuming 
that the drops are indefinitely small and that the terminal velocity 
was 10 feet per second, find the impulsive pressure in tons per square 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the rain was 
uniform and continuous. : 


9, Find the pressure in Ibs. wt. per acre due to the impact of a 
fall of rain of 3 inches in 24 hours, supposing the rain to have a 
velocity due to falling freely through 400 feet. 


10. _ A jet of water is projected against a wall so that 300 gallons 
strike the wall per second with a horizontal velocity of 80 feet per 
second. Assuming that a gallon contains 2774 cubic inches and that 
the mass of a cubic foot of water is 1000 ounces, find the reaction of 
the wall in pounds’ weight. 


11. The two masses in an Atwood’smachine are each 240 grammes, 
and an additional mass of 10 grammes being placed on one of them 


12. Explain how to use Atwood’s machine to shew that a body 
acted on by a constant force moves with constant acceleration. 


SE 
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13. Sixteen balls of equal mass are strung like beads on a string; 
some are placed on a smooth inclined plane of inclination sin-14, and 
the rest hang over the top of the plane; how have the balls been 


arranged if the acceleration at first be 5? 


14, Two bodies, of masses P and Q, are connected by a stretched 
string; P hangs vertically and Q is placed on a smooth plane inclined 
at 30° to the horizon, the string passing over the top of the plane; if 
P descend from rest through a given distance in 4 times the time in 
which it would fall freely from rest through the same distance, find 
the ratio of P to Q. 


15. P hangs vertically and is 9 lbs.; Q is a mass of 6 lbs. ona 
smooth plane whose inclination to the horizon is 30°; shew that P 
will drag Q up the whole length of the plane in half the time that Q 
hanging vertically would take to draw P up the plane. 


16. If the height of an inclined plane be 12 feet and the base 
16 feet, find how far a particle will move on a horizontal plane after 
sliding from rest down the length of the inclined plane, supposing it 


to pass from one plane to the other without loss of velocity, and that 
1 


the coefficient of friction for each plane is $. 

17. Shew that a train going at the rate of 30 miles per hour will 
be brought to rest in about 84 yards by continuous brakes, if they 
press on the wheels with a force equal to three-quarters of the weight 
of the train, the coefficient of friction being -16. 


18, A train of mass 50 tons is moving on a level at the rate of 
30 miles per hour when the steam is shut off, and the brake being 
applied to the brake-van the train is stopped in a quarter of a mile. 
Find the mass of the brake-van, taking the coefficient of friction 
between the wheels and rails to be one-sixth, and supposing the un- 
locked wheels to roll without sliding. 


19. A mass m is drawn up a smooth inclined plane, of height h 
and length 1, by means of a string passing over the vertex of the plane, 
from the other end of which hangs a mass m’. Shew that, in order 
that m may just reach the top of the plane, m’ must be detached after 
m has moyed through a distance k 


m+m hi 
moe Waele 


20. ‘Two masses are connected by a string passing over a small 
pulley; shew that, if the sum of the masses be constant, the tension 
of the string is greater, the less the acceleration. 


21. A mass m, hanging at the end of a string, draws a mass mg 
along the surface of a smooth table; if the mass on the table be 
doubled the tension of the string is increased by one-half; find the 
ratio of m, to my. ‘ 
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92 Two bodies, of masses 9 and 16 lbs. respectively, are placed 
on a smooth horizontal table at a distance of 10 feet; if they were 
now to attract each other with a constant force equal to 1 Ib. wt. at all 
distances, find after what time they would meet. 


93. In the case of a single movable pulley the free end of 
the string passes round a fixed pulley and supports a weight P greater 


than +W, where W is the weight suspended from the movable pulley. 
Find the tension of the string during the ensuing motion, the three 
parts into which it is divided by the pulleys being parallel. 


24, A mass m will just support a mass M in a system of 
two pulleys in which each string is attached to M, the strings being 
parallel, A mass m is now attached to M; find the subsequent 
motion, neglecting the weights of the pulleys. 


25. A-system of three movable pulleys, in which all the strings 
are vertical and attached to the beam, is employed to raise a body, of 
mass 1 cwt., by means of one of mass 15 lbs. attached to a string 
passing over a smooth fixed pulley. Shew that the body will rise with 

g 


acceleration [3a the masses of the pulleys being neglected. 


26. A string, with masses m and m’ at its ends, passes over three 
fixed and under two movable pulleys, each of mass M, hanging down 
between the fixed pulleys, the parts of the string between the pulleys 
being vertical. Find the condition that the movable pulleys should 
eae g rise nor fall, and in this case determine the acceleration of 
m and m’, 


27, A rope hangs down over a smooth pulley, and a man of 
12 stone lets himself down the portion of rope on one side of the 
pulley with unit acceleration. Find with what uniform accelera- 
tion a man of 11} stone must pull himself up by the other portion of 
the rope so that the rope may remain at rest. 


28. Aman, of mass 12 stone, and a sack, of mass 10 stone, are 
suspended over a smooth pulley by a rope of negligible weight. It 
the man pull himself up the rope so as to diminish what would be his 
acceleration by one-half, find the upward acceleration of the sack in 
this case, and shew that the acceleration upwards of the man relative 

sa. 
to the rope is 10° 

29, A train, whose mass is 112 tons, is travelling at the uniform 
rate of 25 miles per hour on a level track, and the resistance due to 
air, friction, etc. is 16 1bs. per ton. Part of the train, of mass 12 tons, 
becomes detached. Assuming that the force exerted by the engine is 
the same throughout, find how much the train will have gained on 
the detached part after 50 seconds and the velocity of the train when 
the detached part comes to rest. ~ : c 


a 
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30. Two particles, of masses m and 2m, lie together on a smooth 
horizontal table. A string which joins them hangs over the edge and 
supports a pulley carrying a mass 3m; prove that the acceleration of 


the latter mass is i as 


31. <A smooth wedge, of mass M, is placed on a horizontal plane, 
and a particle, of mass m, slides down its slant Jace, which is inclined 
at an angle a to the horizon; prove that the acceleration of the wedge 

mg Sin a COs a 

M+msin?a ° 
[Let 7, be the acceleration of the particle in a direction perpen- 
dicular to, and towards, the slant face; Jy the horizontal acceleration 
of the wedge; and R the normal reaction between the particle and 
the slant face, so that R acts in one direction on the particle and in 
the opposite direction on the wedge. Then 

MA =MY COS — BR. .ereccccseseecssossceeeas (1), 

_and Mfg = Best ass 2h. Sass eee Ao sccecncs the (2). 
Also, since the particle remains in contact with the slant face, the 
acceleration f, must be the same as the acceleration of the wedge 
resolved in a direction perpendicular to the slant face. 


eel al of RAM Ch teased saoste opin ecaees (3). 
Solving (1), (2), and (3), we have f,.] 


is 


CHAPTER VI. 


IMPULSE, WORK, AND ENERGY. 


84. Impulse. Def. The impulse of a force in a 
gwen time is equal to the product of the force (uf constant, 
and the mean value of the force if variable) and the time 
during which it acts. 


The impulse of a force P acting for a time ¢ is therefore 
Yee s 

The impulse of a force is also equal to the momentum 
generated by the force in the given time. For suppose a 
particle, of mass m, moving initially with velocity w is 
acted on by a constant force P for time ¢, If J be the 
resulting acceleration, we have P=m/, 

But, if v be the velocity of the particle at the end of 
time ¢, we have va=urt fe. 
Hence the impulse = Pt = m/t= mv —mu 

=the momentum generated in the given time, 

The same result is also true if the force be variable, 

Hence it follows that the second law of motion might 
have been enunciated in the following form ; 

The change of momentum of a particle in a 
given time is equal to the impulse of the force 
which produces it and is in the same direction. 
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85. Impulsive Forces. Suppose we have a force 
P acting for a time 7 on a body whose mass is m, and let 
the velocities of the mass at the beginning and end of this 
time be w and v. Then by the last article 

Pr=m (v—u). 

Let now the force become bigger and bigger, and the time 
7 smaller and smaller. Then ultimately P will be almost 
infinitely big and 7 almost infinitely small, and yet their 
product may be finite. For example P may be equal to 


107 poundals, + equal to ee seconds, and m equal to one 


pound, in which case the change of velocity produced is 
the unit of velocity. 

To find the whole effect of a finite force acting for a 
finite time we have to find two things, (1) the change in 
the velocity of the particle produced by the force during 
the time it acts, and (2) the change in the position of 
the particle during this time. Now in the case of an 
infinitely large force acting for an infinitely short time, 
the body moves only a very short distance whilst the force 
is acting, so that this change of position of the particle 
may be neglected. Hence the total effect of such a force 
is known when we know the change of momentum which 
it produces. 

Such a force is called an impulsive force. Hence 


Def. An impulsive force is a very great force acting 
for a very short time, so that the change in the position of 
the particle during the time the force acts on it may be 
neglected. Its whole effect is measured by its impulse, or 
the change of momentum produced. 

Tn actual practice we never have any experience of an 
infinitely great force acting for an infinitely short time. 

7—2 
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Approximate examples are, however, the blow of a hammer, 
and the collision of two billiard balls. 


The above will be true even if the force be not uniform. 
In the ordinary case of the collision of two billiard balls 
the force generally varies very considerably. 


Ex. 1. A body, whose mass is 9 lbs., is acted on by a force which 
changes its velocity from 20 miles per hour to 30 miles per hour. Find 
the impulse of the force. 


Ans. 132 units of impulse. 
Ex. 2. A mass of 2 lbs. at rest is struck and starts off with a 
velocity of 10 feet per second; assuming the time during which the 


blow lasts to be one-hundredth of a second, find the average value of 
the force acting on the mass. 


Ans. 2000 poundals. 
Ex. 3. A glass marble, whose mass is 1 ounce, falls from a height 
of 25 feet, and rebounds to a height of 16 feet; find the impulse, and 


the average force between the marble and the floor if the time during 
which they are in contact be one-tenth of a second. 


Ans. 44 units of impulse; 47 poundals. 


86. Impact of two bodies. When two masses 4 
and B impinge, then, by the third law of motion, the 
action of A on # is, at each instant during which they are 
in contact, equal and opposite to that of Bon A. 


Hence the impulse of the action of A on B is equal and 
_ opposite to the impulse of the action of B on A, 


It follows that the change in the momentum of B is 
equal and opposite to the change in the momentum of A, 
and therefore the sum of these changes, measured in the 
same direction, is zero. 


Hence the sum of the momenta of the two masses, , 


measured in the same direction, is unaltered -by their 
impact. 
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Ex. 1. A body, of mass 3 lbs., moving with velocity 13 feet per 
second overtakes a body, of mass 2 lbs., moving with velocity 3 feet per 
second in the same straight line, and they coalesce and form one body ; 
Jind the velocity of this single body. 


Let V be the required velocity. Then, since the sum of the momenta 
of the two bodies is unaltered by the impact, we have 


(8+2) V=3x13+2x3=45 units of momentum, 
.. V=9 ft. per sec. 


Ex. 2. If in the last example the second body be moving in the 
direction opposite to that of the first, find the resulting velocity. 


In this case the momentum of the first body is represented by 3x13 
and that of the second by —-2x3. Hence, if V, be the required 
velocity, we have ; 


(3+2) V,=3 x 13-2 x 3=33 units of momentum. 
1=*2=68 tt. per sec. 


87. Motion of a shot and gun, When a gun is 
fired, the powder is almost instantaneously converted into 
a gas at a very high pressure, which by: its expansion 
forces the shot out. The action of the gas is similar to 
that of a compressed spring trying to recover its natural 
position. The force exerted on the shot forwards is, at any 
instant before the shot leaves the gun, equal and opposite 
to that exerted on the gun backwards, and therefore the 
impulse of this force on the shot is equal and opposite to 
the impulse of the force on the gun. Hence the momen- 
tum generated in the shot is equal and opposite to that 
generated in the gun, if the latter be free to move, 


Ex. A shot, whose mass is 400 lbs., is projected from a gun, of mass 
50 tons, with a velocity of 900 feet per second; find the resulting velo- 
city of the gun. : 

Since the momentum of the gun is equal and opposite to that of 
' the shot we have, if v be the velocity communicated to the gun, 


50 x 2240 x v= 400 x 900.. 
«. v=37% ft. per sec. 
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EXAMPLES. XIII. 


1,_ A body, of mass 7 lbs., moving with a velocity of 10 feet per 
second, overtakes a body, of mass 20 lbs., moving with a velocity of 
2 feet per second in the same direction as the first; if after the impact 
they move forward with a common velocity, find its magnitude. 


2. A body, of mass 8 lbs., moving with a velocity of 6 feet per 
second overtakes a body, of mass 24 lbs., moving with a velocity of 
2 feet per second in the same direction as the first; if after the impact 
they coalesce into one body, shew that the velocity of the compound 
body is 3 feet per second. 

If they were moving in opposite directions, shew that after impact 
' the compound body is at rest. 


3. A body, of mass 10 Ibs., moving with velocity 4 feet per second 
meets a body, of mass 12 lbs., moving in the opposite direction with a 
velocity of 7 feet per second; if they coalesce into one body, shew that 
it. will have a velocity of 2 feet per second in the direction in which the 
larger body was originally moving. : 


4, Ashot, of mass 1 ounce, is projected with a velocity of 1000 feet 
per second from a gun of mass 10 lbs.; find the velocity with which 
the latter begins to recoil. 


5. A shot of 800 lbs. is projected from a 40-ton gun with a velocity 
of 2000 feet per second; find the velocity with which the gun would 
commence to recoil, if free to move in the line of projection. 


6._ Ashot, of mass 700 lbs., is fired with a velocity of 1700 feet per 
second from a gun of mass 88 tons; if the recoil be resisted by a 
constant force.equal to the weight of 17 tons, through how many 
feet will the gun recoil? 


7. Ashot, whose mass is 800 Ibs., is discharged from an 81-ton 
gun with a velocity of 1400 feet per second; find the constant force 
which acting on the gun would stop it after a recoil of 5 feet. 


8. A gun, of mass 1 ton, fires a shot of mass 28 lbs. and recoils 
up a smooth inclined plane, rising to a height of 5 feet; find the initial 
velocity of the projectile. 


88. Work. We have pointed out in Statics, Chapter 
x1, that a force is said to do work when it moves its 
point of application in the direction of the force. The 
work is measured by the product of the force and the 
distance through which the point of application is moved 


~ 


i 


“SZ 
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in the direction of the force. The unit of work used by 
engineers is a Foot-Pound, which is the work done in 
raising the weight of one pound through one foot. 

The British absolute unit of work is the work done 
by a poundal in moving its point of application through 
one foot. 

This unit of work is called a Foot-Poundal. 

With this unit of work the work done by a force of P 
poundals in moving its point of application through s feet 
is P.s foot-poundals. 

Since the weight of a pound is equal to g-poundals, it 
follows that a Foot-Pound is equal to g Foot-Poundals, 


The c.a.s. unit of work is that done by a dyne in moving its point 
of application through a centimetre, and is called an Erg. 


A Foot-Poundal - Poundalx Foot _ 13800 12 1 
An Erg ~ Dynex Centimetre — * 3937 TOANY 
[Arts. 66 and 3] 


=421390 approx. 
When an agent is performing 1 Joule, i.e. 107 Ergs, per second it 
is said to be working with a power of 1 Watt. One Horse-Power is 
equivalent to about 746 Watts. . 


89. Ex. 1. What is the H.P. of an engine which can just keep a 
train, of mass 150 tons, moving at a uniform rate of 60 miles per hour, 
the resistances to the motion due to friction, the resistance of the air, 
etc. being taken at 10 lbs. weight per ton ? 

The force to stop the train is equal to the weight of 150 x 10, i.e. 
1500, lbs. weight. : 

Now 60 miles per hour is equal to 88 feet per second. 

Hence a force, equal to 1500 lbs. wt., has its point of application 
moved through 88 feet in a second, and hence the work done is 
1500 x 88 foot-pounds per second. 

If « be the u.v. of the engine, the work it does per minute is 
x x 83000 foot-lbs., and hence the work per second is x 550 foot-lbs. 

*. 2x 550=1500 x 88. 
.. = 240, 


Ex. 2. Find the least H.P. of an engine which is able in 4 minutes 
to generate in a train, of mass 100 tons, a velocity of 30 miles per hour 
on a level line, the resistances due to friction, etc. being equal to 8 lbs. 
weight per ton, and the pull of the engine being assumed constant. 
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Since in 240 seconds a, velocity of 44 feet per second is generated 
= ; if 11 = 
the acceleration of the train must be 240. 6 foot-second units. 
Let the force exerted by the engine be P poundals. 
The resistance due to friction is equal to 800 pounds’ weight; 
hence the total force on the train is P—800g poundals. 


Hence P —800g=100 x 2240 x = : 


154 154 : 
ee = 800 (9 + 7) poundals= 800 (2 + 553) lbs. weight 


125 . 
=800 x ae lbs. weight. 
When the train is moving at the rate of 30 miles per hour, the 
work done per second must be 800 x = x 44 foot-lbs. 


Hence, if x be the u.r. of the engine, we haye 


125 
"x 650=600 x xs 


aa oe 1665. 


- Ex. 83. A train, of mass 100 tons, is ascending uniformly an incline 
of 1 in 280, and the resistance due to Friction, etc. is equal to 16 lbs. per 
ton; if the engine be of 200 H.P. and be working at Sull power, find the 
rate at which the train is going. 


The resistance due to friction, ete. is equal to the weight of 1600 Ibs., 
and the resolved part of the weight of the train down the incline is 


equal to the weight of 747 of 100 tons, or to the weight of 800 Ibs., 
50 vin the total force to impede the motion is equal to the weight of 
2400 Ibs. " : 


Let v be the velocity of the train in feet per second. Then the 


work done by the engine is that done in dragging a force equal to 


the weight of 2400 lbs. through v feet per second, and is equivalent to © 


2400v foot-pounds per second, 
But the total work which the engine can do is — or 


110,000 foot-pounds per second. 
Hence 2400v =110000, 
p=il0o 
Rave 
and hence the velocity of the train is 31} miles per hour, 


or 
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EXAMPLES. XIV. 


1, A train, of mass 50 tons, is kept moving at the uniform rate 
of 30 miles per hour on the level, the resistance of air, friction, etc., 
being 40 lbs. weight per ton. Find the u.p. of the engine. 


2. What is the horse-power of an engine which keeps a train 
going at the rate of 40 miles per hour against a resistance equal 
to 2000 lbs. weight ? 


8. A train, of mass 100 tons, travels at 40 miles per hour up an 
incline of 1 in 200. Find the u.p. of the engine that will draw the 
train, neglecting all resistances except that of gravity. 


4, A train of mass 200 tons, including the engine, is drawn 
up an incline of 3 in 500 at the rate of 40 miles per hour by an engine 
of 600 u.p.; find the resistance per ton due to friction, etc. 


5, Find the u.p. of an engine which can travel at the rate of 
25 miles per hour up an incline of 1 in 100, the mass of the engine 
and load being 10 tons, and the resistances due to friction, etc. being 
10 lbs. weight per ton. 


6. Determine the rate in u.p. af which an engine must be able to 
work in order to generate a velocity of 20 miles per hour on the level 
in a train of mass 60 tons in 3 minutes after starting, the resistances 
to the motion being taken at 10 lbs. per ton, and the acceleration 
being supposed to be constant. 


7. A weight of 10 tons is dragged in half-an-hour through.a 
length of 330 feet up a rough plane inclined at an angle of 30° to the 


horizon; the coefficient of friction being = , find the work expended, 
and the u.p. of an engine by which it will be done. 


8, Find the work done by gravity on a stone having a mass of 
z Ib. during the tenth second of its fall from rest. 


9. A steamer, with engines of 25000 u.p., can be just kept going. 
at the rate of 20 miles per hour. What is the resistance of the water 
to its motion ? & 

90. Energy. Def. The Energy of a body is its 
capacity for doing work and is of two kinds, Kinetic and 
Potential. 

The Kinetic Energy of a body is the energy which it 
possesses by virtue of its motion, and is measured by the 
amount of work that the body can perform against the im- 
pressed forces before its velocity is destroyed. — 


ped 


106 DYNAMICS 


A falling body, a swinging pendulum, a revolving fly- 
wheel, and a cannon-ball in motion all possess kinetic 
energy. 


Consider the case of a particle, of mass m, moving with 
velocity w, and let us find the work done by it before it 
comes to rest. 


Suppose it brought to rest by a constant force P re- 
sisting its motion, which produces in it an acceleration — f 
given by P= m/f. 

Let a be the space described by the particle before it 
comes to rest, so that O=u?+2(—f). a; 


a ft = SU 
Hence the kinetic energy of the particle 
= work done by it before it comes to rest 
= Px=mfz=4mu. 
Hence the kinetic energy of a particle is equal to the product 
of its mass and one half the square of its velocity. 


91. Theorem. 70 shew that the change of kinetic 
energy per unit of space is equal to the acting force. 

If a foree P, acting on a particle of mass m, change its 
velocity from « to v in time ¢ whilst the particle moves 
through a space s, we have v?— y?= 27s, where f is the 
acceleration produced. | 

. dmv = dine? 
s 


This equation proves the proposition when the force is 
constant. 


ef oe eet ts (1). 


When the force is variable, the same proof will hold 
if we take ¢ so small that the force P does not sensibly 
- alter during that interval, 


/ Vv 
ae eee 
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Cor. It follows from equation (1) that the change in 
the kinetic energy of a particle is equal to the work done 
on it. 

On multiplying the first and third relations of Art. 32 
by m, we have 

m (v—u)=mft= Pt, 
and 3m (v? — u?) = mfs = Ps. 
These are often known as the Momentum and Energy 
Equations respectively. Expressed in words, they state that 
Change of Momentum = Force x Time, 


and Change of Kinetic Energy = Force x Space. 


92. The Potential Energy of a body is the work tt 
can do by means of its position in passing from its present 
configuration to some standard configuration (usually called 
its zero position). 

A bent spring has potential energy [as in the case of a 
watch-spring which, by its uncoiling, keeps a watch going], 
viz. the work it can do in recovering its natural shape. 

A body raised to a height above the ground [e¢.g. a clock- 
weight, when the clock is wound up, a stone at the edge of 
a precipice, or water stored up in a reservoir] has potential 
energy, viz. the work its weight can do as it falls to the 
earth’s surface, which is usually taken as the zero of 
potential energy. Compressed air has potential energy, 
viz. the work it can do in expanding to the volume it would 
occupy in the atmosphere. 

93. A particle of mass m falls from rest at a height h 
above the ground ; to shew that the sum of tts potential and 
kinetic energies is constant throughout the motion. 

Let H be the point from which the particle starts, and 
O the point where it reaches the ground. | 
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Let v be its velocity when it has fallen through a 
distance HP (=z), so that v* =2gz. 

Its kinetic energy at P = 1mv? = mga: 

Also its potential energy at P 

= the work its weight can do as it falls from P to O 

=mg.OP=mg (h—2). 


Hence the sum of its kinetic and potential energies at P 


= mgh. 
But its potential energy when at H is mgh, and its kinetic 
energy there is zero. 

Hence the sum of the potential and kinetic energies is 
the same at P as at H; and, since P is any point, it follows 
that the sum of these two quantities is the same throughout 
the motion. . 


As the particle falls to the ground it will be noted that 
the potential energy which it has when at its highest point 
(and which was stored up in it as it was lifted into that 
position) becomes transformed into kinetic energy, and this 
goes on continually until the particle reaches the ground, 
when its store of potential energy becomes exhausted. 

In the case of a pendulum the potential energy which 
the bob possesses, when instantaneously at rest in its_ 
highest position, becomes converted into kinetic energy as 
the bob swings down to its lowest position, and is re- 
converted into potential energy as the bob travels to its 
next position of instantaneous rest at the end of its swing. 


94. The example of the previous article is an ex- 
tremely simple illustration of the principle of the Conser- 
vation of Energy, which may be stated as follows: 


Tf a body or system of bodies be in motion under w con- 
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servative system of forces, the sum of its kinetic and potential 
energies is constant. 


Forces, of the kind which occur in the material universe, 
are said to be conservative when they depend on the position 
or configuration only of the system of bodies, and not on the 
velocity or direction of motion of the bodies. 


Thus from a conservative system are excluded forces 
of the nature of friction, or forces such as the resistance of 
the air which varies as some power of the velocity of the 
body. Friction is excluded because, if the direction of 
motion of the body be reversed, the direction of the friction 
is reversed also. 


When the forces are conservative, it is found that the 
amount of work. required to bring a system from one con- 
figuration to another is always. the same, and does not 
depend on the path pursued by the system during the 
alteration of its configuration. 


Referring to the case of a particle sliding down a rough 
plane of length 7 (Art. 77), we see that the kinetic energy 
of the particle on reaching the ground is 

3m [2g/ (sin a—p cos a)], #.¢., mgl sin a—mglp cos a. 
Also the potential energy there is zero, so that the sum 
of the kinetic and potential energies at the foot of the 
plane is 

mgl sin a— mg cos a. 
But the potential energy of the particle when at the top 
of the plane is mg./ sin a, so that the total loss of visible 
mechanical energy of the particle in sliding from the 
top to the bottom of the inclined plane is pmg/ cos a. | 
This energy has been transformed and appears chiefly in 
the form of heat, partly in the moving body, and partly in_ 
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the plane ; it is ultimately dissipated into the surrounding 
alr. 
Other cases of loss of kinetic energy occur in the examples of 
Art. 86. 
In each case the kinetic energy before impact 
1 Bat »_ 507+18 
=9-3x13 45:2 x 8 ie tl 
In Ex. 1, the kinetic energy after impact 
=} eon = 2024 foot-poundals. 


In Ex. 2, the kinetic energy after impact 


= 2624 foot-poundals. 


5 10 


Hence in the two cases 60 and 153-6 foot-poundals of kinetic 
energy respectively are lost. 


2 
Se 5 x (F) = 1089 _ 108-9 foot-poundals. 


95. Ex. 1. 4 bullet, of mass 4 ozs., is Jired into a target with a 
velocity of 1200 feet per second. The mass of the target is 20 lbs. and 
it is free to move; find the loss of kinetic energy in foot-pounds. 


Let V be the resulting common velocity of the shot and target. 
Since no momentum is lost (Art. 86) we have 


4 t 
(2044 hey x 1200. 


The original kinetic energy => 5 = - 1200?= 180000 foot-poundals, 
The final kinetic energy =5 (20+ i) v2 
Sets foot-poundals. 


9 
The energy lost= 180000 — = = oe 


50000 
9 


foot-poundals 


=—.— ft.-lbs. 


Tt will be noted that, in this case, although no momentum is lost 
by the impact, yet $4 ths of the energy is transformed. 


It will be found that, in all cases of impact, kinetic energy is lost 


or rather transformed. 


a 
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Ex. 2. Compare the kinetic energies of the shot and gun in the 
exanuple of Art. 87. 
The kinetic energy of the shot=4. 400 x (900)? foot-poundals 
200 x 900? en, Oe 200 x 900? 
32 ys ooenDex 2240 
= 2260 ft.-tons nearly. 
The kinetic energy of the gun 


=! 50 x 2940 x (a) ft.-poundals 


ft.-tons 


2 2 14 
25 45\2 
=39 * id ft.-tons= 8-07 ft.-tong nearly. 


The kinetic energy of the shot is thus 280 times that of the gun, 
although their momenta are equal. 


It is to this great superiority in kinetic energy of the shot that its 
destructive power is due. 

96. When we take into account the energy which has 
been transformed into heat, sound, light and other forms 
which modern Physics recognizes as forms of energy, we 
find that there is no real loss of energy in an isolated 
system which is left to itself. This doctrine of the 
indestructibility of energy is the central Principle of 
Modern Science. It may be expressed thus; 


Energy cannot be created nor can it be destroyed, but it 
may be transformed into any of the forms which it can take. 


As a numerical illustration, it may be stated that 
778 foot-pounds of work is equivalent to the heat necessary 
to raise the temperature of 1 lb. of water by 1° Fahrenheit, 
i.e. 778 foot-pounds is the mechanical equivalent of 
heat. 


EXAMPLES. XV. 


1, A body, of mass 10 lbs., is thrown up vertically with a velocity 
of 32 feet per second; what is its kinetic energy (1) at the moment of 
propulsion, (2) after half a second, (3) after one second ? 


9, Find the kinetic energy measured in foot-pounds of a cannon- 
ball of mass 25 pounds discharged with a velocity of 200 feet per 
second. | 
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3.. Find the kinetic energy in ergs of a cannon-ball of 10000 
grammes discharged with a velocity of 5000 centimetres per second. 


4, A cannon-ball, of mass 5000 grammes, is discharged with a 
velocity of 500 metres per second. Find its kinetic energy in ergs, 
and, if the cannon be free to move, and have a mass of 100 kilo- 
grammes, find the energy of the recoil. 


5. A bullet, of mass 2 ounces, is fired into a target with a velocity 
of 1280 feet per second. The mass of the target is 10 lbs. and it is 
free to move; find the loss of kinetic energy by the impact in foot- 
pounds. 


. Compare (1) the momenta, and (2) the kinetic energies of a 
bullet of mass 4 ozs. and moving with a velocity of 1200 feet per 
second, and a cannon-ball of mass 15 Ibs. moying with a velocity of 
40 feet per second. 


Find the uniform forces that would bring each to rest in.one 
second and the distance through which each would move. 


97. As a-further illustration of the use of the Principles of 
Momentum and Energy, consider the following examples. 


Ex.1. A hammer, of mass M Ibs., falls from a height of h feet 
upon the top of a pile, of mass m lbs., and drives it into the ground a 
distance a feet; find the resistance of the ground, it being assumed to 
be constant and the pile being supposed inelastic. 

Find also the time during which the pile is in motion, and the kinetic 
energy lost at the impact. 


Let wu be the velocity of the hammer on hitting the pile, so that 
Ui Og Racetrack Eee (1). 


- Let v be the velocity of the hammer and pile immediately after the 
impact. Then the principle of Conservation of Momentum gives 


we OE Oe Ty ORR ome Rete (2) 


=). 


If P be the resistance of the ground in poundals, the force to resist 


the driving of the pile into the ground= P-(M+m) 9. 
The Principle of the Conservation of Energy gives 


3 (M+m) v°=[P - (M+) g].a.- 
“ P=(M+m) 9+ (+m) = 
ue 
2a’ by (2); 


h 


as 
Gi 


Me 
=(M+m)-g + —— 
( m)'9 M+m 


M2 
= (i) Da- apecew 


Ma sh 


~ A weight of slightly more than Mam’, 1s: placed on the pile” 


+m a 


5 ise Ss : : i Pah -* Sg 
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eee thus slowly overcome the resistance and just drive the pile 
own. 


_ , The principle of Momentum giyes the time ¢ during which the pile 
isin motion. For 


[P -(M+m) g]x t=change in the momentum 


~ =(M+m) v=Mu, 
M? uw 
that ——_— = My 
so tha a5 Da Mu, 
M+m 2a M+m ale 2 
d ~ t= . = . 
a : M uw mu * gh 


The kinetic energy lost at the impact 
=4 My? — t (M+ 1m) v?, 
iM? 
5 oe jee 2 
=_7Me-s iu w 
Mm , 
Ta 


x energy of the hammer on striking the pile. 


ay mv 
~M+m 

The greater that M is compared with m, i.e. the greater is the mass 
of the hammer compared with that of the pile, the less is the fraction 
of the energy which is destroyed. 


Ex. 2. Motion of a bicycle. 4 cyclist, whose weight added to 
that of his machine is 200 lbs., is riding on a level road at the rate of 
10 miles an hour; his bicycle is geared up to 70 and the length of the 
cranks is 7 inches; if the resistance to his motion be 5 lbs. wt. find the 
downward thrust he must exert on his pedals and the rate at which he 
works compared with a Horse-Power. 

By saying that a bicycle is ‘‘geared up’’ to 70 inches, we mean 
that for every revolution of the rider’s feet his bicycle advances 
through a distance equal to the circumference of a wheel of diameter 
70 inches, i.e. he advances 7 . 70 inches. 


Let P be the downward thrust, supposed constant, in lbs. wt. 
Then in one complete revolution the work done=2 x P x }4 ft.-lbs. 
The work done against the resistance to the machine in this time 
=m.4$x5 ft.-lbs. 
Assuming that no work is lost on account of friction, in other 
' words that the bicycle is a theoretically perfect one, we have by 
equating these works, 
: . Ox Pxdganrxihxs, 
- ie. P=*s2=394 Ibs, wt. nearly. . 
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The work done by the man per hour=5 x (5280 x 10) foot-pounds. 
. work done per minute=5 x 88 x 10. 
. rate of working => * 98% 10 ae H.P.=7 5 HP. 
; 33000 ee 
If the cyclist were ascending an incline of 1 in 50 at the same rate, 
find the downward thrust. 
For each complete revolution of the pedals he goes forward +.70 
inches, i.e. r.49 ft., and therefore lifts himself and the machine 
through a vertical distance of 345 x 2.42 ft., and in so doing must 


13 
perform an extra 24° x a x 7$ ft.-lbs. of work. In this case we then 


have 


EXAMPLES. XVL 


1, A shot of mass m is fired from a gun of mass M with velocity w 


relative to the gun ; shew that the actual velocities of the shot and gun 
Mu mu : ag atte : 
a Taree ian respectively, and that their kinetic energies are 


inversely proportional to their masses. 


2. A gun is mounted on a gun-carriage movable on a smooth 
horizontal plane, and the gun is elevated at an angle a to the horizon; 
a shot is fired and leaves the gun in a direction inclined at an angle 0 
to the horizon ; if the mass of the gun and its carriage be n times that 


of the shot, shew that tan 6= ( 1+. x) tana. 


3._ A mass of half a ton, moving with a velocity of 800 feet per 
second, strikes a fixed target and is brought to rest in a hundredth 
part of a second. Find the impulse of the blow on the target, and 
supposing the resistance to be uniform throughout the time taken to 
bring the body to rest, find the distance through which it penetrates. 


4, A mass of 4 ewt. falls froma height of 10 feet upon an inelastic 
pile of mass 12 ewt. ; supposing the mean resistance of the ground to 
penetration by the pile to be 1} tons’ weight, determine the distance 
through which the pile is driven at each blow, and the time it takes to 
travel this distance. = 


_. Find also what fraction of the energy is dissipated at each blow. 
5. A bullet, of mass 20 grammes, is shot horizontally from a tifle, 


the barrel of which is one metre long, with a velocity of 200 metres per 
second into a mass of 50 kilogrammes of wood floating on water. If 
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the bullet buries itself*in the wood without making any splinters or 
causing it to rotate, find the velocity of the wood immediately after it 
is struck. 


Find also the average force in grammes’ weight which is exerted on 
the bullet by the powder. 


6. A hammer, of mass 4 ewt., falls through 4 feet and comes td 
_ rest after striking a mass of iron, the duration of the blow being = 5th 
of a second; find the force, supposing it to be uniform, which is 
exerted by the hammer on the iron. 


7. Masses m and 2m are connected by a string passing over a 
smooth pulley; at the end of 3 seconds a mass m is picked up by 
the ascending body; find the resulting motion. 


8. Two equal masses, 4A and B, are- connected by an inelastic 
thread, 3 feet long, and are laid close together on a smooth horizontal 
table 3} feet from its nearest edge; B is also connected by a stretched 
inelastic thread with an equal mass C hanging over the edge. Find 
the velocity of the masses when A begins to moye and also when B 
arrives at the edge of the table. 


9. Two masses of 5 and 7 lbs. respectively are connected by a 
string passing over a fixed smooth pulley; at the end of 3 seconds 
the larger mass impinges on a, fixed inelastic horizontal plane; shew 
that the system will be instantaneously at rest at the end of 2+ seconds 
more. 


10, A string over a pulley supports a mass of 5 lbs. on one side 
and of 2 and 3 Ibs. on the other, the lower mass 2 lbs. being distant 
1 foot from the other. The two-pound weight is suddenly raised to 
the same level as the other and kept from falling. Shew that the 
string will become taut in half a second, and that the whole system 
will then move with a uniform velocity of 3-2 ft. per sec. 


11, Two equal weights, P and Q, connected by a string passing 
over a smooth pulley, are moving with a common velocity, P descend- 
ing and Qascending. If P be suddenly stopped, and instantly let drop 
again, find the time that elapses before the string is again tight. 


12, A mass M after falling freely through a feet begins to raise a 
mass m greater than itself and connected with it by means of an 
inextensible string passing over a fixed pulley. Shew that m will 
have return its original position at the end of time 

Me 4 2a 
— m—-M NV g° 

_ Find also what fraction of the visible energy of M is destroyed at 
_ the instant when m is jerked into motion. 


cs is 


116 DYNAMICS | Exs. 


13. A light inelastic string passes over a light frictionless pulley 
and has masses of 12 ozs. and 9 ozs. attached to its ends. On the 
9 oz. mass a bar of 7 ozs. is placed which is removed by a fixed ring 
after it has descended 7 feet from rest. How much further will the 
9 oz. mass descend ? 


If whenever the 9 oz. mass passes up through the ring it carries 
the bar with it and whenever it passes down through the ring it leaves 
the bar behind, find the whole time that elapses before the system 
comes to rest. 


14, Two railway carriages are moving side by side with different 
velocities ; what is the ultimate effect of the interchanging of passen- 
gers between the carriages? 


15, Aman of 12 stone ascends a mountain 11000 feet high in 
7 hours and the difficulties in his way are equivalent to carrying a 
weight of 3 stone; one of Watt’s horses could pull him up the same 
height without impediments in 56 minutes; shew that the horse does 
as much work as 6 such men in the same time. 


16. A blacksmith, wielding a 14-lb. sledge, strikes an iron bar 
25 times per minute, and brings the sledge to rest upon the bar after 
each blow. If the velocity of the sledge on striking the iron be 32 feet 
per second, compare the rate at which he is working with a horse- 
power. 


17.. A steam hammer, of mass 20 tons, falls vertically through 
5 feet, being pressed downwards by steam pressure equal to the weight 
of 30 tons; what velocity will it acquire, and how many foot-pounds 
of work will it do before coming to rest ?= 


18, <A train of 150 tons, moving with a velocity of 50 miles per 
hour, has its steam shut off and the brakes applied, and is stopped in 
363 yards. ~Supposing the resistance to its motion to be uniform, find 
its value, and find also the mechanical work done by it measured 
in foot-pounds. 


19, A train, of mass 200 tons, is ascending an incline of 1 in 100 
at the rate of 30 miles per hour, the resistance of the rails being equal 
to the weight of 8 lbs. per ton. The steam being shut off, and the 
brakes applied, the train is stopped in a quarter of a mile. Find the 


weight of the brake-van, the coefficient of sliding friction of iron on — 


iron being 3. 


20, If a bicyclist always works with 3/5 uv. and goes 12 miles 


per hour on the level, shew that the resistance of the road is 
3-125 lbs. wt. 


If the mass of the machine and its rider be 12 storis, shew that 


up an incline of 1 in 50 the speed will be reduced to about 5:8 miles 
per hour. : 
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91, A man can bicycle at the rate of 163 miles per hour on a 
smooth road. He exerts a down pressure, equal to 20 lbs. weight, 
with each foot during the down stroke, and the length of this stroke ig 
12inches. If the machine be geared up to 63, find the work he does 
per minute. 


92. Avrifie bullet loses goth of its velocity in passing through a 
plank; find how many such uniform planks it would pass through 
before coming to rest, assuming the resistance of the planks to be 
uniform, 

23. Aman sculling does H foot-pounds of work, usefully applied, 
at each stroke. If the total resistance of the water when the boat is 
moving ” miles per hour be R lbs. weight, find the number of strokes 
he must take per minute to maintain this speed. 

94, <A bicycle is geared up to 70 inches; the rider works at 
in H.P. and makes 60 revolutions per minute with his feet. Neglecting 
friction, find the resistance to his motion and the downward thrust on 
his pedals (supposed constant), if the length of the cranks be 
6? inches. 

95. The mass of a rider and his bicycle is 180 lbs.; the machine 
is running freely down an incline of 1 in 60 at a uniform rate 
of 8 miles per hour; shew that to go at the same rate up an incline of 
- 1in 100 he must work at the rate of -1024 u.P. 

96. A horizontal jet delivers 200 pounds of water per minute with 
a velocity of 10 feet per second against a fixed vertical plate set at right 
angles to the direction of the jet. What quantity of momentum 
is destroyed per second and what is the force, in lbs. weight, on 
the plate? 

Find algo the rate at which the jet is delivering energy and express 
it in terms of a horse-power. 

97, A hammer, of mass 3 lbs., is used to drive a nail, of mass 
2 ozs., into a board, and the hammer when it strikes the nail has 
a velocity of 8 feet per second. If each blow drives the nail half an 
inch into the board, find the resistance against which the nail moves, 
both nail and hammer being treated as inelastic. 


Motion of the centre of inertia of a system of 
particles. 

*98. Theorem. Jf the velocities at any instant of 
any number of masses m,, Mg... parallel to any line fixed in 
space be Uy, Ua, Uz..., then the velocity parallel to that line of 
the centre of inertia of these masses at that instant 1s 

My Uy + Molly + os 
My + Mg + os. 


~ 


t 
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At the instant under consideration let «,, 2, x3... be 
the distances of the given masses measured along this fixed 
line from a fixed point in it, and let. Z be the distance of 
their centre of inertia. 


Then (Statics, Art. 111), we have 


MX, + Melly +... 
M+ M+... 


Gri 


Let ', «,'... be the corresponding distances of these 
masses at the end of a small time ¢, and 2’ the corresponding 
distance of their centre of inertia.. Then we have 


X,' = 2; + Unt, 


Xo! = Ay + Ul, 


, 
Riko pt Mat + Mey +... 


M(B = %) + My (ay — ay) +... 
M+ My +... 
MyUzE + Moot +... 
ie My + Meg +... 


= 
x 


But, if @ he the velocity of the centre of inertia parallel 
to the fixed line, we have 2 = % + at, 


: get MyUy + Mgly +... 


t M+ My + ... 
Hence the velocity of the centre of inertia of a system of 
particles in any given direction is equal to the sum of the 


momenta of the particles in that direction, divided by the 
sum of the masses of the particles. 


Cor. Ifa system of particles be in motion in a plane, 
and their velocities and directions of motion are known, 
we can, by resolving these velocities parallel to two fixed 


ws 
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lines and applying the preceding proposition, find the 
motion of their centre of inertia. 


*99. Theorem. /f the accelerations at any instant 
of any number of masses m,, m,..., parallel to any line fixed 
in space, be f,, fr, fy...) then the- acceleration of the centre of 
inertia of these masses parallel to this line is . 


mf, + Mofo + 1+. 


M,+M,+... 


The proof of this proposition is similar to that of the 
last article. We have only to change 2, u,, x’, uw,’ into 
u,, fr, %, f’, and make similar changes for the other 
particles. 


Ex. 1. Two masses m,, Mm, are connected by a light string as in 
Art. 74; find the acceleration of the centre of inertia of the system, 


m1 — 2 9 vertically downwards, 
M+ Mg 


and that of m, is the same in the opposite direction. 


The acceleration of the mass m, is 


Here then f,= - A= g, 80 that the acceleration of the centre 
x 
Mfr + Mofo _ (= —m,\" 
M+ Ma —— \My +My) ~ 
Ex. 2. Two bodies, of masses m and 3m, are connected by a light 
string passing over a smooth pulley; shew that during the ensuing 


of inertia= 


motion the acceleration of their centre of inertia is f : 
Ex. 3. Find the velocity of the centre of inertia of two masses of 
6 and 4 lbs. which move in parallel lines with velocities of 3 and 8 feet 
respectively, (1) when they move in the same direction, (2) when they 
move in opposite directions. 
Ans. (1) 5 feet per second; (2) 12 feet per second in the direction 
in which the second body is moving. 


Ex. 4. Two. masses, mn and m, start simultaneously from the 
intersection of two straight lines with velocities v and nv respectively ; 
shew that the path of their centre of inertia is a straight line bisecting 
the angle between the two given straight lines, 


Ex. 5. Two masses move at a uniform rate along two straight 
lines which meet and are inclined at a given angle; shew that their 
centre of inertia describes a straight line with uniform velocity. 


° 


CHAPTER VIL. 
PROJECTILES. 


100. IN the previous chapters we have considered only 
motion in straight lines. In the present chapter we shall 
consider the motion of a particle projected into the air 
with any direction and velocity. We shall suppose the 
motion to be within such a moderate distance of the 
earth’s surface, that the acceleration due to gravity may 
be considered to remain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be in vacuo ; for, firstly, the law of resistance of the air 
to the motion of a particle is not accurately known, and, 
secondly, even if this law were known, the discussion 
would require a much larger range of knowledge of pure 
mathematics than the reader of the present book is sup- 
posed to possess, 


Def. When a particle is projected into the air, the 
angle that the direction in which it is projected makes 
with the horizontal plane through the point of projection 
is called the angle of projection ; the path which the 
particle describes is called its trajectory ; the distance 
between the point of projection and the point where the 
path meets any plane drawn through the point of pro- 
jection is its range on the plane; and the time that elapses 
before it again meets the horizontal plane through the 
_ point of projection is called the time of flight. 
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101. If the earth did not attract a particle to itself, 
the particle would, if projected into the air, describe a 
straight line; on account of the attraction of the earth, 
however, the particle describes a curved line. This curve 
will be proved in Art. 113 to be always a parabola. 


Let P be the point of projection, wu the velocity and 
a the angle of projection’; also let PAP’ be the path of the 
particle, A being the highest point, and P’ the point where 
the path again meets the horizontal plane through P. 


A 


eee 


P { M eR 


By the principle of the Physical Independence of 
Forces (Art. 71), the weight of the body only has effect 
on the motion of the body in the vertical direction; it 
therefore has no effect on the velocity of the body in the 
horizontal direction, and this horizontal velocity therefore 
remains unaltered. 


The horizontal and vertical components of the initial 
velocity of the particle are wu cos a and u sin a respectively. 


The horizontal velocity is, therefore, throughout the 
' motion equal to wu cos a. 
In the vertical direction the initial velocity is wsina 


‘and the acceleration is —g, [for the acceleration due to 
gravity is g vertically downwards, and we are measuring 
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_ our positive direction upwards]. Hence the vertical motion 
is the same as that of a particle projected vertically up- 
wards with velocity wsina, and moying with acceleration 
~9. 

The resultant motion of the particle is the same as that 
of a particle projected with a vertical velocity wu sin a inside 
a vertical tube of small bore, whilst the tube moves in a 
horizontal direction with velocity w cos a, 


102. To find the velocity and direction of motion after 
a given time has elapsed. 


Let v be the velocity, and @ the angle which the direc- 
tion of motion at the end of time ¢ makes with the hori- 
zontal, 


Then v cos 6 = horizontal velocity at end of time ¢ 
=u cos a, the constant horizontal velocity. 
Also v sin 6 = the vertical velocity at end of time ¢ 
= usin a— gt. c 
Hence, by squaring and adding, 
v= u?— 2Qugé sin a + 92, 


w sin a —gt 


and, by division, tan @= 
Uw COS a 


103. To find the velocity ond direction of motion at a 
given height, 


Let v be the magnitude, and @ the inclination to the 
"horizon, of the velocity of the particle at a given height h. 
The horizontal and vertical velocities at this oe are 
therefore v cos @ and vsin 6. 


Hence 


v cos @ =u cos a, the constant. horizontal velocity. htt 1 . 
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Also, by Art. 32, | 
ORIN G =n) e sin”® a — 29h eewsan sues levee (2). 
Squaring and adding (1) and (2), we have 
v =u? — 2gh. 
Sauna raph 


Also, by division, tan 6= 
uw COS a 


104. To find the greatest height attained by a projectile, 
and the time that elapses before it is at its greatest height. 
Let A (Fig. Art. 101), be the highest point of the path. 
The projectile must at A be moving horizontally, and hence 
the vertical velocity at A must be zero. 
Hence, by Art. 32, 
0 =wsin?a— 29. MA. 


giving the greatest height attained. 
Let 7' be the time from P to A; then 7’ is the time in 
which a vertical velocity w sin a is destroyed by gravity. 
Hence, by Art. 32, O=wusina—gT. 
w sin a. 


Saw d= pint 


giving the required time. 


105. 7o find the range on the horizontal pion! and the 
time of flight. + 
When the projectile arrives at P’ (Fig. Art. 101), the 
distance it has described in a vertical direction is zero. — 
Hence, if ¢ be the time of flight, we have by Art. 32 (, 
0 = wsin at — }gé*. 


<a 2u sin a = twice the time to the highest point. 
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During this time ¢ the horizontal velocity remains constant. 


and equal to w cos a. 

., PP’ =horizontal distance described in time ¢ 
2u7 sin a cosa 
Sle gee 


Hence the range is equal to twice the product of the initial 
vertical and horizontal velocities divided by g. 


=uUucosa.t= 


106. For a given velocity of projection, u, to find the 
maximum horizontal range, and the corresponding direction 
of projection. 

Tf a be the angle of projection, the horizontal range, by 
the previous article, 


_2wsinacosa usin 2a 
g ee 

Also sin 2a is greatest when 2a= 90°, that is, when 
a= 45°, 

Hence the range on a horizontal plane is greatest when 
the initial direction of projection is at an angle of 45° with 
the horizontal through the point of projection. 

The magnitude of this maximum horizontal range is 

2 2 : 
“ sin 90°, i.¢., iy 
os 3 g 

107. 10 shew that, with a given velocity of projection, 

there are for a given horizontal range in general two di- 


rections of projection, which are equally inclined to the 


direction af maximum projection. 


By Art. 105, the range, when the angle of projection 
2 
is a, is “sin 20. 
pe aay. 


So 
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Also, when the angle of projection is 5 —a, the range 


oe T QW ns Yes 
=“ sina (G—a) = “sin (w—20) =" sin 2a, 
g ~ g g 


Hence we have the same horizontal range for the angles 


of projection a and =i 


2 


These directions are equally inclined to the horizon and 
the vertical respectively, and are therefore equally inclined 
to the direction of maximum range, which bisects the angle 
between the horizontal and the vertical. 


108. Ex.1. 4 bullet is projected, with a velocity of 640 feet per 
second, at an angle of 30° with the horizontal ; Jind (1) the greatest 
height attained, (2) the range on a horizontal plane and the time of 


flight, and (3) the velocity and direction of motion of the bullet when it 
is at a height of 576 feet. 


The initial horizontal velocity 


= 640 cos 30°=640 x _ =320,/3 feet per second. 
The initial vertical velocity =640 sin 30°=320 feet per second. 
(1) If h be the greatest height attained, then h is the distance 


through which a particle, starting with velocity 320 and moving with 
acceleration —g, goes before it comes to rest. ~ 


- 0=38202- 29h; 
3202 
— ax 32 =1600 feet. 


(2) If t be the time of flight, the vertical distance described in 
time ¢ is zero. 
~ 0=3820t-$gt?; 


, = on = 20 seconds. 


The horizontal range=the distance described in 20 seconds by a 
particle moving with a constant velocity of 320,/3 ft. per sec. 


=20 x 820,/3=11085 feet approximately. 
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(3) If v be the velocity, and @ the inclination to the horizon, at 

a height of 576 feet, we have 
v? sin? =320?— 29 .576= 322 x 64, 

and v® cos? @ = (320,/3)? = 322 x 300. 

Hence, by addition, we have v=32 x ./364=610°5 ft. per sec. 

Also, by division, 

tan @= 2 44/3 _ 46188, 
75 15 2 

so that, from the table of natural tangents, we have @~24° 47’ 
approximately. 

Ex. 2. 4 cricket ball is thrown with a velocity of 96 feet per 
second; find the greatest range on the horizontal plane, and the two 
directions in which thé ball may be thrown so as to give a range of 
144 feet. 

If the angle of projection be a, the range, by Art. 105, 

__ 2.96? sin acosa 967. sin 2a 
g Peo 
The maximum range is obtained when a— 45°, and therefore 
2 


= = = 288 feet=96 yards. 


When the range is 144 feet, the angle a is given by 


2 
~ sin 2a= 144, 


96? 
 2a=80°, or 150°. 
~ a=15°, or 75°, 
Ex. 3. 4 cannon ball is projected horizontally from the top of a 
tower, 49 feet high, with a velocity of 200 feet per second. Find 
(1) the time of flight, 


(2) the distance from the Soot of the tower of the point at which 
it hits the ground, and 


(3) -its velocity when it hits the ground. 


(1) The initial vertical velocity of the ball is zero, and hence ¢, 
the time of flight, is the time in which a body, falling freely under 
gravity, would describe 49 feet. 


Hence 49=19. 2~1622. 
“. t=4 second. 


> (ay During this time the horizontal velocity is constant, and 
therefore the required distance from the foot of the tower 


“= 200.x $= 350 feet. 
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(3) The vertical velocity at the end of { second=4 x 32=56 feet 
per second, and the horizontal velocity is 200 feet per second; 


.. the required velocity = ,/200?+56?=8,/674 =207°7 feet nearly. 


Ex. 4. From the top of a cliff, 80 feet high, a stone is thrown so 
that it starts with a velocity of 128 feet per second, at an angle of 30° 
with the horizon; find where it hits the ground at the bottom of the 


cliff. 

The initial vertical velocity is 128 sin 30°, or 64, feet per second, 
and the initial horizontal velocity is 128 cos 30°, or 64,/3, feet per 
second. 

Let T be the time that elapses before the stone hits the ground. 

Then T is the time in which a stone, projected with vertical 
velocity 64 and moving with acceleration —g, describes a distance 
— 80 feet. : 

. —80=647-19T?, 

Hence 7'=5 seconds. 

During this time the horizontal velocity remains unaltered, and 
hence the distance of the point, where the stone hits the ground, from 
the foot of the cliff =320,/3 = about 554 feet. 


EXAMPLES. XVII. 


1, A particle is projected at an angle a to the horizon with a 
velocity of u feet per second; find the greatest height attained, the 
time of flight, and the range on a horizontal plane, when 

(1) w=64, a=30°; 
(2) w=80, a=60°; 
7 (3) w=96, a=75°; 


(4) w=200, a=sin13. 


2. Find the greatest range on a horizontal plane when the 
velocity of projection is (1) 48, (2) 60, (3) 100 feet per second. 


8. A shot leaves a gun at the rate of 160 metres per second; 
calculate the greatest distance to which it could be projected, and the 
height to which it would rise. 


4, If a man can throw a stone 80 metres, how long is it in the 
air, and to what height does it rise ? 


5. A body is projected with a velocity of 80 ft. per sec. in a 
direction making an angle tan-!3 with the horizon; shew that it 
rises to a vertical height of 90 feet, that its direction of motion is 
inclined to the horizon at an angle of 60° when its vertical height 


_ above the ground is 60 feet, and that its time of flight is about 4# sees. 
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6. A projectile is fired horizontally from a hei ht of 9 feet from 
the ground, and reaches the ground at a horizontal distance of 1000 
feet. Find its initial velocity. 


7. Astone is thrown horizontally, with velocity ./2gh, from the 
top of a tower of height h. Find where it will strike the level ground 
through the foot of the tower. What will be its striking velocity ? 


8. A stone is dropped from a height of 9 feet above the floor of a 
railway carriage which is travelling at the rate of 30 miles per hour. 
Find the velocity and direction of the particle in space at the instant 
when it meets the floor of the carriage. 


9. A ship is moving with a velocity of 16 feet per second, and 
a body is allowed to fall from the top of its mast, which is 144 feet 
high; find the velocity and direction of motion of the body, (1) at 
the end of two seconds, (2) when it hits the deck. 


10. A shot is fired from a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation of 30°, Find 
the horizontal distance from the vertical line through the gun of the 
point where the shot strikes the water. 


11, From the top of a vertical tower, whose height is 43 g feet, a 
particle is projected, the vertical and horizontal components of its 
initial velocity being 6g and 8g respectively; find the time of flight, 
and the distance from the foot of the tower of the point at which it 
strikes the ground. 


12.. A gun is aimed go that the shot strikes horizontally the top 
of, the spire of Strasburg Cathedral, which is 141 metres high; shew 
that, if the angle of projection be cot-! 5, then the velocity of projec- 
tion is nearly 268 metres per second. 


13. Find the velocity and direction of projection of a shot which 
passes in a horizontal direction just over the top of a wall which is 
50 yards off and 75 feet high. 


14, A particle is projected at an angle of elevation sin-) 4, and 
its range on the horizontal plane is 4 miles; find the velocity of 
projection, and the velocity at the highest point of its path. 

15. Two balls are projected from the same point in directions 
inclined at 60° and 30° to the horizontal; if they attain the same 
height, what is the ratio of their velocities of projection ? 


What is this ratio if they have the same horizontal range ? 


16. The velocity of a particle when at its greatest height is ,/Z 


of its velocity when at half its greatest height; shew that the angle of 
projection is 60°. 


17, Find the angle of projection when the range on a horizontal 


plane is (1) 4, (2) 4,/3 times the greatest height attained. 
18, Find the angle of projection when the range is equal to the 


distance through which the particle would have to fall in order to 


acquire a velocity equal to its velocity of projection 


~ 
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109. Range onaninclined plane. Jrom a point 
on a plane, which is inclined at an angle B to the horizon, 
a particle is projected with a velocity u, at an angle a with 
the horizontal, in a plane passing through the normal to 
the inclined plane and the line of greatest slope; to find 
the range on the inclined plane. 


Let PQ be the range on the inclined plane, PZ’ the 


N 


direction of projection, and QW the perpendicular on the 
horizontal plane through P. 

The initial component of the velocity perpendicular to 
PQ is wsin (a—f), and the acceleration in this direction 
is — g cos B. 

Let 7’ be the time which the particle takes to go from 
Pto@Q. Then in time 7’ the space described in a direction 
perpendicular. to PQ is zero. 

Hence 0=w sin (a—B). 1’ 3g cos 8. 7", and therefore 

_ 2u sin (a — B) 
g coop ~ 

During this time the horizontal velocity wu cos a remains 

unaltered ; hence PV =u cosa. 7, so that the range 
ad a ae ee _ 2u! cos a sin (a — —B). 


Ee Nei cosB cos * g cos? B 


iL. D. ; : ) 
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110. Maximum range. To find the direction of 
projection which gives the maximum range on the inclined 
plane, and to shew that for any given range there are two 
directions of projection, which are equally inclined to the 
direction for maximum range. 


From the preceding article the range 


2u* cos.a sin (a — f) fe pliers a . 

= a 2a —) —sin f}...(i). 
g cos? B g cos? 8 es ( = B) np} ( ) 
Now wu and £ are given; hence the range is a maximum 


2 


when sin (2a — £) is greatest, or when 2a — B = = 
Tv 


2 


In this case a — 8 = 5 —a, é.c., the angles 7PQ and LP7' 


are equal. ) 

Hence The direction for maximum range bisects the angle 
between the vertical and the inclined plane. 

Also the maximum range 

u ue 
= ——__— (1 — sin) = —+—_—_=. 
Goon me g (1 + sin f) 

Again, the range with an angle of elevation a, is, by (i), 

the same as that with elevation a, if 


sin (2a, — 8) = sin (2a—), 


LCs, if a 2a, _ B =T— (20 —£), 
te., if 4=5+B-a, 
ie, if i G + 5) 3 ¢ PI 3) Lee 


Tv ° . . * 
But Zt 9's the elevation which gives the greatest range, 


Hence for any given range on an inclined plane there 
are two angles of projection, the two corresponding direc- 
- tions of projection being equally inclined to that for the 
‘Maximum range on the plane. 
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111. Ex. 1. From the foot of an inclined plane, whose rise is 7 in 
25, a shot is projected with a velocity of 600 feet per second at an 
angle of 80° with the horizontal, (1) up the plane, (2) down the plane. 
Find the range in each case. 

Let 8 be the inclination of the plane, so that 
24 
D5 
(1) By Art. 109, the range in the first case 

Ge 
Z9 600? cos 30° sin (30°-) _ 600? 3 2 


sin =x and cos B= 


2°25. 9. ° O5 
32 cos? 8 cedb. 24? 


a 


bo! 


_ 360000 254/38 (24-%/3) 750000 f 
Tbs: Aion wee 
= 5022 feet approximately. 
(2) The initial velocity perpendicular to the inclined plane is 
wsin (30°+ 8) and the acceleration is — gcosB. Hence the time of 


H is) 
fight, 7, is 2% > (OO LA). Fence,-aacity Art?-10Dj¢if Biche the 


cosB 
range, we have R, cos B=u cos 30°. T. 
: _ 9 @ Cos 30° sin (30°+ 8) 750000 Gre 
. pies = OO Bos oe = qoag (B38 +7); as in (i), 


= 15275 feet approx. 
N.B. The range down an inclined plane may also be obtained 
from the formula of Art. 109, by changing B into —£, so that it is 
2u? cos a sin (a+) 
9 Cost Be . 
Ex. 2. In the previous example, find the greatest range. 
The angle of projection a must : 


= (5+e)=3+6. 


uP en 
The range now= 7008p (1 —sin g) 
Be rae, Ph ees 
~git+sng” 827 7 
1+ 25 
360000 x 25 
=—39 x99 = 8789 ft. approx. 


Similarly the greatest range down the inclined plane would be 
6002, 1. ss ar d 
found to be 32° 7 v.e., 15625 Fane 


~ 25 
9—2 
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Ex. 3. A particle is projected at an angle a with the horizontal 
from the foot of a plane, whose inclination to the horizon is B; shew 
that it will strike the plane at right angles, if cot B=2 tan (a-). 

Let w be the velocity of projection, so that wcos (a—f) and 
w sin (a —) are the initial velocities respectively parallel and perpen- 
dicular to the inclined plane. 

The accelerations in these two directions are — g sin 8 and —g cosf. 


Then, as in Art. 109, the time, 7, that elapses before the particle 
2u sin (a — B) 


g cos B 
If the direction of motion at the instant when the particle hits 


the plane be perpendicular to the plane, then the velocity at that 
instant parallel to the plane must be zero. 


reaches the plane again is 


Hence wcos(a—f)-—gsins.T=0. 
P wcos(a— 8) _ »_2usin (2-8) 
' “gsing, ~~ —«geosB 


*. cot B=2 tan (a—- 8). 


112. Motion upon aninclined plane. A particle 
moves upon a smooth plane which is inclined at an angle B 
to the horizon, being projected from a point in the plane with 
velocity u in a direction inclined at an angle a to the inter- 
section of the inclined plane with a horizontal plane ; to find 
the motion, 


Resolve the acceleration due to gravity into two com- 
ponents ; one, g sin f, in the 
direction ofthe line of great- 
est slope, and the other, g cos £, 
perpendicular to the inclined 
plane. The latter acceleration 
is destroyed by the reaction 
of the plane. 


Ne eee reeeneene 


The particle therefore moves upon the inclined plane 
with an acceleration gsin 8 parallel to the line of greatest 
slope. 

Hence the investigation of the motion is the same as 
that in Arts. 101—107, if we substitute “gsin 8” for 


i 


PROJECTILES 133 


“g”, and instead of “vertical distances” read “distances 
measured on the inclined plane parallel to the line of 
greatest slope.” 


EXAMPLES. XVIII. 


1, A plane is inclined at 30° to the horizon; from its foot a 
particle is projected with a velocity of 600 feet per second in a 
direction inclined at an angle of 60° to the horizon; find the range 
on the inclined plane and the time of flight. 


2. A particle is projected with velocity V, at an angle of 75° 
to the horizon, from the foot of a plane whose inclination is 30°. 
Find where it will strike the plane. Find also the maximum range 
of the particle on the inclined plane. 


8. A particle is projected with velocity 64 feet per second at 
an angle of 45° with the horizon; find its range on a plane inclined 
at 30° to the horizontal and its time of flight. Find also its greatest 
range on the inclined plane with the given initial velocity. 


4, A particle is projected with a velocity of 1280 feet per second 
at an angle of 45° with the horizontal; find its range on a plane 
inclined to the horizon at an angle sin-1 2, when projected (i) up, 
(ii) down, the plane. : 


5. The velocity of projection of a, rifle ball is 800 feet per second. 
Find its greatest range and the corresponding time of flight on planes 
inclined to the horizon at angles of 


(1) 45°, (2) 60°, (3) sin-1y5, (4) sin 145, 


6. The greatest range of a particle, projected with a certain 
velocity, on a horizontal plane is 5000 yards; find its greatest range 
on an inclined plane whose inclination is 45°, 


Find also the greatest range when the particle is projected down 
the inclined plane. 


7. The greatest range, with a given velocity of projection, on a 
horizontal plane is 1000 metres; shew that the greatest ranges up and 
down a plane inclined at 30° to the horizon are respectively 6662 and 
2000 metres. 


8. From a point on a plane inclined at (1) 30°, (2) 60°, to the 
horizon a particle is projected at right angles to the plane with a 
velocity of 25 metres per second; find the range on the plane in the 
two cases, 
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*113. <A particle is projected into the air with a given 
velocity and direction of projection ; to shew that rts path rs 
a parabola. 

As in Art. 101, let w be the velocity and a the angle 
of projection, PP’ the horizontal range, A the highest point 
and AM the perpendicular on PP’, Then, by Art. 104, 


wu? sin? a 
AM = Fo eee erie (1) 
Also Pf = horizontal distance described in time ~~" 
ae 
“sin a cos a 
3 dancin Dest dt 54S ape ghee AES i (2). 


My 
Let @ be any point on the path, and let QV and QZ be 
the perpendiculars on AM and PP’ respectively. Let ¢ be 
the time from P to Q. 


are M P’ 
Then QZ = vertical distance described in time ¢ 
=usina,t—hgt? 
and peer ecards ro eee Paks seg ae (4). 
Hence from (1) and (3), 
AN=AM-NM=AM~—QL 
_ wv sina 


; usina ~~ \2 
- gg (wsina.t—3gt) =$ ( os sis iY 
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Also, from (2) and (4), 


OV a PM a PT... Sager owas 


uw sina 
=u cosa —t). 
g 


“. ON? = u? cos? a ea — ‘) =u* cos?a. Ae 
: g 
_ 2u*cos* a AN. 
g 
Measure AS vertically downwards and equal to i , 
=a 
“. QN?=4AS. AN, 


But this is the fundamental property of the curve 
known as a parabola. 


Hence @ lies on a parabola whose axis is vertical, 
whose vertex is at A, and whose latus rectum 


Cor. I. It will be noted that the latus rectum, and 
therefore the size, of the parabola depends only. on the 
initial horizontal velocity and is independent of the initial 
vertical velocity. 


Cor. II. The height of the focus S above the hori- 
zontal line through P=SM=AM-— AS 
_vsinta weosta wu? 
4g 2g Og 
Hence, if a be less than 45°, this distance is negative and 
the focus of the path is then situated below the horizontal 
line drawn through the point of projection. 
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*114. To shew that the velocity at any point is equal 
im magnitude to that which would be acquired by a particle 
in falling freely through the height from the directrix to the 
point. 

In the figure of Art. 113, produce MA to X, making 
AX equal to AS, and draw XK horizontal. Then YX is 
the directrix. 

If v be the velocity at Q, we have, by Art. 102, 

v= (wsin a—gt)? + (w cosa)? 
=u? — 2ug sina.t + 9°? 
= 2 E —(usina t— dot) |. 
I} 5 9 . 2 
wsin?a ucost*a ui? 

But MX=MA+AX = 3g 2 35 2g? 

and MN = QL =usin a. t—hge?. 
“. P= 29[MX-MN]=29. NX. 
Hence v is equal to the velocity that would be acquired 


in falling through the vertical distance from the directrix 
to the point Q. 


115. Experimental Proof thai the path of a pro- 
Jjectile is a parabola, 

Let AC be a curved board with a groove in it down 
which a small ball will run when released. Fix it firmly 
in front of a vertical black-board. -Mark a point C on the 
groove, and let the ball always start from the same point C, 
and after running down the groove to A describe a path 
freely in the air just in front of the blackboard. 

Fix to the board a number of small paper or cardboard 
hoops, so that the ball just passes through them ; the hoops 
are adjusted by trial. After letting the ball run down the 
groove two or three times the position of the first hoop is 


PROJECTILES 137 


ascertained ; and then after similar experiments the posi- 
tions of the rest of the hoops are found. 


ey, GE T | al 
2 we -—1— sic 
Z 


if 
y 


Z —f. 
We ya Sy ae SS ey 
Oe Ge peas awe 


=e i 


The ball must always be started very carefully from the 
same point C. : 

Draw a curve AP,P,P,... passing through the centres 
of the hoops. ‘This will be easily done by freehand drawing 
if a good many hoops are fixed in their proper positions. - 

Draw vertical lines P,M,, P,M,, P,M,... to meet in 
M,, M,,... the horizontal line through A. — 

Measure off the distances AM,, AM,,... and PM, 
P My, «... 

Then on taking the squares of AM,, AM,, AM,, ... and 
dividing them respectively by P,M,, P,M,,... we shall find 
that the results obtained are very approximately the same. 
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AM? 
PM 


Hence for any point P on the curve we find that 


2 > 
TV is the same, 


Hence PN? varies as AN. 
But this is the fundamental property of the parabola, 


is the same, 2.e, that 


Hence the curve is a parabola. 


If we start the ball from a different point C we shall 
obtain the same result, but the parabola will vary in shape 
according to the position of the starting-point C. 


By arranging the grooved board so that its direction at 
A is not horizontal, we can in a similar manner shew that 
the path with any direction and velocity of projection at A 
is still a parabola, 


EXAMPLES. XIX, 


1. On the moon there seemis to be no atmosphere, and gravity 
there is about one-sixth of that on the earth. Wkat space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 1600 feet per second ? 


2. A tennis-ball is served from a height of 8 feet; it just touches 
the net at a point where it is 8 ft. ins. high and hits the service-line 
21 feet from the net; the horizontal distance of the server from the 
foot of the net being 39 feet, shew that the horizontal velocity of the 
ball is about 171 feet per second and find the angle of projection. 


3. A plane, of length 6 feet, is inclined at an angle of 30° to 
the horizon, and a particle is projected straight up the plane with 
a velocity of 16 feet per second; find the greatest height attained 
by the particle after leaving the plane, and the range on a horizontal 
plane passing through the foot of the inclined plane. 


4, If a stone be hurled from a sling which has been swung in 
a horizontal circle of 8 feet radius, at a height of 6 feet from the 
ground, and at the steady rate of 21 revolutions in 2 seconds, find the 
range on the ground. 


5. Two guns are pointed at each other, one upwards at the angle 
of elevation 30°, and the other downwards at the same angle of 
depression, the muzzles being 100 feet apart. If the charges leave 
the guns with velocities 1100 and 900 feet per second respectively, 
find when and where they will meet. 
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6. A projectile, aimed at a mark which is in the horizontal 
plane through the point of projection, falls a ft. short of it when 
the elevation is a, and goes b ft. too far when the elevation is B. 
Shew that, if the velocity of projection be the same in all cases, the 
proper elevation is 

1. _, asin 28+5 sin 2a 
sin 
2 a+b 


7. A hill is inclined at an angle of 30° to the horizon; from 
a SS on the hill one projectile is projected up the hill and an- 
other down, both starting with the same velocity; the angle of pro- 
jection in each case is 45° with the horizon; shew that the range of 
one projectile is nearly 3¢ that of the other. 


8. A particle is projected from a point on an inclined plane in 
a direction making an angle of 60° with the horizon; if the range on 
the plane be equal to the distance through which another particle 
would fall from rest during the time of flight of the first particle, find 
the inclination of the plane to the horizon, 


9. From a point in a given inclined plane two bodies are pro- 
jected with the same velocity in the same vertical plane at right 
angles to one another; shew that the difference of their ranges is 
constant. 


10. The angular elevation of an enemy’s position on a hill h feet 
high is 8; shew that, in order to shell it, the initial velocity of the 


projectile must not be less than ,/gh (1+ cosec f). 


. 1, Shew that the greatest range on an inclined plane passing 
through the point of projection is equal to the distance through 
which the particle would fall freely during the corresponding time 
of flight. 


12, A particle, projected with velocity wu, strikes at right angles 
a plane through the point of projection inclined at an angle B to 
the horizon. Shew that the height of the point struck above the 
t - Se pee we Ue ABT 
horizontal plane through the point of projection is o I43eint@’ 
that the time of flight is 8 tes ore and that the range on a 
9,/1+8 sin? B 
horizontal plane through the point of projection would be 


u? sin 28 1+sin?B 
g  14+38sin?g° 
13. Shew that four times the square of the number of seconds 


in the time of flight in the range on a horizontal plane equals the 
height in feet of the highest point of the trajectory. 
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14. If the maximum height of a projectile above a horizontal 
plane passing through the point of projection be h, and a be the angle 
of projection, find the interval between the instants at which the 
height of the projectile is h sin® a. 


15, Find the direction in which a rifle must be pointed so that 
the bullet may strike a body let fall from a balloon at the instant of 
firing; find also the point where the bullet meets the body, supposing 
the balloon to be 220 yards high, the angle of its elevation from the 
position of the rifleman to be 30°, and the velocity of projection of 
the bullet to be 1320 feet per second. [The balloon is at rest.] 


16. Two particles are projected simultaneously, one with velocity 
V up a smooth plane inclined at an angle of 30° to the horizon, and 


the other with a velocity E at an elevation of 60°. Shew that the 


= fn 
particles will be relatively at rest at the end of = seconds from the 
instant of projection. 


17. The radii of the front and hind wheels of a carriage are 
a and b, and ¢ is the distance between the axle-trees; a particle of 
dust driven from the highest point of the hind wheel is observed 
to alight on the highest point of the front wheel. Shew that the 
velocity of the carriage is 


qf etal (c+a-—b) 
4 (b—a) 42 


18, Find the charge of powder required to send a 68 lb. shot, 
with an elevation of 15°, to a range of 3000 yards, given that the 
velocity communicated to the same shot by a charge of 10 lbs. is 
1600 feet per second, and assuming that the kinetic energy of the 
shot is proportional to the magnitude of the charge. 


19, A body, of mass 2 lbs., is projected with a velocity of 20 feet 
per second at an angle of 60° to the horizon; another body, of mass 
3 Ibs., is at the same time projected from the same point with a 
velocity of 40 feet per second at an angle of 30° to the horizon. Find 
to two places of decimals the height to which their common centre of 
gravity rises, and the distance of the point,at which it meets the 
horizontal plane through the point of projection. 


SS 


20. A train is travelling at the rate of 45 miles per hour, and 
& passenger throws up a ball vertically with an initial velocity of 
12 feet per second; find the latus rectum of the path which it de- 
scribes. If the ball be projected with the same velocity at 60° to 
the horizontal (1) in the same direction, (2) in the opposite direction, 
with the motion of the train, find the latus rectum in each case. 


"1 f . 
Beh LOS Se ive eee 


ra. 
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21. Ina trajectory find the time that elapses before the particle 
is at the end of the latus rectum. 


22. A particle is projected so as to enter in the direction of 
its length a small straight tube of small bore fixed at an angle of 
45° to the horizon and to pass out at the other end of the tube; 
shew that the latera recta of the paths which the particle describes 
before entering and leaying the tube differ by ,/2 times the length 
of the tube. 


23. A particle is projected horizontally from the top of a tower, 
100 feet high, and the focus of the parabola which it describes is 
in the horizontal plane through the foot of the tower; find the 
velocity of projection. 


94. <A particle is projected with velocity 2,/ag so that it just 
clears two walls, of equal height a, which are at a distance 2a from 
each other. Shew that the latus rectum of the path is 2a, and that 


the time of passing between the walls is 2 yh 2 ; 


95. Shew that the locus of the foci of all trajectories which pass 
through two given points is a hyperbola. 


96. If ¢ be the time in which a projectile reaches a point P of 
its path, and ¢’ be the time from P till it strikes the horizontal plane 
through the point of projection, shew that the height of P above the 


plane is }-gtt’. 


97, If at any point of a parabolic path the velocity be wu and the 
inclination to the horizon be @, shew that the particle is moving at 


right angles to its former direction after a time rk 


CHAPTER VIII 
COLLISION OF ELASTIC BODIES. 


116. Ira man allow a glass ball to drop from his 
hand upon a marble floor it rebounds to a considerable 
height, almost as high as his hand; if the same ball be 
allowed to fall upon a wooden floor, it rebounds through 
a much smaller. distance. 


If we allow an ivory billiard ball and a glass ball to 
drop from the same height, the distances through which 
they rebound will be different. 


If again we drop a leaden ball upon the same floors, 
the distances through which it rebounds are much smaller 
than in either of the former cases. 


Now the’ velocities of these bodies are the same on 
first touching the floor ; but, since they rebound through 
different heights, their velocities on leaving the floor must 
be different. 


The property of the bodies which causes these differ- 
ences in their velocities after leaving the floor is called 
their Elasticity. 


In the present chapter we shall consider some simple: 
cases of the impact of elastic bodies. We can only discuss. 
the cases of particles in collision with particles or planes, 


and of smooth homogeneous spheres in collision with. 
smooth planes or smooth spheres, : 
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117. Def. Two bodies are said to impinge directly 
when the direction of motion of each is along the common 
normal at the point at which they touch. 


They are said to impinge obliquely when the direction 
of motion of either, or both, is not along the common 
normal at the point of contact. 


The direction of this common normal is called the Line 
of impact. 

In the case of two spheres the common normal is. the 
line joining their centres. 


118., Newton’s Experimental Law. Newton 
found, by experiment, that, if two bodies impinge directly, 
their relative velocity after impact is in a constant ratio to 
their relative velocity before impact, and is in, the opposite 
direction. [The experiment is described in Art, 151. ] 


If the bodies impinge obliquely, their relative velocity 
resolved along their common normal after impact is in a 
constant ratio to their relative velocity before impact 
resolved in the same direction, and is of opposite sign. 


This constant ratio depends on the substances of which 
the bodies are made, and is independent of the masses of 
the bodies. It is generally denoted by ¢ and is called 
the Modulus or Coefficient of Elasticity, Restitution, or 
Resilience. Either of the two latter terms is better than 
the first. 

If u and w’ be the component velocities of two bodies 
before impact. along their common normal (as in the figure 
of Art. 122), and v and v’ the component velocities of the 
bodies in the same direction after impact, the law states 
that 
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This experimental law may also be expressed in the form 


Velocity of Separation =e times the Velocity of Ap- 
proach, these two velocities being measured in the direction 
of the common normal at the point of impact. 

Thus;in the case of Art. 122 the left-hand sphere 
caught up the right-hand sphere and the velocity of 
approach was w—w'; also after the impact the right-hand 
sphere must move away from the other, and the velocity of 
separation is v’'—v; this second form of enunciation of 
the law therefore gives 

ae v —v=e(u—w), 
which is the same as (1). 


The value of e has widely different values for different 
bodies ; for two glass balls ¢ is °94; for two ivory ones it is 
81; for two of cork it is 65; for two of cast-iron about 
66; whilst for two balls of lead it is about +20, and for 
two balls, one of lead and the other of iron, the value is -13. 

Bodies for which the coefficient of restitution is zero 
are said to be “inelastic”; whilst “perfectly elastic” 
bodies are those for which the coefficient is unity. -Pro- 
bably there are no bodies in nature coming strictly under 
either of these headings; approximate examples of the 
former class are such bodies as putty or dough, whilst 
probably the nearest approach to the latter class is in 
the case of glass balls. 


More careful experiments have shewn that the ratio of the relative 
velocities before and after impact is not absolutely constant, but that 
it decreases very slightly for very large velocities of approach of the 
bodies. In any case, however, the law is only an approximate one, 
and cannot be taken as rigorously true. 

119. Motion of two smooth bodies perpendicular to 
the line of impact. 


When two smooth bodies impinge, there is no tangential 


~ 
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action between them, so that-the stress between them is 
entirely along their common normal, i.e. the line which is 
perpendicular to both surfaces at their point of contact, 
Hence there is no force perpendicular to this common 
normal, and therefore no change of velocity in that 
direction. 


Hence the component velocity of each body in a 
direction perpendicular, to the common normal is unaltered 
by the impact. 


120. Motion of two bodies along the line of impact. 


From Art. 86 it follows that, when two bodies impinge, 
the sum of their momenta along the line of impact is the 
same after impact as before. 


The two principles enunciated in this and the previous 
article, together with Newton’s experimental law, * are 
sufficient to find the change in the motion of particles 
and smooth spheres produced by a collision. 


We shall now proceed to the discussion of particular cases. 


121. Impacton a fixed plane. 4 smooth sphere, 
or particle, whose mass 1s m and whose coefficient of resti- 
tution is e, impinges obliquely on a fixed plane ; to find the 
change in its motion. 

Let AB be the fixed plane, C the point at which the 
sphere impinges, and CV the normal to the plane at C’ so 
that CW passes through the centre, O, of the sphere. 

Let DO and OF be the directions of motion of the 
centre of the sphere before and after impact, and let the 
angles VOD and NOE be a and 6. Let w and v be the 
velocities of the sphere before and. after ee as indi- 
cated in the figure. 


L. D. 10 
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Since the plane is smooth, there is no force parallel to 
the plane; hence the velocity of the sphere resolved in a 
direction parallel to the plane is unaltered. 


*, vsinO=wsina ...:......:.. onsite: 


A Cc B 


By Newton’s experimental law, the normal velocity of 
separation is e times the normal velocity of approach. 
Hence v cos @— 0 =e(ucosa-—0), 
ah , @ CON O Seu cota Sa, (2). 
From (1) and (2), by squaring and adding, we have 


! v=U A sin? a + e* cos? a, 
and, by division, cot 0 = e cot a. 


These two equations give the velocity and direction of 
motion after impact, 

The impulse of the force of impact on the plane is equal and 
opposite to the impulse of the force of impact on the sphere, and is 


therefore measured by the change of the momentum of the sphere 
perpendicular to the plane. 


Hence the impulse of the blow =mu cos a +mv cos 6 
=m (1+e) weosa, 
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Cor. 1. If the impact be direct, we have a= 0, 
-. 0=0, and v= eu. 
Hence The direction of motion of a sphere, which im- 


pinges directly on a smooth plane, is reversed and its velocity 
reduced in the ratio 1 : e. 


Cor. 2. If the coefficient of restitution be unity, we 
have 0=a, and v=. 


Hence When the plane is perfectly elastic the angle of 
reflexion is equal to that of incidence, and the velocity is 
unaltered in magnitude, 


Cor. 3. If the coefficient of restitution be zero, we 
have 6=90°, and v=wsina. 


Hence A sphere after impact with an inelastic plane 
slides along the plane with its velocity parallel to the plane 
unaltered, 


Ex. A ball, moving with a velocity of 10 feet per second, impinges 
on a smooth fixed plane at an angle of 45°; if the coefficient of. res- 
titution be 4, Jind the velocity and direction of motion of the ball after 
the impact. 

Let its velocity after the impact be v at an angle @ with the fixed 
plane. 


Its component velocities along and perpendicular to the plane, 
before impact, are each 10x—Z, i.e., 5,/2. After impact its com- 


2 
ponent velocities in the same two directions are v cos @ and vsin 0. 
Hence wehave .  vcos 0%5,/2, 


vsin @=e .5,/2=4,/2. 
Therefore, by squaring and adding, 
v?=82, so that v= ,/82=9-06. 


Also, by division, tan @=4, so that, by the table of natural 
tangents, 2=38°40’ nearly. Herice, after the impact, the ball moves 
with a velocity of 9:06 ft. per sec. at an angle of 38°40’ with the 
plane. : 

10—2 
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EXAMPLES. XX. 


], A glass marble drops from a height of 9 feet upon a horizontal 
floor; if the coefficient of restitution be -9, find the height to which it 
rises after the impact. 


. An ivory ball is dropped from a height of 25 feet upon a 
horizontal slab; if it rebound to a height of 16 feet, shew that the 
coefticient of restitution between the slab and the ball is -8. 


3. A heavy elastic ball drops from the ceiling of a room, and 
after rebounding twice from the floor reaches a height equal to one 
half that of the ceiling; shew that the coefficient of restitution 


is 4/3. : 

4, From a point in one wall of a room a ball is projected along 
the smooth floor to hit the opposite wall and returns to the point 
from which it started ; if the coefficient of restitution be 3, shew that 
the ball takes twice as long in returning as it took in going. 


5, From a point in the floor of a room a ball is projected 
vertically with velocity 32,/3 feet per second; if the height of the 
room be 16 feet, and the coefficients of restitution between the ball 


and the ceiling and the ball and the floor be each — ; shew that the 


/2 
ball, after rebounding from the ceiling and the floor, will again just 
reach the height of the ceiling. 


6, A ball moving with a velocity of 8 ft. per sec. impinges at an 
angle of 30° on a smooth plane; find its velocity and direction of 
motion after the impact, the coefficient of restitution being 3. 

7, A sphere moving with a velocity of 5 ft. per sec. hits against 
a smooth plane, its direction of motion being inclined at an angle 
sin-! $ (=36°52’) to the plane; shew that after impact. its velocity is 
2/5 (=4-47) ft. per sec. at an angle tan-! } (=26°34’) with the plane, 
if the coefficient of restitution be $. 

8. A ball falls from a height of 16 feet upon a plane inclined at 
) 30°, (2) 45°, and (3) 60°, to the horizon; find the velocity and 

irection of motion after the impact in the three cases, the coefficient 
of restitution being ?. i > 


122. Direct impact of two spheres. 4 smooth 
sphere, of mass m, impinges directly with velocity uw on 
another smooth sphere, of mass m', moving in the same 
direction with velocity u’. If the coefficient of restitution 
. be e, to find their velocities after the impact. 
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Let v and v' be the velocities of the two spheres after 
impact. 

The velocity of approach is w—w', and the velocity of 
separation is v’—v, so that by Newton’s experimental law 
we have 

F 96 HW). csoncvieeiedeoe (1). 


m 


Again, the only force acting on the bodies during the 
impact is the blow along the line of centres. Hence, by 
Art. 120, the total momentum in that direction is unaltered. 


mvt mM’! =MUF MU... cccerecrees (2). 
Multiplying (1) by m’, and subtracting from (2), we 
have 
(m +m’) v=(m—em')u+m' (1 +e) wu’. 
Again multiplying (1) by m, and adding to (2), we have 
(m +m’) v' =m (1 +e) w+ (m! — em) w’. 
These two equations give the velocities after impact. 


If the second sphere be moving in a direction opposite 
to that of the first, we must change the sign of w’. 
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Also the impulse of the blow on the ball m 
=the change produced in its momentum 


mn’ é 
=m (w—v) cae (1+e)(u-w’). 


The impulse of the blow on the other ball is equal and opposite 
to this. 


Cor. If we put m=m’' and e=1, we have 


v=w, and v =u. 


Hence If two equal perfectly elastic balls impinge 
directly they interchange their velocities. _ 


123. Ex. 1. 4 ball, of mass 8 lbs. and moving with velocity 
4 feet per second, overtakes a ball, of mass 10-lbs. moving with velocity 


2 feet per second in the same direction; if e be + Jind the velocities of 
the balls after impact. 


Let v and v’ be the required velocities. 
Since the total momentum is unaltered, 
“ 8v+10v’=8 x 4+10 x 2=52. 
By Newton’s Law, 
v'-v=9 (4-2)=1. 


Hence, by-solving, v=2h, and v= 3h, feet per second. 


Ex. 2. If in the previous question, the second ball be moving in a 
direction opposite to the first, find the velocities. 


Here the equations are 
8v+10v’=8 x 4-10x 2=12, 
and v’ —v=t (442)=3, 


since v’—v is the velocity of separation and 4+2 is the velocity of 
approach. 


Hence, on solving, v= —1 and v’=2 feet per second, so that each 
ball turns back after the impact, since the velocities are reckoned 
positively in the direction in which the first was going before impact. 


a ’ 
eT ee ee 


Che 
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124. Oblique impact of two spheres. A smooth 
sphere, of mass m, impinges with a velocity u obliquely on 
a smooth sphere, of mass m’, moving with velocity u'. If 
the2 directions of motion before impact make angles a and B 
respectively with the line joining the centres of the spheres, 
and if the coefficient of restitution be ¢, to find the velocities 
and directions of motion after impact. 

Let the velocities of the spheres after impact be v and 
v in directions inclined at angles @ and ¢ respectively to 
the line of centres. 

Since the spheres are smooth, there is no force perpen- 
dicular to the line joining the centres of the two balls, and 
therefore the velocities in that direction are unaltered. 


Hence OGD. O = WIN G.20. 00552 .eb see seccee (1), 
and @ GU dh = BIND, | poss nsdgasn agen as (2). 


Since w cos a — uv’ cos B is the normal velocity of approach, 
and v’ cos #—v cos @ is the normal velocity of separation, 
we have, by Newton’s Law, 


_ v' cosh —vcos O=e (uw cosa—w cos B) ....4. (3). 
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Again, the only force acting on the spheres during the 
impact is the blow along the line of centres. Hence 
(Art. 120) the total momentum in that direction is un- 
altered. 


. mv cos 6+ m'v' cos b = mu cos a + mu’ cos B...(4). 
The equations (1), (2), (3) and (4) determine the un- 
known quantities v, v', 6 and ¢. 
Multiply (3) by m’, subtract from (4), and we obtain 


(m—em’) wu cosa +m’ (1 +e) u' cos B ss 
nis, os Ee (5). 


So multiplying (3) by m, and adding to (4), we get 


v cos 6 = 


m (1 +e) wu cos a + (m'—em) u' cos B 6) 
aC ¢ ae : 
From (1) and (5) by squaring and adding we obtain 2°, 
and by division we have tan 6. 
Similarly from (2) and (6) we obtain v? and tan d. 
Hence the motion is completely determined. 


The impulse of the blow on the first ball=the change produced in 
its momentum =m (u cos a — v cos 6) 
mn’ 
mm 
. ane impulse of the blow on the other ball is equal and opposite 
o this. : 


v cos d= 


(1+-e) (wcos a —w’ cos 8), on reduction. 


Cor. 1. If u’=0, we have from equation (2) ¢=0, 
and hence the sphere m’ moves along the lines of centres. 
This follows independently, since the only force on m’ is 
along the line of centres. 


Cor. 2. If m-=wm’, and e=1, we have 
v cos = w' cos B, and v' cos ¢ = u cos a. 


Hence If two equal perfectly elastic spheres impinge they 
interchange their velocities in the direction of the line of 
centres. 
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125. Ex. 1. A ball, of mass 5 lbs. and moving with velocity 
15 ft. per sec., impinges on a ball, of mass 10 lbs. and moving with 
velocity 5 ft. per sec.; if their velocities before impact be parallel and 
inclined at an angle of 30° to the line joining their centres at the 
instant of impact, find the resulting motion, the coefficient of restitution 
being 3. 

Let the velocities after impact be v and v’ at angles @ and ¢ to the 
line joining the centres. 

Since the velocities perpendicular to the line of centres are 
unaltered, we have 

opin 0=15 sin 80°= 3S ce cescecesseeees (1), 

and Cee Ss i (2). 

By Newton’s Law, 


v’ cos ¢—v cos 0=4 [15 cos 30°—5-cos 30) = 5% paws (3). 
Since the momentum along the line of impact is unaltered, 


cocoa IOP OM OES ee 
ci 5} 2 


*. v cos 6 + 2v’ cos o=25 0 bonsnseBabiencntocesoc a (4). 
Solving (3) and (4), we have 
v cos 0=5 ae Sai Sanedteass Mineo aciesSealasers oi (5), 
and © COS PE=Onlawes neste in Miiieawete Genes (6). 


From (1) and (5), we have v=5,/3=8°66 ft. per sec. nearly, and 
6=60°. ; 
From (2) and (6), we haye v’=3,/13=9 ft. per sec, nearly, and 


tan ¢ = oe , 80 that, by the table of natural tangents, ¢=16°6’. 


1 — 
2/3 
Ex. 2. Two smooth balls, one of mass double that of the other, are 
moving with equal velocities in opposite parallel directions and impinge, 
their directions of motion at the instant of impact making angles of 30° 
with the line of centres. If the coefficient of restitution be 4, Jind the 
velocities and directions of motion after the impact. 
Let the masses of the balls be 2m and m and let the velocities after 
impact be v and v’ respectively at angles @ and ¢ to the line of centres. 
Since the velocities perpendicular to the line of centres are 
unaltered, 


aes vsin é@=usin B0°= 5... PEON ermeree (1), 


and es e 5 v’ sin g=usin 30°=5.. arigtmadeaunotl t Sawid (2). * 
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The normal yelocity of approach is wcos 30°+ucos 30°, and the 
normal velocity of separation is v’ cos ¢—vcos 6, so that by Newton’s 
Law, we have 

/3 
v’ cos @— v cos O=e [uw cos 30°+ucos 30°]=u~- i ee (3). 


Since the momentum resolved parallel to the line of centres 
remains unaltered, 


“. 2mv cos 6+ mv’ cos ¢=2mu cos 30° — mu cos 30°, 


= 


Solving (3) and (4), we have v cos 6=0 and v’ cos g=ure é 
From these equations and (1) and (2), we obtain 
0=90°, v=55 $=30°, v’=u. 


Hence after impact the larger ball starts off in a direction perpen- 
dicular to the line of centres with half its former velocity, and the 


smaller ball moves as if it were a perfectly elastic ball impinging on a 
fixed plane. 


EXAMPLES, XXI. 


1, A sphere, of mass 4 lbs. and moving with velocity 5 ft. per 
sec., overtakes a sphere of mass 3 Ibs. and moving with velocity 
4.ft. per sec.; if the impact be direct and the coefficient of restitution 
be }, find the velocities of the spheres after impact. 
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2. A ball, of mass 10 lbs. and moving with velocity 6 ft. per sec., 
overtakes a sphere, of mass 8 lbs. and moying with velocity 3 ft. per 
sec.; if the impact be direct and the coefficient of restitution be 3, 
find the velocities of the spheres after impact. 


3. A-sphere, moving with velocity 12 ft. per sec., meets an equal 
sphere moving in the same line with a velocity of 6 ft. per sec. in 
the opposite direction ; if the coefficient of restitution be i, find their 
velocities after the impact. 


4, If a ball overtake a ball of twice its own mass moving with 
one-seyenth of its velocity, and if the coefficient of restitution between 
them be 3, shew that the first ball will, after striking the second ball, 
remain at rest. 


5, If the masses of two balls be as 2:1, and their respective 
velocities before impact be as 1: 2 and in opposite directions, and e 
be %, shew that each ball will after direct impact move back with $ths 
of its original velocity. 


6. A sphere impinges directly on an equal sphere at rest; if the 
coefficient of restitution be e, shew that their velocities after the im- 
pact are as l-e:l+e. 


7, Avball, of mass m and moving with velocity u, impinges on a 
ball, of mass em and moving with velocity ew in the opposite direction ; 
if the impact be direct and e be the coefficient of restitution, shew 
that the velocity of the second ball after impact is the same as that of 
the first ball before impact. 


8. A ball, of mass 2 lbs., impinges directly on a ball, of mass 1 Ib., 
which is at rest; find the coefficient of restitution if the velocity with 
which the larger ball impinges be equal to the velocity of the smaller 
ball after impact. 


9, A ball of mass m impinges directly upon a ball of mass m, at 
rest; the velocity of m after impact is 3ths of its velocity before impact 


and the coefficient of restitution is 3; compare (i) the masses of the 
two balls, and (ii) the velocities of m and m, after impact. 


10. Three spheres, whose masses are 2 lbs., 6 lbs., and 12 Ibs., 
respectively, and whose velocities are 12, 4, and 2 feet per second 
respectively, are moving in a straight line in the above order. If 
the coefficient of restitution be unity, shew that the first two spheres 
will be brought to rest by the collisions which will take place. 


11. A ball is let fall from a height of 64 feet, and at the same 
instant an equal ball is projected from the ground with a velocity 
of 128 feet per second to meet it in direct impact: if the coefficient of 
restitution be 3, find the times that elapse after the impact before 
the balls reach the ground. 
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12, An inelastic sphere impinges obliquely on a second sphere at 
rest, whose mass is twice its own, in a direction making an angle 
of 30° with the line joining the centres of the spheres; shew that 
its direction of motion is turned through an angle of 30°. 


13. Two equal balls moving with equal speeds impinge, their 
directions being inclined at 30° and 60° to the line joining their 
centres at the instant of impact; if the coefficient of restitution be 
unity, shew that after impact they are moving in parallel directions 
inclined at 45° to the line of centres. 


14, Two equal balls, moving with equal velocities, impinge ; if 
their directions of motion before impact make angles of 30° and 90° 
respectively with the line joining the centres at the instant of impact, 


and if the coefficient of restitution be 4, shew that after impact the 
balls are moving in parallel directions, and that the velocity of one is 
double that of the other. 


15. Two equal perfectly elastic balls impinge; if their directions 
of motion before impact be at right angles, shew that their directions 
of motion after impact are at right angles also. 


16. A sphere, moving with velocity u,/3, impinges on an equal 
sphere, moving with velocity u, their directions of motion before 
impact making angles of 30° and 60° with the line of centres; shew 
that, if the coeflicient of restitution be unity, their directions of 
motion after impact make angles of 60° and 30° respectively with the 
line of centres. 


17, A sphere, of mass 5m and moving with velocity 13u, impinges 
on a sphere, of mass m and moving with velocity 5u, their directions 


of motion being inclined at angles of sin-!°; and sin-13 respectively 
to the line of centres; if the coefficient of restitution be 3, find their 


velocities and directions of motion after the impact. 

126. Action between two elastic bodies during 
their collision. When two elastic bodies impinge, the 
time during which the impact lasts may be divided into 
two parts, during the first of which the bodies are com- 
pressing one another, and during the second of which they 
are recovering their shape. : 


That the bodies are compressed may be shewn experi- 
mentally by dropping a billiard ball upon a floor which has 
been covered with fine coloured powder. At the spot 
where the ball hits the floor, the powder will be found to 
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be removed not from a geometrical point only, but from a 
small circle; this shews that at some instant during the 
compression the part of the ball in contact with the floor 
was a circle; it follows that the ball was then deformed 
and afterwards recovered its shape. 


It is also found that the small circle is increased in size 
if the distance through which the ball is dropped be 
increased, in which case the velocity of the ball on hitting 
the floor is increased. Hence the greater the velocity at 
impact, the greater is the temporary deformation of the 
billiard ball. ei 

The first portion of the impact lasts until the bodies 
are instantaneously moving with the same velocity ; forces 
then come into play tending to make the bodies recover 
their shape. The mutual action between the bodies during 
the first portion of the impact is often called “the force 
of compression,” and that during the second portion “the 
force of restitution.” 

We have no means of finding out what is the actual 
magnitude of the force between two bodies during an 
impact; we only know that it must vary very considerably, 
being zero at the commencement of the impact and zero at 
the end, and that it must be large at some instant during 
which the impact lasts. But, by Newton’s Third Law, the 
force at each instant must be the same in magnitude for each 
body, but opposite in direction ; hence the impulses of the 
forces acting on the two bodies must be equal, but in 
opposite directions. 

127. Itis easy to shew that the ratio of the impulses 
of the forces of restitution and compression is equal to the 
quantity ¢, which we have defined as the coefficient of 
restitution. : 
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Consider the case of one sphere impinging directly on 
another, as in Art. 122, and use the same notation. 


Let U be the common velocity of the bodies at the 
instant when the compression is finished. Then 


m(u— U) is the loss of momentum by the first ball, 
and m’ (U —u’) is the gain by the second ball. 


Hence, if 7 be the impulse of the force of compression, we 


have L=m(u—U)=m' (U— u’), 
erat LS gag Oe Aer ae (1). 
m mM 


Again, the loss of momentum by the first ball during 
the period of restitution is m(U-—v), and the gain by the 
second ball is m’ (v' — U). 

Hence, if 7’ be the impulse of the force of restitution, 
L'=m(U—v)=m! (v'— 0D), 
ale: 


-— + 4=U0-v4+0'-UV=v'-v...... (2). 
m m 


Hence, from (1) and (2), = —, 
— ae 
Impulse of the force of restitution 
’" Impulse of the force of compression 


_ Normal velocity of separation i 
~ Normal velocity of approach ~ 


Sed er: 


**128. Loss of Kinetic Energy by Impact. 
Two spheres of given masses moving with given velocities 
impinge ; to shew that there is a loss of kinetic energy and. 
to find the amount. 


I. Let the collision be direct and the notation as in 
Art. 122. 
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Then we have 
mv + my = mut me o.eceecccecee (1), 


WO 6 (ep = YES eo saess ces (2). 
To the square of (1) add the square of (2) multiplied by 
mm’; we then have 
(m? + mm’) v + (m+ mm’) v= (mu + m'u’)? + mm! (wu —w'), 
4.6. (m + m’) (mv? + m'v?) 
= (mu + mu’) + mm! (w—u') —(1—e) mm! (uw — wu’)? 


=(m +m’) (mu? + m'w) — (1 —e?) mm! (u—w')?. 


l-é mm’ 
“. dmv? + dm'v? = dm? + dmv? — 2 5 (4% —w')?, 
2 m+m 
Hence the kinetic energy after impact 
2 , 
; —e mm 
= kinetic energy before impact — uy? 
sy P 2 m+m ( ) 


Hence the loss of kinetic energy is 
1—e mm’ 
2 m+m’ 


(uw u')?, 


and this loss does not vanish unless e=1, that is, unless 
the balls are perfectly elastic. 


II. Let the collision be oblique and the notation as in 
Art. 124. 
As in L., we have 
zmv? cos’ 6 + 4m'v? cos? & = 4mu* cos? a + 4m'w” cos? B 
l—e mm’ 


eer re (u cos a — w’ cos B)? ...(3). 


Also, since vsin@=wsina, and v’sind=w'sinB, we 
have 
3mv* sin? 6 + 4m'v” sin? f = dmv? sin? a 


+4m'u" sin? B ...... Fiictace: (4). 


- 
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Adding (3) and (4), we have 
The kinetic energy after impact = kinetic energy before 


l—e? mm’ 


impact — , (w cos a — wu’ cos B)*. 


2 m+m 


Hence we see that in any impact, unless the coefficient 
of restitution be unity, some kinetic energy is lost, or, 
rather, is transformed. 


This missing kinetic energy is converted into molecular 
energy and chiefly reappears in the shape of heat. 


Cor. Suppose, as in the case of a nail hit by a hammer, that the 
object struck was at rest. 


In this case w’=0 and e=0. Hence, by the result of I-,.the 
energy lost, or transformed, 
3 mm’ (1-e?*) w. 
“  m+m' 
_ Mechanical energy lost by the blow 
* Mechanical energy before the blow 


—@ , 
Die Bs lh Gara Lia Pn Fm = at i ey. 
m +m’ ma’ ~ 
This latter expression is made smaller if the ratio of m to m’ be 
made bigger, i.e., the bigger the mass of the hammer compared with 
that of the nail, the smaller is the loss of mechanical energy at the 
impact. 


129. Ex.1. 4 particle falls from a height h upon a fixed hori- 
zontal plane;-if e be the coefficient of restitution, shew that the whole 
distance described by the particle before it has finished rebounding is 
aa h, and that the time that elapses is ay = ite 4 

Let w be the velocity of the particle when it first hits the plane, so 
that u2=2gh. 

By Art. 121, Cor. 1, the particle rebounds with velocity ew. 

The velocity when it om hits the plane is ew, and the velocity 
after the second rebound is e?u 

: Similarly the velocity Rs the third, fourth, ... rebounds is e®u, 
eat) 


The Sooo = which the particle ascends after the first, second, . 


2 Q 
BB edhe .. t.e., Ch, eth, &h,.... 


rebounds are “Bg. tage 
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Hence the whole space described 
=h+2 (Ph+eth+ ent ...ad inf.) 
e 
=h+2h i-#? 
by summing the infinite geometric progression, 


Also the time of falling originally = z= - 


The times of ascending after the impacts are the times in which 
the velocities eu, eu, eu, ... are destroyed by gravity. 


2 on oh 
Hence these times are = ag plea §26 oy caf e ce Ks 

G eee =U g g 
Hence the whole time during which the particle is in motion 


Qh 
= N49. | Merete... ad inf] 


St Aa Se usere 
g l-e g 1l-e 


In theory therefore we have an infinite number of rebounds taking 
place in a finite time; in Ng after a few rebounds the velocity ot 
the ball becomes destroyed. 

Since the height to which the particle rebounds after the first 
impact is e*h, i.e. e* times the height from which it fell, 

oo height of rebound 
~~ height of falling * 

Hence the value of e for a given ball and a given floor may be - 
easily found by experiment. For, if the ball be let fall from a given 
suitable height, it will be easy to find the height of rehound after a 
few trials, and then we easily have e?. 


Ex. 2. From a point in a smooth horizontal plane a particle is 
projected with velocity u at an angle a to the horizon; if the coefficient 
of restitution between the particle and the plane be e, shew that the 
distance described along the plane before the particle ceases to rebound 

u* sin 2a 

g l-e 

The initial vertical velocity is w sina. 

The initial vertical velocities after the first, second,.,, rebounds’ 
are, as in the last example, ewsina, eusina, ewsina,.... 

Hence the time between the first and second rebounds is, as in 


Art. 105, sora 


led. 11 
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eu sin a 


§ g 
Hence the total time that elapses before the particle ceases to 
rebound 


’ : : : eusina 4 
So the times in the other trajectories are 2—— ee 


2usina 2ewsina 2e*uwsina 


g g g 
_2u sin a Rr Be sin a al. : 
g l-e 
_ During this time the horizontal velocity, being unaltered by the 
impacts, is always wu cos a. 
Hence the horizontal distance described 
2usina 1 u? sin 2a 
Saree ipo oo a ce . 
After the particle has ceased to rebound, it moves along the plane 
with constant velocity w cos a. 


...ad inf. 


EXAMPLES, XXII. 


1. An elastic particle is projected so that it hits a vertical wall 
and returns after impact to the point from which it was projected, 
without hitting the ground. If the angle of projection be a, and the 
direction of the path of the particle when it again reaches the point 
of projection make an angle 8 with the horizontal, shew that 
tan a=e tan Q, where e is the coefficient of restitution. 


2, Shew that an elastic sphere let fall from a height of 16 feet 
above a fixed horizontal table will come to rest in 8 seconds, after 


describing 65 feet, supposing the coefficient of restitution to be i. 


3, A ball falls from a height of 48 feet upon an elastic horizontal 


plane; if the coefficient of elasticity be }, find the total space described 
by the sphere before it finally comes to rest, and the time that elapses. 


~ 4, A particle is projected from a point in a horizontal plane with 
a velocity of 64 feet per second at an angle of 30° with the horizon; 


if the coefficient of restitution be $, find the distance described by it 
horizontally before it ceases to rebound, and the time that elapses. 


5, A ball falls vertically for 2 seconds and hits a plane inclined 
at 30° to the horizon; if the coefficient of restitution be 3. shew that 
the time that elapses before it again hits the plane is 3 seconds. . 


6. Avperfectly elastic ball is dropped from the top of a t 
of height , and when it has fallen half-way to the eeotild it fakes 


a smooth rigid projecting stone inclined at 45° to the horizon; find 


where it will reach the ground. 


3 
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7. A ball, at rest on a smooth horizontal plane at the distance of 
one yard from a wall, is impinged on directly by another equal ball 
moving at right angles to the wall with a velocity of a yard per 
second. If the coefficients of restitution between the balls, and the 
balls and wall, be each 3, shew that they will impinge a second time 
at the end of 2-4 seconds, the radii of the balls being of inconsgiderable 
magnitude. 


; 8. Two equal marbles, 4 and B, lie ina smooth horizontal 
circular groove at opposite ends of a diameter; A is projected along 
the groove and at the end of time ¢ impinges on B; shew that a 


second impact will occur at the end of time = E 


9. Two marbles, of equal diameter. but of masses 10m and 11m, 
are projected from the same point with velocities, equal in magnitude 
but opposite in direction, along # circular groove; where will the 


second impact take place if the coefficient of restitution be 39 


10. A sphere, of mass m, impinges obliquely on a sphere, of 
mass M, which is at rest. Shew that, if m=eM, the directions of 
motion of the spheres after impact are at right angles. 


11, A sphere impinges on a sphere of equal mass which is at 
rest; if the directions of motion after impact be inclined at angles 


of 30° to the original direction of motion of the impinging sphere, 


shew that the coefficient of restitution is z- 


12, A ball impinges on another equal ball moving with the same 
speed in a direction perpendicular to its own, the line joining the 
centres of the balls at the instant of impact being perpendicular to the 
direction of motion of the second ball; if e be the coefficient of resti- 
tution, shew that the direction of motion of the second ball is turned 
l+e 


through an angle tan 


13. Two equal smooth elastic spheres, moving in opposite parallel 
directions with equal speeds, impinge on one another; if the inclina- 
tion of their directions of motion to the line of centres be tan,/e, 
where eé is the coefficient of restitution, shew that their directions of 
motion will be turned through a right angle. ; 


14, Two equal balls are in contact on a table; a third equal ball 


Strikes them simultaneously and remains at rest after the impact; 


shew that the coefficient of restitution is 3. 


15. The masses of five balls at rest in a straight line form a 
geometrical progression whose ratio is 2, and their coefficients of 
restitution are each $. It the first ball be started towards the second: 
with velocity u, shew that the velocity communicated to the fifth 
(Gyan 3 


11—2. 


“ 
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16. A ball of given elasticity slides from rest down a smooth 
inclined plane, of length Z, which is inclined at an angle a to the 
horizon, and impinges on a fixed smooth horizontal plane at the foot 
of the former; find its range on the horizontal plane. 


17. A heavy elastic ball falls from a height of n feet and meets a 
plane inclined at an angle of 60° to the horizon; find the distance 
between the first two points at which it strikes the plane. 


18. An inelastic ball, of small radius, sliding along a smooth 
horizontal plane with a velocity of 16 feet per second, impinges on a 
smooth horizontal rail at right angles to its direction of motion; if 
the height of the rail above the plans be one half the radius of the 
ball, shew that the latus rectum of the parabola subsequently de- 
scribed is one foot in length. ; 


19, A particle is projected along a smooth horizontal plane from 
a given point A in it, so that after impinging on an imperfectly elastic 
vertical plane it may pass through another given point B of the 
horizontal plane; give a geometrical construction for the direction of 
projection, 


20. A smooth circular table is surrounded by a smooth rim whose 
interior surface is vertical. Shew that a ball, whose coefficient of 
restitution is e, projected along the table from a point in the rim in a 


direction making an angle tan—1 es icra with the radius through 


the point, will return to the point of projection after two impacts 
on the rim. Prove also that when the ball returns to the point of 


projection its velocity is to its original velocity as et: i. 
If the angle that its direction of projection makes with the radius 


3 
be tan~!e?, shew that it will return to the point of projection after 
three rebounds. 


21, Two elastic particles are projected simultaneously from a 
point in a smooth horizontal plane; shew that their centre of gravity 
will describe a number of ares of the same parabola in different 
positions. 


rs 
ee 


CHAPTER, IX. 
THE HODOGRAPH AND NORMAL ACCELERATIONS. 


130. In the following chapter we shall consider the 
motion of a particle which moves in a curve. It will be 
convenient, as a preliminary, to explain how the velocity, 
direction of motion, and acceleration of a particle moving 
in any manner may be mapped out by means of another 


curve, 


131. Hodograph. Def. Jf a particle be moving 
in any path whatever, and if from any point O, fixed in 
space, we draw a straight line OQ parallel and proportional 
to the velocity at any point P of the path, the curve traced out 
by the end Q of this straight line is called the bedogeaels of 
the path of the particle. 

[The word Hodograph is derived from two Greek words 
ddos (pronounced Hodos) meaning ‘“‘a path,” and ypapew 
(pronounced Graphein) meaning “to write.”] 

It is so called because it represents graphically to the 
eye the velocity and acceleration of the moving point. 


132. Theorem. // the hodograph of the path of a 
moving point P be drawn, then the velocity of the corre- 
sponding point @ in the hodograph represents, in magnitude 
and direction, the acceleration of the moving point P in its 


path, . 
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Let P and 2” be two points on the path close to one 
another; draw OQ and OQ’ parallel to the tangents at P 
and P’ and proportional to the velocities there, so that Q 
and Q are two points on the hodograph very close to one 
another. 

Whilst the particle has moved from P to P’ its velocity 
has changed from O@ to OQ’, and therefore, as in Art. 27, 
the change of velocity is represented by QQ’. 


Now let P’ be taken indefinitely close to P, so that 
QQ’ becomes an indefinitely small portion of the are of the 
hodograph. 


If + be the time of describing the are PP’, then, b 
change of velocity in time 7 


Art; 28, the acceleration of P = 
; 


= a = velocity of Y in the hodograph. 


Hence the velocity of @ in the hodograph represents, 
in magnitude and direction, the acceleration of P in the 
path. 

_ 183, Examples. .], The hodograph of a point describing a 
circle with uniform speed is another circle which the corresponding 


point describes with uniform speed. For, in this case, since the 
magnitude of the velocity of P is constant, the line OQ is constant in 


. 
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length, and therefore Q always lies on a cirele whose centre is O. 
Also, since the point P describes its circle uniformly, the tangent at 
P turns through equal angles in equal times, and therefore the line 
OQ turns through equal angles in equal times. 


2. The hodograph of a point describing a straight line with con- 
stant acceleration is a straight line, which the corresponding point 
describes with constant velocity. For, in this case, the line OQ is 
always drawn in a fixed direction and the velocity of Q, being equal 
in magnitude to the constant acceleration of P, is also constant. 


Wormal Acceleration. 


134. We have learnt from the First Law of Motion 
that every particle, once in motion and acted on by: no 
forces, continues to move in a straight line with uniform 
velocity. Hence it will not describe a curved line unless 
acted upon by some external force. If it describe a curve 
with uniform speed, there can be no force in the. direction 
of the tangent to its path, or otherwise its speed would be 
altered, and so the only force acting on it is normal. (that 
is, perpendicular) to its path. If its speed be not constant, 
there must in addition be a tangential force. . 

In the following articles we shall investigate the simple 
case of the normal acceleration of a. particle moving in:a 
circle with constant speed. 


135. Theorem, Jf a ‘particle describe a circle of 
radius r with uniform speed v, to shew that its acceleration 


2 : 
is — directed. toward the centre of the circle. 
r 


Let P and P’ be two consecutive positions of the moving 
particle and Q and @’ the corresponding points on the hodo- 
graph. Since. the speed of P is constant, the line O'Q 
is of constant length, and therefore the point @ moves 
on a circle whose radius is v; also the angle QO’ is equal 


to the angle between the tangents at P and P' and there-. 


fore is equal to the angle POP’. 
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Hence the are QQ’: the are PP’:: 0'Q: OP ::¥:7 
Also the velocities of @ and P are proportional to the 


arcs QQ’ and PP’. 


0 


- Sng 
., 


Hence the velocity of Q in the hodograph : v::u:1. 


". velocity of Q = ie 


But the point Q is moving in a direction perpendicular 
to O'Q and therefore parallel to PO; also the acceleration 
of the point P is equal to the velocity of Q (Art. 132). 


2 
Hence the acceleration of P is “. in the direction PO. 
If the speed v be not constant but variable it can be shewn 
(Elementary Dynamics, Art. 157) that the normal acceleration is 
2 
still ~, 
-? 

Cor. 1. If w be the angular velocity of the particle 
about the centre 0, we have v = rw, and the normal accele- 
ration is therefore wr, 

Cor. 2. The force required to produce the normal 


acceleration is m —, where m is the mass of the particle. 
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136. Without the use of the hodograph, a proof of the very 
important theorem of the last article can be given as follows. 


Let P’ be a point on the circle very close to P. Draw the tangent 
P'T at P’ to meet the tangent, Px, at Pin T. 


Join P and P’ to the centre, O, of the circle. 


Since the angles at P and P’ are right angles, a circle will go 
through the points O, P, T and P’, and hence z P’Tx 


=supplement of P’TP=POP’=8, 


Let v be the speed in the circle, and let r be the time of describing 
the are PP’, 


In time 7 a velocity parallel to PO has been generated equal to 
v sin 6. 


Hence the acceleration in the direction Po=?*!"9 


(when r, and 
therefore @, is taken very small) 


_v.0_v are PP’ v are PP’ 
eek gy y amea OY alae gr eee 


Oo 


PP’ 
But, since v is the speed in the circle, therefore = =v. 


: : yr 
Hence the required acceleration = a 


As in Art. 135, Cor. 1, this acceleration is equal to 7w?, where w is 
_the angular velocity, 


a v2 
Also the force towards the centre must be m yak 
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137. The force spoken of in the preceding articles, ~ 
which is required to cause the normal acceleration of a 
body, may be produced in many ways. 


For example, the body may be tethered by a string, 
extensible or inextensible, to a fixed point. 


Again, the force may be caused by the pressure of a 
material curve by means of which the body is constrained 
to move in a curve; for example, a train may be made to 
describe the curved portion of a railway line by means of 
the pressure of the rails on the flanges of its wheels. 


The force may also be of the nature of an attraction 
such as exists between the sun and earth, and which com- 
pels the earth to describe a curve about the sun. 


138. When a man whirls in a circle a mass tied to 
one end of a string, the other end of which is in his hand, 
the tension of the string exerts the necessary force on the 
body to give it the required normal acceleration. But, by 
the third law of motion, the string exerts upon the man’s 
hand a force equal and opposite to that which it exerts 
upon the particle; these two forces form the action and 
reaction of which Newton speaks. It appears to the man 
that the mass is trying to get away from his hand. For 
this reason a force, equal and opposite to the force neces- 
sary to give the particle its normal acceleration, is often 
called “its centrifugal force,” de. centre-avoiding force. 
‘This may however be a somewhat misleading term; it 
seems to imply that the force belongs to the mass instead 
of being an external force acting on the mass. It also 
appears to imply that the particle wants to get away from 
the centre of the curve and is prevented from doing so ; 
this is clearly not so; the particle would, if it were not 
prevented, move along the tangent to the curve, i.e. along 
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the line Pa of the figure of Art. 136; it has no wish, or 
tendency, to move in the direction OP. 

A somewhat less misleading term is “ centripetal force,” 
w.e. centre-seeking force, 

We shall avoid the use of either expression; the student 
‘who meets with them in the course of his reading will 
understand that the second of them means “the force 
which must act on the mass to give it the acceleration 
normal to the curve in which it moves,” and that the first 
means a force equal and opposite to this. 

This latter force (the so-called centrifugal force) is the 
force which acts on the body which causes the particle to 
describe its curved path, e.g. it is the force acting on the 
rails in the case of a railway train going round a curve, 
or on the man’s hand in the case cited above, 


139. Ex.1. A particle, of mass 3lbs., moves on a smooth table 
with a velocity of 4 feet per second, being attached to a fixed point on 
the table by a string of length 5 feet; Jind the tension of the string. 

Here v=4, and r=5. 

Therefore; by Art. 135, the acceleration toward the fixed point is 

tis 6 
5’ t.€., 3 . 
Hence the tension of the string 


AS ans 3 
=3x—= 5 poundals= wt. of 539° te, 35) of a pound. 


Ex. 2. A particle, of mass m, moves on a horizontal table and is 
connected by a string, of length 1, with a fixed point on the table; if 
the greatest weight that the string can support be that of a mass of M 
pounds, find the greatest number of revolutions per second that the 
particle can make without breaking the string. 

Let n be the required number of revolutions, so that the velocity 
of the mass is n. 271. 

4nn?l? 


_ Therefore the tension of the string=m. i poundals. 


Hence Mg=4mr?n?*l, so that n= ( ae 
If the number of revolutions were greater than this number, the 
tension of the string would be greater than the string could exert, and 


it would break. 
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EXAMPLES. XXIII. 


l. A string is 3 feet long, and has one end attached to a fixed 
point on a smooth horizontal table; if a mass of 5 lbs. tied at the 
other end of the string describe uniformly a horizontal circle with 
speed 6 feet per second, find the tension of the string. 


2. A string is 4 feet long and can just_support a weight of 9 Ibs.; 
a mass of 8 lbs. is tied at its end and revolves uniformly on a 
horizontal table, the other end of the string being attached to a fixed 
point on the table; find the greatest number of revolutions per 
minute that can be made by the string without its breaking. 


3. A string, 5 feet long, can just sustain a weight of 20 Ibs. ; if 
the revolving mass be 5 lbs., determine the greatest number of 
complete revolutions that can be made in one minute by the string 
without its breaking. 


4, A string, 23 feet long, has a mass of one pound attached to 
one end and the other end is attached to a fixed point; if the mass be 
whirled round in a horizontal circle, whose centre is the fixed point, 
and if the resulting tension of the string be equal to the weight of 


5 pounds, shew that the ‘string is making about 76 revolutions per 
minute. 


5. The tension of a string, one end of which is fixed and to the 
other end of which is attached a mass which revolves uniformly, is 9 
times the weight of the revolying mass; find the velocity of the mass 
if the length of the string be 2 feet. 


6. With what number of turns per minute must a mass of 10 
grammes reyolye horizontally at the end of a string, half a metre in 
length, to cause the same tension in the string as would be caused by 
& mass of one gramme hanging vertically ? 


7. A locomotive engine, of mass 10 tons, moves on a curve, of 
radius 600 feet, with a velocity of 30 miles per hour; what force 
tending toward the centre of the curve must be exerted by the rails 
so that this may be the case? 


8. If, in the previous question, the mass of the engine be 12 tons, 
its velocity 60 miles per hour, and the radius of the curve 400 yards, 
what is the required force ? 

140. The Conical Pendulum. If a particle be . 
tied by a string to a fixed point 0, and move so that it 
describes a circle in a horizontal plane, the string describing 
a cone whose axis is the vertical line through O, then the 
string and particle together are called a conical pendulum, 
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When the motion is uniform, the relations between the 
velocity of the particle and the length and inclination 
of the string are easily found. 


oO 


Let P be the particle tied by a string OP, of length J, 
to a fixed point 0. Draw PJ perpendicular to the vertical 
through O. Then P describes a horizontal circle with V 
as centre {dotted in the figure]. 

Let 7’ be the tension of the string, a its inclination to 
the vertical, and v the velocity of the particle. 


By Art. 135, the acceleration of P in the direction PV 


is =a and hence the force in that direction must be 
vy 
ma" 
Now the only forces acting on the particle are. the 
_ *tension, 7’, of the string and the weight, mg, of the 
particle. 


_ Since the particle has no acceleration in a vertical 


N 
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direction, the forces acting upon it in that direction must 
balanee, and hence we have 


D! C08 = IY: Zrencsbe vk eos take (1). 
Also 7'sin a is the only force in the direction PN, and 


hence | DP ih 6 on ade See ae (2). 


wy 
v g 
9, r, 7 >_ Cl < . 
From (1) and (2), we have lsin*a cosa 


If the particle make n revolutions per second, then 


v=n.2r7PN=2rnlsina. . 
. 2.,2 St g t t ed aes g 
“. 4n?nl cera hat is, cos a = heat (3). 


Hence, by (1), T' = 4m7'n*l poundals............ (4). 
Hence the tension of the string ; weight of the particle 
::42'n4l: g. 
The equations (3) and (4) give a-and 7’. 


The time of revolution of the particle . 


“Qrlsin a Oar fi cos a 9 ene 
= ———————— = % = 25 eas 2 
v g g 


and therefore varies as the square root of the depth of the 
particle below the fixed point. 


a vertical shaft driven by the engine. 


_ Asimple form, known ag Watt's Governor, is shewn in the figure. 
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When the shaft runs too fast the balls rise and lift the mechanism 
atc; by means of levers attached to it the 
valve regulating the supply of steam is 
partially closed and the speed is lessened ; 
so when the shaft runs too slowly the balls 
fall and the supply of steam is increased. 
The governor thus automatically regulates 
the supply of steam, so that the engine 
runs at approximately a constant speed. 


From the last result of Art. 140 it follows 
that, for a governor of a steam engine 
rotating 60 times per minute, the height 
is about 9-78 inches; for one making 100 
revolutions per minute the height is 3-52 
inches ; this latter height is too small for practical purposes except 
for extremely small engines. 


In order that governors may run at a high speed they are therefore 
usually loaded by means of a spring or weight so adjusted as to keep 
¢ lower than it would be in an unloaded governor. 


142. Motion of bicycle rider on a circular path. When a 
man is riding a bicycle on a curved path he always inclines his body 
inwards towards the centre of his path. By this means the reaction 
of -the ground becomes inclined to the vertical. The vertical com- 
ponent of this reaction balances his weight, and the horizontal 
component tends towards thé centre of the path described by the 
centre of inertia of the man and his machine, and supplies the 
necessary normal acceleration. 


143. Motion of a railway carriage on a curved portion of 
“the railway line. When the rails are level, the force to give the 
carriage the necessary acceleration toward the centre of curvature of 
its path is given by the action of the rails on the flanges of the wheels 
with which the rails are in contact. In order, however, to avoid the 
large amount of friction that would be brought into play, and the 
consequent wearing away of the rails, the outer rail is generally raised 
so that the floor of the train is not horizontal. The necessary inclina- 
tion of the floor, in order that there may be no action on the flanges, 
may be easily found as follows. 


Let v be the velocity of the train, and r the radius of the circle 
described by its centre of inertia G. . 


Let the figure represent a section of the carriage in the vertical 
plane through the line joining its centre of inertia to the centre, O, 
of the circle which it is describing, and let the section meet the rails 
in the points A and B. 


[The wheels are omitted for the convenience of the figure.] 
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Let R and S be the reactions of the rails perpendicular to the floor 
AB, and let 6 be the inclination of the floor to the horizon. 


y mg . 


The resolved part, (R+S) sin é@, of the reactions in the direction 
GO supplies the force necessary to cause the acceleration towards the 
centre of the curve. - 


* (RS) sin é=m— eqstndhvbtnenrs (1). 
Also the vertical components of the reactions balance the weight. 
: we (RS) C05 O= Ig ern. cceer as secerede stats (2). _ 
a 
From (1) and (2), tan @= = ade ee hele (3), 


giving the inclination of the floor. . 


e 
If the width AB be given, we can now easily determine the height 
of the outer-rail above the inner ; for it is equal to 4B sin @. ; 


It will be noted that the height through which the outer rail must 
be raised in order that there may be no horizontal thrust on the flanges 
depends on the velocity of the train. In practice the height is 
adjusted so that there is no thrust for trains moving with moderate 
velocities. For trains moving with higher velocities, the horizontal 
thrust of the rails on the flanges supplies the additional force required. 

This thrust may be found as follows. Assuming that the height 
of the outer rail has been so adjusted that there is no side thrust for 
trains travelling with velocity v, let X be the side thrust, reckoned from 
B towards A, when the velocity of the train is V. Then instead of 
equations (1) and (2) we have, (if the above figure be used with the 
addition of a foree X along B4A), 


(R+ 8S) sin 6+ X cos o=m™ tees se SFI, (4), 
and (R+ 8) cos 6—X sin O= MI visescccsecceveees (5). 
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Hence we have 
es 


xA=m > 008 @—1mg sin 6 


v2 
=m cos 0 E -9 tana | 


=m cos 6 [= ei , by equation (3). 
If V exceed v, X is positive, and the side thrust is caused by the 
outer rail at B. 


If V be less than v, X is negative and therefore acts from A to B, 
so that the side thrust is in this case caused by the inner rail at 4. 


144. Rotating sphere. 4 smooth hollow sphere is rotating with 
uniform angular velocity w about a vertical diameter ; to shew that a 
heavy particle placed inside, and rotating with it, will only remain 
resting against the side.of the sphere at oné particular level, and that, 
if the angular velocity fall short of a certain limit, the particle will 
only rest at the lowest point of the sphere. 

Let AB be the axis of rotation of the sphere, d being the highest 
point, and let O be the centre; let P be the position of the particle 
when in relative equilibrium and PN the perpendicular on AB. 

Now P describes a circle about N as centre with angular velocity 
w, and therefore the force towards N must be mw?. PN, or mwa sin 6, 
where a is the radius of the sphere and @ the angle POB. 


A 


The horizontal component of the normal reaction, R, at P supplies 
this horizontal force, and the vertical component balances the weight 


of the particle. - 

Hence Re SiO = 102A SiN Oe edseveceesversiee ab ee (1), 

and Fe GO8.O StH snus: ave deh deodere. tedeee di (2)s 
L. D. 12 
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From equation (1) we have, either sin @=0, or R= mwa. 
Substituting for R in (2), we have 


Hence the particle is either at the lowest point, where sin ¢=0, 
or at a point determined by equation (3). : 


The value of @ given by (3) is impossible unless g <wa, i.e., unless 


ck 
the angular velocity w is greater than ( a *. If the angular velocity 


be less than this quantity, the only position of relative rest of the 
particle is at the lowest point of the sphere. 


EXAMPLES, XXIV. 


1, A mass of 4 pounds is tied at the end of a string, of length 
3 feet, and revolves as a conical pendulum, the string being always 
inclined to the vertical at an angle of 45°; find the tension of the 
string and the velocity of the particle. 


2, Shew that the inclination to the vertical of the string of a 
conical pendulum, when the string is 20 inches lorg and the pendulum 
revolves 200 times per minute, is 


54 
—] = re) U 
cos 95,2” i.¢., about 87° 30’. 

3. Astring, of length four feet, and having one end attached to a 
fixed point and the other to a mass of 40 pounds, revolves, as a conical 
pendulum, 30 times per minute; shew that the tension of the string 


is 1607? poundals, and that its inclination to the vertical is cos (=): 
i.e., about 35° 51’, 


4, A heavy particle which is suspended from a fixed point by a 
string, one yard long, is raised until the string, which is kept tight, 
makes an angle of 60° with the vertical, and is then projected hori- 
zontally in the direction perpendicular to the vertical plane through 
the string; find the velocity of projection so that the particle may 
move in a horizontal plane. 


5, A railway carriage, of mass 2 tons, is moving at the rate of 
60 miles per hour on a curve of 770 feet radius; if the outer rail 
be not raised above the inner, shew that the lateral thrust of the 
outer rail is equal to the weight of about 1408 pounds. 


ET ee ee ee ee ae 
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6. A train is travelling at the rate of 40 miles per hour on a 
curve, the radius of which is a quarter of a mile. If the distance 
between the rails be five feet, find how much the outer rail must 
- ae above the inner, so that there may be no lateral thrust on 
the rails. 


7. A train is travelling at the rate of 30 miles per hour on a 
curve the radius of which is 400 yards. If the distance between the 
rails be five feet, find how much the outer rail must be raised aboye 
the inner so that there may be no lateral thrust on the rails. 


8. A railway carriage moyes on a circular curve; find to what 
height the outer rail must be raised above the inner so that there may 
be no lateral thrust on the rails if the radius of the curve be 1320 feet, 
the breadth between the rails 5 feet, and the carriage have a velocity 
of 45 miles per hour. ‘ 


9. A mass is hung from the roof of a railway carriage by means 
of a string, six feet long; shew that, when the train is moving on 
a curve of radius 100 yards at the rate of 30 miles per hour, the 
mass will move from the vertical through a distance of 1 foot 24 inches 
approximately. 


10. A bowl, 3 inches deep, is made from a spherical surface 
whose radius is 6 inches and rotates about its vertical axis. Find 
the greatest number of revolutions which it can make in a minute, 
if a particle can rest on its surface without being thrown out. 


11, If 20 be the vertical angle of a smooth hollow cone, whose 
axis is vertical and vertex downwards, shew that the distance from 
its axis of a body, moving in a circle on its surface and making 
n revolutions per second, is 

g cot 6 
Arn? * 


12, The sails of a windmill are about 29 feet long, and revolve 
10 times per minute; shew that a man clinging to the outer end 
of one of these sails would, at the highest point of his path, experience 
no reaction from the sail, and therefore could for a moment leave 
go without falling. — - 


18, A heavy particle is connected by an inextensible string, 
3 feet long, to a fixed point, and describes a circle in a vertical plane 
passing through the fixed point, making 600 revolutions per minute ; 
neglecting the small variations in the speed of the particle, find the 
ratios of the tensions of the string in its two vertical positions and in 
its horizontal position. 


14, Two particles, of the same mass, are fastened respectively 
to the middle point and one extremity of a weightless string, and are 


12—2 
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laid upon a smooth table, the other end of the string being fastened 
to a point in the table. 


If the string be pulled tight, and the particles be so projected that 
they always remain in a straight line, shew that the tensions in the 
two portions of the string are as 3: 2. 


15, A train, moving in a straight line with velocity v, comes to a 
curye of radius 7; shew that the mean slope of the surface of the 
water in a fixed tumbler carried by the train, or the mean deflection 

_of a plummet attached by a short cord, will be 


v2 
tan-1 —. 
gr 


16, Aparticle, of mass m, is fastened by a string, of length J, toa 
point at a distance b above a smooth table; if the particle be made to 
revolve on the table m times per second, find the reaction of the table. 
What is the greatest value of n, so that the particle may remain in 
contact with the table? 


17, A-wet open umbrella is held with its handle upright and 
made to rotate about it at the rate of 14 revolutions in 33 seconds. 
If the rim of the umbrella be a-cirele of one yard in diameter, and its 
height above the ground be four feet, shew that the drops shaken off 
from the rim meet the ground in a circle of about five feet in diameter. 
If the mass of a drop be °01 of an ounce, shew that the force necessary 
to keep it attached to the umbrella is about ‘021 of a poundal and is 


inclined at an angle tan—'} to the vertical. 


18, A particle, of mass m, on a smooth table is fastened to one 
end of a fine string which passes through a small hole in the table 
and supports.at its other end a particle of mass 2m, the particle m 
being held at a distance ¢ from the hole. Find the velocity with 
we m must be projected, so that it may describe a circle of 
radius c. 


19, Two masses, m and m’, are placed on a smooth table and 
connected by a light string passing through a small ring fixed to the 
table. If they be projected with velocities v and v’ respectively at 
right angles to the portions of the string, which is initially tight, find 
the ratio in which the string must be divided at the ring, so that both 
particles may deseribe circles about the ring as centre. 


20, ‘Two masses, m and m’, are connected by a string, of length ¢, 
which passes through a small ring; find how many revolutions per 
second the smaller mass, m’, must make, as a conical pendulum, in 
order that the greater mass may hang at rest at a distance a from the 
ring. 
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21, A string, passing through a small hole in a smooth hori- 
zontal table, has a small sphere, of mass m, attached to each end of 
it; the upper sphere revolves in a circle on the table when suddenly 
it strikes an obstacle and loses half its velocity ; find what diminution 
must be made in the mass of the lower sphere, so that the upper one 
may continue rotating in a circle. 


22, A string PAQ passes through a hole A in a smooth table, 
the portion AP lying on the table, and AQ being at an angle of 45° 
to the vertical, and below the table, so that P and @Q are in the 
same vertical line. If masses be attached at P and Q and, the 
strings being stretched, be each projected horizontally, find the ratio 
of the masses, so that the plane PAQ may always be vertical and the 
angle PAQ always 45°. If the string be four feet in length, find the 
time of revolution. 


23. A body, of mass m, moves on a horizontal table being 
attached to a fixed point on the table by an extensible string 
whose modulus of elasticity is \; given the original length a of the 
string, find the velocity of the particle when it is describing a circle of 
radius r. 


94, A particle is attached to a point A by an elastic string, whose 
modulus of elasticity is twice the weight of the particle and whose 
natural length is 7, and whirled so that the string describes the surface 
of a cone whose axis is the vertical line through A. If the distance 
below A of the circular path during steady motion be J, shew that the 
velocity of the particle must be ,/37, 


95. In Ex. 8 find the lateral thrust when the velocity is (1) 30, 
(2) 60 miles per hour, the mags of the carriage being 10 tons. 


In each case state which rail causes the thrust. 


CHAPTER X. 


MOTION ON A SMOOTH CURVE UNDER THE 
ACTION OF GRAVITY. 


145. Tue general case of the motion of a particle, 
constrained to move on a given curve under any given 
forces, is beyond the scope of the present book; so also 
is the motion of a particle constrained to move under 
gravity on a given curve. 

There is one proposition, however, relating to the 
motion of a particle under gravity which we can prove 
in an elementary manner, and which is very useful for 
determining many of the circumstances of the motion. 


146. Theorem. // «a particle slide down an are of 
any smooth curve in a vertical plane, and if wu be its initial 
velocity and v its velocity after sliding through a vertical 
distance h, to shew that v? =u? + Qgh. 

Let A be the point of the curve from which the particle 
starts, and 5 the point whose distance from A, measured 


vertically, ish. Draw 4M and BW horizontal to meet any 
vertical line in M and J. 


Let P and Q be two points on the curve, very close to- 
one another, and draw PR and QS perpendicular to WN. 


Then PQ is very approximately a small portion of a straight 
line. Draw QV vertical to meet PR in V. 
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The acceleration at P along PQ is gcos VQP and 
hence, if vp and vg be the velocities at P and Q, we have 
vg =vp + 29g cos VOP. PQ =v," + 2g. VQ. 

", Ug —vp =29.VQ, 
i.e. the change in the square of the velocity is due to.the 
vertical height between P and Q. Since this is true for 
every element of arc, it is true for the whole are AB. 


Hence the change in the square of the velocity in passing 
from A to B is that due to the vertical height 4, so that 
v= u? + gh. 

The theorem in the preceding article may be deduced directly from 


the Principle of the Conservation of Energy. 


For, since the curve is smooth, the reaction of the are is always 
perpendicular to the direction of motion of the particle. Hence, by 
Statics, Art. 196, no work is done on the body by the pressure of the 
curve. The only force that does work is the weight of the particle. 


Hence, since the change of energy is equal to the work done, we 
have 
4 mv? — ¥ niu? = work done by the weight=mgh. 
* vr=u?+2gh. 

147. If, instead of sliding down the smooth curve, the 
particle be started along it with velocity w, so that it moves 
upwards, the velocity » when its vertical distance from the 
starting point is / is, similarly, given by the equation, 

oe =u? — 2gh, 
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Hence the velocity of the particle will not vanish until 
it arrives at a point of the curve whose vertical height 
above the point of projection is ot 

It will be noticed that the height to which the particle 
will ascend is independent of the shape of the constraining 
curve, nor need it continually ascend, The particle may 
first ascend, then descend, then ascend again, and so on; 
the point at which it comes to rest finally will be at a 


2 
height ~ above the point at which its velocity is w. 
29 


It follows that, if a particle slide from rest upon a smooth 
arc, it will come to rest when it is at the same vertical 
height as the starting point. An approximate example is 
the Switch-back railway in which the car almost rises to 
the same height as that of the point at which it started. 
The slight difference between theory and experiment is 
caused by the resistance of the air and the friction of the 
rails which, although small, are not quite negligible. 


The heavier the car, the less will be found to be the 
difference between theory and experiment. 


The expression for the velocity when the particle is at 
a vertical distance h from the starting point is the same, 


whether the particle be at that instant ascending or de- 
scénding. 


The theorem of the last article is true, not only of 
motion under gravity, but also in any case of the motion 
of a particle on a smooth curve under the action of a con- 
stant force in a constant direction, eg. in the case of 
motion on a smooth inclined plane, if we substitute for “g” 
the acceleration caused by the forces, 


¥ 
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Jt is also true if we substitute for the constraining 
curve an inextensible string fastened to a fixed point, or 
a weightless rod which is always normal to the path of the 
particle. 


We cannot, in general, find the time of describing any 
given arc without the use of the Differential Calculus, 


148, Galileo’s Experiment. It is not easy (to) \. 


accurately perform ) experiments on a body sliding down 
a smooth curve; for it is practically impossible to get a 
smooth curve. We can however in the analogous case of 
a particle tied by a string verify experimentally the theorem 
of Art. 146. 


Tie a heavy body, such as a lead sphere, to one end of 
a light flexible string the other end of which is attached to 


A 


a fixed point A, Let the body swing about this point as 
centre in front of a blackboard. 


Mark the point B on the blackboard from which the 


sphere is allowed to start and through it draw a horizontal 
line BA,C. If the sphere be now allowed to swing about 4, 
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it will be found to come to rest at a point @ which is — 
very nearly on the straight line BA;. 


Now drive in a nail at a point A, vertically below 4, 
the nail jutting out sufficiently to intercept the string. 
Start the sphere from the same point B as before ; it will 
describe the are BD and will then move on an are DC, 
about A, as centre. The point C, at which it comes to 
rest will be found to be very nearly on the horizontal 
straight line. Reverse the operation, starting the sphere 
from C,, and it will be found to describe the path C,DB. 


Repeat the experiment, driving in nails successively at 
A, and A;. In each case the same ‘result will be obtained, 
viz. that if the sphere started from B it will come to rest 
at a point very nearly on the horizontal line through B. 


If it were not for the resistance of the air, which, 
though small, is appreciable, the points C,, C., C, would 
be found to be accurately on the straight line BC. 


If a light ball be used, instead of the lead one, but of 
the same size, the resistance of the air has a greater effect, 
and in this case the amount by which the ball falls short 
of the line BC will be found to be greater than in the case 
of the lead ball. 


The same results will follow if we drive in the nail at 
any point P of the board within the triangle ABC, so that 
the string catches on the nail as it swings past. 


149. Motion on the outside of a vertical circle. 

A particle slides from rest at the highest point down the out-- 
side of the are of a smooth vertical circle; to shew that it 
will leave the cwrve when it has described vertically a distance 
equal to one third of the radius, 


Pe, 
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Let O be the centre, and A the highest point of the 
circle. Let v be the velocity of 
the particle when at a point P of A 
the curve, 2 the pressure of the re : 
curve there, and r the radius of 
the circle. Draw PW perpendi- 
cular to the vertical radius OA, 
and let AV=h. 

Then v?=29.AN=2gh. 

The force along PO is 

mg cos 6— R, B 

where 6 is the angle POA. 


2 
But the force along PO must, by Art. 135, be m. We 
r 


m= pede R. 


a= fly ovioep m| g=— nee 


r — 3h 
a= 
Now & vanishes, and changes its sign, when 3h=7, i.e., 


when h=z. The particle will then leave the curve, and 


describe a parabola freely ; for, to make it continue on the 
circle, the pressure & would have to become a tension ; but 
this is impossible since the curve cannot pull the particle. 


150. Motion in a vertical circle. A particle, of 
~ mass m, is suspended by a string, of length r, from a fixed 
point and hangs vertically. It is then projected, with velo- 
city u, so that it describes a vertical circle; to find the tension 
and velocity at any point of the subsequent motion, and to 
find also the condition that it may just make complete re- 
volutions. 


188 DYNAMICS 


Let O be the point to which the string is attached, and 
OA the vertical line through 0. 

Let v be the velocity of the B 
particle at any point P of its 
path, and 7’ the tension of the 
string there. 


Let PN be drawn perpendi- 
cular to OA, let AN=h, and let 
the angle POA be 6, 


Then, by Art. 147, 


Also, by Art. 135, m = = force at P along the normal, 
PO, to the path of the particle. 


Nese r—h 
; m—. = T’—mg cos 6 = T'—mg a 
2 = 2 Ey. : 
8 STE a vita(r—h)_ | w+ g(r—3h) "yale! (2). 
r r 


These two equations give the velocity of the particle, 
and the tension of the string, at any point of the path, 


The particle will not reach the highest point B if the 
tension of the string become negative; for then, in order 
that the particle might continue revolving in a circle, the ~ 
pull of the string would have to change into a push, and - 
this is impossible in the case of a string. 


Hence the particle will just make complete revolutions 
if the tension vanish at the highest point, where h = 2r, . 


This, from (2), is the case if 
w+ 9 (r—6r)=0, 


ue. if u® = 5gr. 
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Hence, for complete revolutions, « must not be less 
than Vdgr. 


When w= »/Sgr, the tension at the lowest point, by (2), 
ss) 
=m a =6mg poundals. 
Hence the string must, at the least, be able to bear a 
weight equal to six times the weight of the body. 


*151. Newton’s Experimental Law. By using 
the theorem of Art, 147, we can shew how Newton arrived 
at his law of impact as enunciated in Art. 118. 


We suspend two spheres, of small dimensions, by parallel 
strings OA and O’B, whose lengths are so adjusted that when 
hanging freely the spheres are just in contact with their 
centres in a horizontal line. 


One ball, A, is then drawn back, tle string being kept 
tight, until its centre is at a height AM, (=h), above its 
original position and is allowed to fall. Its velocity v on 


hitting the second ball Bis V2gh. 
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Let v’ and v” be the velocities of the spheres im- 
mediately after the impact, and h’ and h” the heights to 
which they rise before again coming to rest, so that 

v= J2gh’, and v" = /2gh’. 

The sphere 4 may either rebound, remain at rest, or 
follow after B. 

Taking the former case the velocity of separation is 

v +0", te, S29 (Shi + A Ma 

Also the velocity of approach was /2g. ,/h. 

We should find that the ratio of (/A’+/h”) to Jh 
would be the same whatever be the value of A andthe 
ratio of the mass of 4 to that of B, and that it would 


depend simply on the substances of which the masses 
consist, 


We have only considered one of the simpler cases. By 
carefully arranging the starting points and the instants of 
starting from rest, both spheres might be drawn aside and 
allowed to impinge so that at the instant of impact both 
were at the lowest points of their path. The law enun- 
ciated by Newton would be found to be true in all cases. 


EXAMPLES. XXV. 


1. <A particle, of mass 5 Ibs., hangs at the end of a string, 3 feet 
long, the other end of which is attached to a fixed point; if it be 
projected horizontally with a velocity of 25 feet per second, find the 
velocity of the particle and the tension of the string, when the latter 
is (1) horizontal, and (2) vertically upwards. 


, 2. In the previous question, find the least velocity of projection 
that the particle may be able to make complete revolutions, and the 
least weight that the string must be able to bear. 


3. A body, of mass m, is attached to a fixed point O by a string 
of length 3 feet; it is held with the string horizontal and then let 


fall; find its velocity when the string becomes vertical, and also the 
tension of the string then. = 
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4. A smooth hoop, of diameter 9 feet, is placed in a vertical 
plane, and a bead slides on the hoop starting from rest at the highest 
point of the hoop; find its velocity, 

(1) at the lowest point, 

(2) at the end of a horizontal diameter, 
_ (8) when it has described one-third of the vertical distance to the 
lowest point, 

(4) when it has described one-third of the arcual distance to the 
lowest point. 


5. A heavy particle is attached by a string, 10 feet long, to a 
fixed point, and swung round in a vertical circle. Find the tension 
and velocity at the lowest point of the circle, so that the particle may 
just make complete revolutions. 


6. A cannon, of mass 12 cwt., rests horizontally, being supported 
by two vertical ropes, each of length 9 feet, and projects a ball of 
mass 36 lbs.; if the cannon be raised through 2-25 feet by the recoil, 
find the initial velocity of the ball, and the tension of the ropes at the 
instant of discharge and at the instant when the cannon first comes to 
rest, 


7. A small heavy ring can slide upon a cord, 34 feet long, which 
has its ends attached to two fixed points, A and B, in the same 
horizontal line and 30 feet apart. The ring starts—the string being 
tight—trom a point of the string distant 5 feet from A; shew that, 
when it has described a length of the cord equal to 3 feet, its velocity 
will be 10-12 feet per second nearly. , 


8, A particle slides down the arc of a vertical circle; shew that - 
its velocity at the lowest point varies as the chord of the are of 
descent. 


9, A particle runs down the outside of a smooth vertical circle, 
starting from rest at its highest point; find the latus rectum of the 
parabola which it describes after leaving the surface. 


10. A ball, of mass m, is just disturbed from the top of a smooth 
vertical circular tube, and runs down the interior of the tube im- 
pinging on a ball, of mass 2m, which is at rest at the bottom of the 
tube; if the coefficient of restitution be 4, find the height to which 
each ball will rise in the tube after the impact. 


11, Two equal ivory balls are suspended by parallel threads, so 
that they are in contact, and so that the line joining their centres is 
horizontal, and two feet below the points of attachment of the threads. 
Determine the coefficient of restitution between the balls when it is 
found that, by allowing one ball to start from a position when its 

thread is inclined at 60° to the vertical, it causes the other ball after 


impact to rise through a vertical distance of 6} inches. 
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12. <A circular arc, subtending 30° at its centre, is fixed in a 


vertical plane so that its highest point is in the same horizontal 
plane with its centre, and a smooth particle slides doéwn this curve 
starting from rest at its highest point. Shew that the latus rectum 
of the parabola, which it describes after leaving the curve, is half the 
radius of the circular are. . 


13. A weightless inextensible string, of length 21, is fastened at 
its extremities to two points A and Bin the-same horizontal line, at 
a distance 1 apart, and supports a body C of mass m, tied to its 
middle point. If C be projected perpendicular to the plane ACB 
with double the velocity requisite for it to describe a complete circle, 
find the greatest and least tension of the strings. 


If one portion of the string be cut when C is halfway between its 
highest and lowest points, find the subsequent motion. - 


14, A smooth tube, in the form of 7 sides of a regular octagon 
each of whose sides is a, is placed so that one extreme side is lowest 
and horizontal and the other extreme side is vertical; an imelastic 
particle is just placed inside and connected by a string passing through 
the tube with an equal particle hanging vertically; find the velocity 
of the particles when the first leaves the tube. 


15, Shew that the effect of the rotation of the earth is to lessen 


the apparent weight of a body at the equator by gq of itself, the 
earth being assumed to be a sphere of radius 4000 miles. 


Shew also that the apparent weight of a train at the equator, 
which is travelling east at the rate of a mile per minute, is decreased 
by about -004 of itself. 


16. A particle slides down a smooth curve, through a vertical 
height h, and thus acquires sufficient velocity to run completely round 
the inside of a vertical circle of radius r (as in the centrifugal railway) ; 
prove that 2h must be greater than 5r. 


17. In the experiment of Art. 151 the spheres are of equal mass 
and the lengths of the strings attached to them are equal; the first 
descends through an are whose chord is x, and the second ascends 
through an are whose chord is y; shew that the coefficient of restitu- 


tion is 2 Bae 5 


1 = small ball is tied to one end of an inelastic string the other 
end of which is attached to a fixed point O. It is held, with the 
string tight, at a point which is 1} feet above O and then let fall; 
if the length of the string be 3 feet, find its velocity immediately 
after the string again becomes tight and the height above O to which 
it subsequently rises. 
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19. A particle is projected along’the inner surface of a smooth 
vertical circle of radius a, its velocity at the lowest point being 


2 95ga; shew that it will leave the circle at an angular distance 
cos! 3 from the highest point and that its velocity then is +,/15ga. 


20. A bullet of mass 200 grammes is moving with a horizontal 
velocity of 400 metres per second ; it hits the centre of a face of a cube 
of wood, of mass 20 kilogrammes, which is suspended by a string, 
and becomes embedded in it. Through what height does the wood 
move before coming to rest? 


91. A box of sand, of mass 2000 lb., is suspended by two equal 
vertical cords each 8 ft. long and a shot whose mass is 20 lbs. is fired 
into it in a horizontal direction passing through its centre of gravity 
and remains embedded; if the centre of gravity of the box recoils 
through a circular are the length of whose chord is 6 feet, shew 
that the velocity of the shot was 1212 ft. per sec. 


In general, if m and M be the masses of the bullet and box of 
sand, 2 be the length of each vertical cord, and k be the chord of 


recoil, the velocity of the shot is = k. Ns A 


m 


[We can thus find the velocity of any bullet. We have only to 
determine experimentally the value*of k.] 


L. D. . : 13 


CHAPTER XI. 
SIMPLE HARMONIC MOTION. PENDULUMS. 


152. Theorem. Jf a point Q describe a circle with 
uniform angular velocity, and if P be always the foot of the 
perpendicular drawn from Q upon a fixed diameter AOA’ 
of the circle, to shew that the acceleration of P is directed 
towards the centre, O, of the circle and varies as the distance 
of P from O, and to find the velocity of P and its time 
of describing any space. 


a ee pe en, Sy ee a tae 


Let a be the radius of the circle, and let the angle QOA 
be 0. Draw Q7' the tangent at Q to meet OA in 7. 
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Let » be the constant angular velocity with which the 
point Q describes the circle, 


Since P is always at the foot of the perpendicular to 
AA’ drawn from Q, its velocity and acceleration are the 
same as the resolved parts, parallel to AO, of the velocity 
and acceleration of Q. 


By Art, 135, Cor. L, the acceleration of QY is aw? 
towards 0. 


Hence the acceleration of P along PO = aw cos = w. OP, 
and therefore varies as the distance of P from the centre 
of the circle, 


Also the velocity of P 
= aw 00s QTO = aw sin 8=0. PQ=0 Ja =......(1), 
where OP is x, 
This velocity is zero at A and A’, and greatest at O. 


Also the acceleration vanishes, and changes its sign, as 
the point P passes through 0, 


The point P therefore moves from rest at A, has its 
greatest velocity at O, comes to rest again at A’, and then 
retraces its path to A. 


Also the time in which P describes any distance AP 
= time in which @ describes the are AQ 


1 
Hence the time from A to A’ se cos! (— 1) = = 


Also the time from A to A’ and back again to A 


_ on 
as 
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153. Simple Harmonic Motion. Def. Ifa 
point move ina straight line so that its acceleration ts always 
directed towards, and varies as its distance from, a fixed 
point in the straight line, the point is said to move with 
simple harmonic motion. 


The point P in the previous article moves with simple 
harmonic motion. 


From the results (1), (2) and (3) of the previous article 
we see, by equating w* to p, that if a point move with 
simple harmonic motion, starting from rest at a distance @ 
from the fixed centre 0, and moving with acceleration 
p. OP, then 


(1) its velocity when at a distance x from Q is 
v/, pe (a? — 2"), 
(2) the time that has elapsed when the point is at a 


; oe | x 
distance « from O is—- cos —, 
NE xy 


and (3) the time that elapses before it is again in its initial 
‘tion j Qa 
osition is —., 
p Ni 


The range, OA or OA’, of the moving point on either 
side of the centre O is called the Amplitude of the motion. 


The time that elapses from any instant till the instant 
in which the moving point is again moving through the 
same position with the same velocity and direction is called 
the Periodic Time of the motion. 


It will be noted that’ the periodic time, ae is 
independent of the amplitude of the motion. 


154. From the result (2) of the previous, article, it 
follows that, if ¢ be the time the moving point takes to 
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describe the distance from rest at a to the distance x, 
then 
x= & COS (n/t). 


From (1) it then follows that the velocity v 


se ALL [a?— a? cos? (~/pt)| 


=a Ju sin (Jt). 


155. Examples of Simple Harmonic Motion. 
This motion is of frequent occurrence in Physical and 
Mechanical problems. 

It is the motion of a point of a tuning fork, and of a 
point in a violin string when the string is plucked sideways. 
The motion of a pendulum (Art. 158) is simple harmonic 
when the angle through which it moves is small ; so also is 
that of a mass tied to an elastic string or a spring and 
allowed to oscillate up and down ina vertical line. The 
motion of the revolving mass of a Conical Pendulum (Art. 
140) as seen from a distant point in its plane is simple 
harmonic; and also that of J upiter’s satellites when 
observed jae a distant point in their plane. 

Generally the motion of all elastic bodies, in which the 
force brought into play is proportional to the displacement, 
follows the same law. 

The expression Simple Harmonic Motion is often shor- 
tened into s.H.M. 


156. Ex.1. A point moves with simple harmonic motion whose 
period is 4 seconds; if it start from rest at a distance 4 feet from the » 
centre of its path, find the time that elapses before it has described 
2 feet and the velocity it has then acquired. 


2 
If the acceleration be y» times the distance, we have fe =4, 


When the point has described 2 feet it is then at a distance of 
2 feet from the centre of its motion. 


> 
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Hence, by Art. 153 (2), the time that has elapsed 
2 


= cigar te eae PNP koe et 
rae an Bis nce! ens es : 
2 


Also, by Art. 153 (1), the velocity it has acquired 


T 


= Iu (a? — x)= /G)e — 2?) =7,/3 feet per second. 


Ex. 2. <A point starts from rest at a distance of 16 feet from the 
centre of its path and moves with simple harmonic motion; if in its 
initial position the acceleration be 4 ft.-sec. units, find (1) its velocity 
when at a distance of 8 feet from the centre and when passing through 
the centre, and (2) its periodic time. 

(1) Let the acceleration be u times the distance. 

Then px16=4, te p=t. : 

Hence, by Art. 153 (1), its velocity when at a distance of 8 feet 
from the centre= / + (16? — 82)— ,/48=4,/3 feet per second. 

Also its velocity when passing through the centre 


‘ av 4.16?=8 feet per second. 


(2) Its periodic time= ot 4g =about 12+ seconds. 


JK 


Ex. 3. A light spiral spring, whose unstretched length is 1 cms. 
and whose modulus of elasticity is the weight of n grammes, 
is suspended by one end and has a mass of m grammes at- 0 
tached to the other; shew that the time-of a vertical 
oscillation of the mass is 
2a me L 

ng” 

Let O be the fixed end of the spring, OA its position 
when unstretched. When the particle is at P, where OP=z, 
let ZT be the tension of the spring. Then, by Hooke’s 
Law, : 


z—l~ xt 


Tale ge Sweet 
Hence the resultant upward force on P= 7 — mg A 
eal __ ng m+n nd bg 
a fue gete. og ool p o' 
Let 0’ be a point on the vertical through O such that 
Oo EM: rs 


! P 
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Hence the resultant upward force on P 
ng 


OP. 
1 


=4 [OP -00']= 


“ n : ° ° ° 
Hence the upward acceleration of p.—# O’P, i.e., its motion is 


simple harmonic about O’ as centre, and its time of oscillation, by 


Art, 153, 
wort nfo ate» [, 
m 1 ng 


Tt will be noted that O’ is the point where the mass would hang at 
rest. For, if it were placed at rest at P, the upward tension would 


ar 1 
OORT . i os | 
Sigirs =ng api Re =m, 


and would therefore just balance its weight. 


EXAMPLES. XXVI. 


1. A particle moves in a straight line with simple harmonic 
motion; find the time of an oscillation from rest to rest when 
(1) the acceleration at a distance 2 feet is 4 ft.-sec. units ; 
(2) the acceleration at a distance 3 inches is 9 ft,-sec. units ; 
(3) the acceleration at a distance one foot is 7? ft.-sec. units, 


9. In each of the cases in the previous example, find the velocity 
when the point is passing through the centre of its path, the am- 
plitudes of the motions being respectively 2 feet, 3 inches, and one 
foot. 


3, A particle moves in a straight line with simple harmonic 
motion, and its periods of oscillation are (1) 2, (2) zy, and (3) seconds, 
respectively ; the amplitude of its motion in each case is one foot; 
find the velocity of the particle when moying through the centre of 
its path. = 


4, A point, moving with s.u.m., has a velocity of 4 feet per 
second when passing through the centre of its path, and its period 
is r seconds; what is its velocity when it has described one foot from 
the position in which its velocity is zero? 


5, A point moves with s.u.m.; if, when at distances of 3 and 
4 feet from the centre of its path, its velocities are 8 and 6 feet 
per second respectively, find its period and its acceleration when at 
its greatest distance from the centre. 
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6. A mass of one gramme vibrates through a millimetre on each 
side of the middle point of its path 256 times per second; assuming 
its motion to be simple harmonic, shew that the maximum force upon 


the particle is 745 (512m)? dynes. 


7, A horizontal shelf moves vertically with s.u.m., whose 
complete period is one second; find the greatest amplitude in centi- 
metres that it can have, so that objects resting on the shelf may 
always remain in contact with it. 


8. A mass of 12 lbs. is hanging by a light spiral spring which 
stretches one inch for each pound-weight of tension. If the upper 
end of the spring be instantaneously raised four inches and then 
held fast, find the amplitude and period of the subsequent motion 
of the mass. 


9. A weight is attached to the lower end of a light spiral spring 
whose upper end is fixed and is released. If it oscillate in a vertical 
line through a space of six inches, what is the period of its oscillation ? 


10. An elastic string, to the middle point of which a particle is 
attached, is stretched to twice its natural length and placed on a 
smooth horizontal table, and its ends are then fixed. The particle 
is then displaced in the direction of the string; find the period of 
oscillation. 


11. A rod AB is in motion so that the end B moves with uniform 
speed wu in a circle whose centre is CG, whilst the end 4A moves in a 
straight line passing through C. If 4B=BC=a, and AC=z, shew 


lag? — x2 
that the velocity of A is w ew and that it moves with simple 
harmonic motion. 


[Hence we have a method of obtaining practically a simple 
harmonic motion. Let CB be a revolving crank and BA a connecting 
rod, of length equal to CB, attached to a point A, which, as in the 
case of the piston of a steam engine, is compelled to move in a 
straight line CA. Then the motion of A is simple harmonic.] 


157. Lzxtension to motion tn a curve. 


Suppose that a moving point P is describing a portion, 
AOA’, of a curve of any shape, starting from rest at A 
and moving so that its tangential acceleration is always 
along the arc towards O and equal to p. are OP, then the 
propositions of Art. 153 are true with slight modifications. 


For let O'B be a straight line equal in length to the 


ae, 
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are OA, and let P’ be a point describing it with acceleration 
#. O'P’; also let O'P’ =are OP. 

Since the acceleration of P’ in its path is always the 
same as that of P, the velocities acquired in the same 
time are the same, and the times of describing the same 
distances are the same. 

A 
Pp 


Hence 
(1) The velocity of P= the velocity of P’ 

= Vp (OB — O'P*) = sy {are OA) — (arc OP, 
(2) The time from A to P= time from B to P’ 


Se! “ee oR) 1 — are O 
aN Fee (ar ere tite = OA/’ 


and (3) The time from A to A’ and back again = re 
fag 


PENDULUMS. 


158. Simple pendulum. A particle tied to one 

_end of a string, the other end of which is fixed, and which 
oscillates in a vertical circle having the fixed point as centre, 
is called a simple pendulum. 

The time of oscillation depends on the angle through 
which the string swings on each side of the vertical. 

If however this angle of oscillation be small, we shall 
shew in the next article that the time of oscillation of the 
pendulum is approximately constant, 
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159. Theorem. // a particle be tied by a string to 
a fixed point, and allowed to oscillate through a small angle 
about the vertical position, to shew that the time of a complete 


l E é 
oscillation is 2a rf —, where l is the length of the string. 


V9 


Let O be the fixed point, OA a vertical line, AP a 
portion of the arc described by 
the particle, and let the angle 
AOP be 6. 


If PT be the tangent at P 
meeting OA in 7, the acceleration 
of the bob along PT’ 


=gsin 6 
= 90, approximately, if 6 be small 


=4 x are AP. 
The acceleration along the tangent to the path there- 
fore varies as the arcual distance from the lowest point. 


It follows that the motion is harmonic and hence, by 
Art. 157-(3), the time of a complete oscillation is inde- 
pendent of the extent of the oscillation, and equals 


one , ue. on /-. 
se! 


Y 


The first discovery of this principle of the time of swinging of a 
pendulum is said to have been made by Galileo about the year 1582; 
he observed that the great bronze lamp which hangs from the roof 
of the cathedral at Pisa seemed to have a uniform time of swing, 
whatever be the are through which it moved, and he verified the fact 
by counting the beats of his pulse. 


Ex. Find the length of a pendulum which will oscillate 56 times 


» in 55 seconds, 
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The time of oscillation is = seconds. Hence, if J be the length 


of the pendulum, we have 


55 v_ 22 pip 
56" NM ga N 32? 
38. 


39° 16. 
Ba Prise 25 __ 25 bya g ts 
ge t= 32's o56 = 8 feet = 37% inches. 


-160. Experimental Verification. The important 
result of the previous article may be easily verified to 
a fair degree of accuracy. We cannot actually make use 
of the “particle” and the “massless string” of the mathe- 
matical demonstration ; but a small sphere, made of brass 
or other metal, with a hook firmly fastened to it and a 
light strong silk thread will make a very good approxi- 
mation. 

First, to shew that the time varies as the square root of 
the length. 

Take several such spheres, and to them attach threads 
the other ends of which are attached to fixed points; for 
example by passing the threads through eyes screwed into 
a fixed horizontal bar, and then tieing their other ends to 
some convenient support. Adjust the lengths so that the 
distances measured from the centre of the spheres to the 
points from which the strings swing are in the ratios 
of 1, 4, 9, 16.... [For example, let the lengths be 6 ins., 
2 ft, 4 ft. 6 ins. 8 ft....] Start the balls all swinging, 
through small angles, at the same instant. Their times of 
oscillation will be found to be as 1, 2, 3, 4,... ze. as the 
square roots of their lengths. This will be best seen 
if the observer sets only two swinging at.a time. For ex- 
ample the first will be found to swing in half the time - 
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of the second, and hence will be found to complete every 
second complete swing at the same time as the second 
pendulum completes its swing. 


So the first pendulum will be found to oscillate three 
times for each oscillation of the third pendulum, and hence 
every third oscillation of the first pendulum will be found 
to end simultaneously with successive swings of the third 
pendulum. 


Similarly for any ther case. 


Secondly, to shew that the time of oscillation is inde- 
pendent, approximately, of the material of which the bob-<as 
made. 

Take spheres, of the same size approximately, but made 
of different materials, provided that these materials are not 
made of very light substances such as cork. As in the first 
experiment attach them by strings of the same length and 
set them all swinging together. This may be done by 
pushing the spheres all side-ways to the same extent by 
means of a board, and then sharply withdrawing the board. 
The pendulums will then be found to swing in the same 
time for a large number of oscillations provided the lengths 
of the strings have been carefully adjusted so as to be 
equal. After some time the spheres, made of the lighter 
material, will be found to lag behind the others; this is 
because the resistance of the air has more effect on the 
lighter than on the heavier spheres. 

Thirdly, to find the value of g by means of a simple 
pendulum. 

Take one of the spheres and adjust the length of its 
string to a convenient distance, say about two feet. Care- 
fully measure the distance from the point of suspension. of 
the silk thread to the centre of the sphere. Set the sphere 
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swinging and find the time 7 of a complete oscillation. 
This is best done by observing the time of (say) 40 
observations and dividing the result by 40. [An ordinary 
watch with a seconds hand will give sufficiently accurate 
results. | 

Then in the formula 


ec 
Ye 


of Art. 159, we now know both / and 7’, so that the value of g 
J 

7? . 

By the use of a logarithm Table, or by ordinary 


= 47? 


calculation, we now easily obtain the value of g correct to 
the second place of decimals in foot-second units. 

Similarly, if we measure / in centimetres, we shall get 
the value of g in the c.G.s. system. 


161. Seconds Pendulum. A seconds pendulum 
is one which vibrates from rest to rest (2.e. makes half a 
complete oscillation) in one second. 
Hence, if 7 be its length, we have 


Since g varies at different points of the earth’s surface, 
we see that the length of the seconds pendulum is not the 
same at all points of the earth. 

For an approximate value, putting g = 32'2 and r= 22, 
we have 

1= 3°26 feet = 39°12 inches. 


If we use the centimetre-second system we have, by putting g=981, 
1=99°3 centimetres. 
For the latitude of London more accurate values § are 39°13929,, 
inches and 99:413.., centimetres. 
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EXAMPLES. XXVIIL. 


[In the following examples, 7 may be taken to be =-.] 


. 1. If g=32°2, what is the length of a pendulum vibrating in 
2°5 seconds ? 


2. The time of a complete vibration at a given place of a pen- 
dulum 64 metres long is 16 seconds; shew that the corresponding 
value of g is 987 cm.-sec. units. 


3. A pendulum, 3 feet long, is observed to make 700 oscillations 
in 671 seconds; find approximately the value of g. 


4. Given that the length of a seconds pendulum is 39-12 inches, 
find the lengths of the pendulums which will vibrate in (1) half a 
second, (2) one quarter of a second, (3) 2 seconds. 


5. How many oscillations will a pendulum, of length 53-41 centi- 
metres, make in 242 seconds at a place where g is 981? 


6. Shew that a pendulum, one mile in length, would oscillate in 
40 seconds nearly. 


7. Apendulum, of length 37-8 inches, makes 183 beats in three 
minutes at a certain place ; find the acceleration due to gravity there. 


8. How many oscillations will a pendulum, of Jength 4 feet, make 
in one day ? 


9, A pendulum, 450 feet long, has been suspended in the Hiffel 


tower; prove that it makes a complete oscillation in about 234 
seconds. 


162. The result of Art. 159, although not mathematically 
accurate, is very approximately so. If the angle a through which the 
pendulum swings on each side of the vertical be 5°, the result is 
within one two-thousandth part of the accurate result, so that a 
pendulum which beats seconds for very small oscillations would lose 
about 40 seconds per day, if made to vibrate through 5° on each side 
of the vertical. 

163. Thesimple pendulum of which we have spoken 
is idealistic. In practice, a pendulum consists of a wire 
whose mass, although small, is not zero and a bob at the 
end which is not a particle. Whatever be the shape of 
the pendulum, the simple pendulum which oscillates in 
the same time as itself is called its simple equivalent 
pendulum. | 2 
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The discussion of the connection between a rigid body 
and its simple equivalent pendulum is not within the range 
of this book. We may, however, mention that a uniform 
rod, of small section, swings about one end in the same 
time as a simple pendulum of two-thirds its length. 


164. Acceleration due to gravity. Newton dis- 
covered, as a fundamental law of nature, that every particle 
attracts every other particle with a force which varies 
directly as the product of the masses and inversely as the 
square of the distance between them. 


From this fact it can be shewn, as in any treatise 
dealing with Attractions, that a sphere attracts any particle 
outside itself just as if the whole mass of the sphere were 
collected at its centre, and hence that the acceleration 
caused by its attraction varies inversely as the square of 
the distance of the particle from the centre. 


Similarly the attraction on a particle inside the earth 
can be shewn to vary directly as its distance from the 
centre of the earth. 


Hence, if g, be the value of gravity at a height h above 
the earth’s surface, g the value at the surface, and r the 


1 1 
earth’s radius, then g,:g af cor oe? 


r 2 
so. that 29 (=) 


So, if g, be the parde at the bottom of a mine of depth 

d, we have g, = = , The value of g is therefore greater 
at ue earth’s surface than either outside or inside the earth. 
165. We shall now investigate the effect on the time of 


oscillation of a simple pendulum due to a small change in the value 
of g, and also the effect due to a small change in its length, 
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If a pendulum, of length 1, make n complete oscillations in a given 
time, to shew that 


(1) If g be changed to g+G, the number of oscillations gained 


n 
is =.—, 


2 
(2) If the pendulum be taken to a height h above the earth’s surface, 


© eed On - 4 
the number of oscillations lost is n - where r is the radius of the earth, 


(3) If it be taken to the bottom of a mine of depth d, the number 
. and 
lost is a7? ; 
(4) If its length be changed to1+L, the number lost is = ‘ 


Let 7 be the original time of oscillation, T’ the new time of 
oscillation, and n’ the new number of oscillations in the given time, 
so that 

nl=n'T" 


(1) In this case v=o, /! and rao, / 
g g+G 


nv  F G 1@ ‘ 
Hence “teak ae of 1+—=1+ 5 2 » approximately, 


(by Binomial Theorem, squares of — > Chang neglected) . 


Hence the number of oscillations gained =n’ — n=5 


So, if g become g — G, the number lost is 5 ¢ é 
(2) Ifg—G be the value of gravity at a height hk, we have 
j=Go or 142 ret 2h Wernick 
ere 7) =1->> approximately. 
2h 
Therefore G= I=: and hence, as in (1), the number of os- 


cillations lost is ee 3 


(3) Ifg—G be the value at a depth d, we have g- G:g::r-di7, 
so that the number of oscillations lost = 5 s =55: @ 
g rT 


(4) When the length 7 of the pendulum is change to 1+L, we 


ees 
rar, /! and Waar, [HE 
g 9g < 


~ 
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ee a & L\72 a ed, : 
Sse (a+7) ims T approximately. 
2 DL 


Hence the number of oscillations lost =n —n’= 5 T° 


From this article it follows that the height of a 
mountain, or the depth of a mine, could be found. by 
finding the number of oscillations lost by a pendulum 
which beats seconds on the surface of the earth. 

166. Ex.1. A pendulum, which beats seconds at the surface 
of the earth, is carried to the top of a mountain 5 miles high; find 


the number of seconds it will lose in a day, assuming the radius of 
the earth to be 4000 miles. 


Let g and g, be the accelerations due to gravity at the sea-level 
and the tcp of the mountain respectively. 
a ata 
* 40002 * 40052" 


_g _ (4005 (oy 
“*g, \4000/ ~ \800/ ° 


Since the pendulum beats seconds at the earth’s surface, we have 


tan, /% igs 45 ee (1). 


Also, if Z' be the time of oscillation at the top of the mountain, 
we haye 


Then G3 g40: 


T=n Se ne ath Bee (2). 
Dividing (2) by (1), we have 
Bet phe =* 
‘i g, 800° 
Hence the number of beats in a day at the top of the mountain 


86400 800 
= Fr. = 86400 x 801 


" 1 86400 (142 \ >. 
= 86 Ot = ( anos) 
* 300 


= wads roxi 1 
= 86400 (a =) approximately 


= 86400-1008... 
aeeioe the number of beats lost is 108. 


Teepe 14 
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Bx. 2. A faulty seconds pendulum loses 20 seconds per day ; find 
the required alteration in its length, so that it may keep correct time. 


The pendulum beats 86380 times in 86400 seconds, so that its time 


seconds. Hence, if J be its length, 


8640 i 
3638" Gb ewe nccece cee veeeseesensecee (1) 


Let Z-+-2 be the true length of the seconds pendulum at the place. 


Then 
l+2 
job u/idnoo sees a 2). 
™A/ q (2) 


Subtracting the square of (1) from the square of (2), we have 


(Soe) = z 

S638) 

(G1 
8638 


g 3 x Le * 
=— S[Q- ae 3340 ape = [it +tee* 1| approximately 


_ 82x49 gt 3 
= 484 Saas ~ 791x270 feet = — -018 inch. 


Hence the pendulum must be shortened by -018 inch. 


Be = B0e0 
of oscillation is 3638 


167. Verification of the law of gravity by means of the 
moon’s motion. We may shew roughly the truth of the 
law of gravitation, by finding the time that the moon would 
take to travel round the earth, on the assumption that it is 
kept in its orbit by means of the earth’s attraction. 

Let / be the acceleration of the moon due to the earth’s 
attraction ; then, since the distance between the centres of 
the two bodies is roughly 60 times the earth’s radius, we 


have fig: so that f= 


ise 
*(60r) 72? 5600" 
Let 7 be the velocity of the moon round the earth, so 
that, by Art. 135, 


GOr =1= 3600 ' 
EKG 
2600 
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Hence the periodic time of the moon 
ee 


= Ir x 607 =~ v= 27 . 60 x Jae seconds. 


Taking the radius of the earth to be 4000 miles, and g 
as 32-2, this time is 27-4 days, and this is approximately 
the observed time of revolution, 


EXAMPLES. XXVIII. 


1. A pendulum which beats seconds at Greenwich, where g = 32-2, 
is taken to another place where it loses 20 seconds per day}; find the 
value of g at the latter place. 


9. A-seconds pendulum, which gains 10 seconds per day at one 
place, loses 10 seconds per day at another; compare the accelerations 
due to gravity at the two places. 


3. Assuming the values of g in foot-second units at the equator 
and the north pole to be 32-09 and 32-25 respectively, find how many 
seconds per day would be gained at the north pole by a pendulum 
which would beat seconds at the equator. 


4, A clock with a seconds pendulum loses 9 seconds per day; 
find roughly the required alteration in the length of the pendulum. 


5, Aclock gains five seconds per day; shew how it may be made 
to keep correct time. 


6. If a pendulum oscillating seconds be lengthened by its 
hundredth part, find the number of oscillations it will lose in a 
day. 


7, Asimple seconds pendulum is lengthened by z'pth inch; find 
the number of seconds it will lose in 24 hours. 


BSA simple pendulum performs 21 complete vibrations in 44 
seconds; on shortening its length by 47:6875 centimetres it performs 
21 complete vibrations. in 33 seconds; find the value of g. 


9, A-simple seconds pendulum consists of a heavy ball suspended 
by a long and very fine iron wire; if the pendulum be correct at a 
temperature 0°C., find how many seconds it will gain, or lose, in 
24 hours at a temperature of 20°C., given that the iron expands by 
000233 of its length owing to this rise of temperature. 


10. If a seconds pendulum lose 10 seconds per day at the bottom 
of a mine, find the depth of the mine and the number of seconds that — 
the pendulum would lose when halfway down the mine. 


14—2 
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11. A clock, which at the surface of the earth gains 10 seconds 
a day, loses 10 seconds a day when taken down a mine; compare the 
accelerations due to gravity at the top and bottom of the mine and 
find its depth. 


12. If a seconds pendulum be carried to the top of a mountain 
half a mile high, how many seconds will it lose per day, assuming 
the earth’s centre to be 4000 miles from the foot of the mountain, 
and by how much must it be shortened so that it may beat seconds at 
the summit of the mountain? 


13. Shew that the height of a hill at the summit of which 
a seconds pendulum loses 7 beats in 24 hours is approximately 245.n 
feet. 


14, <A balloon ascends with a constant acceleration and reaches 
a height of 900 feet in one minute. Shew that a pendulum clock, 
which has a seconds pendulum and is carried in the balloon, will gain 
at the rate of about 28 seconds per hour. 


15, A cage-lift is descending with unit acceleration; shew that a 
pendulum clock, which has a seconds pendulum and is carried with 
it, will lose at the rate of about 56 seconds per hour. 


16. Shew that a seconds pendulum would, if carried to the 
moon, oscillate in 24 seconds, assuming the mass of the earth to 
be 81 times that of the moon, and that the radius of the earth is 4 
times that of the moon. 


17. A railway train is moving uniformly in a circular curve at 
the rate of 60 miles per hour, and in one of the carriages a seconds 
pendulum is observed to beat 121 times in 2 minutes. Shew that 
the radius of the curve is about 1317 feet. 


18. A particle would take a time ¢ to move down a straight tube 
from the surface of the earth (supposed to be a homogeneous sphere) 
to its centre; if gravity were to remain constant from the surface to 
the centre, it would take a time ¢’; shew that 


tiv st: 2/2. 


19. A simple pendulum swings under gravity in such a manner 
that, when the string is vertical, the force which it exerts on the 
bob is twice its weight; shew that the greatest inclination of the 
string to the yertical ia 

20, A mass is hung on the end of a string 8 feet long and swings 
to and fro through # distance of 3 inches. Find approximately the 
periodic time of the swing, the accelerations at the ends of the swing, 
and the velocity at the middle. 
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UNITS AND DIMENSIONS. 


168. WueEwn we wish to state the magnitude of any 
concrete quantity we express it in terms of some unit of 
the same kind as itself, and we-have to state, 

(1) what is the unit we are employing, and 
(2) what is the ratio of the quantity we are con- 

, sidering to that unit, 

This latter ratio is called the measure of the quantity in 
terms of the unit. Thus, if we wish to express the height 
of a man, we may say that it is six feet. Here a foot is 
the unit and six is the measure, We might as well have 
said that he is 2 yards, or 72 inches high. 

The measure will vary according to the unit we employ. 
The measure of any quantity multiplied into the unit 
employed is always the same (¢g., 2 yards=6 feet = 72 
inches). 

Hence, if k and k’ be the measures of a physical quantity 
when the units used are denoted by [K] and [X’], we have 
k[K]= [K’] 

and hence [Ath | Ke}: a : ; 
so that, by the definition of variation, we have [K]« 5 UE, 


the unit in terms of which any quantity is measured varies 
inversely as the measure and conversely. 
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169. A straight line possesses length only, and no 
breadth or thickness, and hence is said to be of one 
dimension in length. 

An area possesses both length and breadth, but no 
thickness, and is said to be of two dimensions in length. 
The unit of area usually employed is that whose length 
and breadth are respectively equal to the unit of length. 
Hence if we have two different units of length in the 
_ratio 4:1, the two corresponding units of area are in the 
ratio 12: 1, so that, if [A] denote the unit of area and 
[Z] the unit of length, then 


[4] « [Z]. 

For example, 12 inches make 1 foot, but 144 (i.e., 12%) square 
inches make one square foot. 

A volume possesses length, breadth, and thickness, and 
is said to be of three dimensions in length. The unit is 
that volume whose length, breadth, and thickness are each 
equal to the unit of length. As in the case of areas, it 
follows that, if [V] denote the unit of volume, then 


[V] < [Z. 

Since the units of area and volume depend on that of 
length, they are said to be derived units, whilst the unit 
of length is called a fundamental unit. 

Another fundamental unit is the unit of time, usually 
denoted by [7]. A period of: time is of one dimension in 
time. 

The third fundamental unit is the unit of mass, denoted 
by [41]. Any mass is said to be of one dimension in mass. — 


These are the three fundamental units; all other units 


depend on these three, and are therefore called derived 
units. 
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170. In Art. 9 we defined the unit of velocity to be 
the velocity of a point which describes the unit of length in 
the unit of time. Hence if the unit of length, or the unit 
of time, or both, be altered, the unit of velocity will, in 
general, be altered. 


For example, let the units of length and time be changed 
from a foot and a second to 2 feet. and 3 seconds. The 
new unit of velocity is the velocity of a point which de- 
scribes 2 feet in 3 seconds, i.¢., which describes 2 foot in 
one second, 2.¢., is equal to Zrds of the original unit of 
velocity. 


Similarly, since a body is moving with unit acceleration 
when the change in its velocity per unit of time is equal to 
the unit of velocity, it follows that the unit of acceleration 

.depends on the units of velocity and time, 7.¢., it depends 
ultimately upon the units of length and time. . 


Again, the unit of force is, by Art. 61, that force which 
in the unit of mass produces the unit of acceleration. 
Hence the unit of force is altered when either the unit 
of mass, or the unit of acceleration, or both, are altered. 
Hence the unit of force depends ultimately upon the units 
of length, time, and mass. 


171. Theorem. Zo shew that the unit of velocity 
varies directly as the unit of length, and inversely as the 
unit of time. 


In one system let the units of length, time, and velocity 
be denoted by [Z], [7], and [V], and in a second system by 
[L'], [Z"], and [V’]; also let 


[Z‘] =m [ZL], and [7] =n[7'. 


Z pe 
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Then a body is said to be moving 
with the original unit of velocity 

when it describes a length [Z] in time [7]; 

therefore with velocity m [| V] 
when it describes a length m [Z] in time [7]; 

therefore with velocity —[7] 
when it describes a length m [Z] in time n[7']; 

therefore with velocity — [V] 


when it describes a length [Z’] in time [7]. 
But it is moving with velocity [V’] when it describes a 
length [Z’] in time [7”}. 
. 7 m 
inkl = = Bal 
we baa By dd ee 
=< [2] 4 [Z"] 
[2] ° [7] 
4. 
(2) (2) 
hence, by the definition of variation, 
[Z] , a 
[Vx tae we, o[L][7T]. 
172. Theorem. 10 shew that the wnit of acceleration 


varies directly as the wnit of length, and inversely as the 
square of the wnit of time. 


Take the units of length and time as before, and let 
[/’] and [F"] denote the corresponding units of acceler4tion, 
Then a body is said to be moving 
with the original unit of acceleration 
when a vel, of [Z] per [7’] is added on per [7Z’]; 
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therefore with acceleration m [7’] 
when a vel. of m [Z] per [7’] is added on per Hue 


therefore with acceleration ~” [F] 
n 


when a vel. of m [Z] per n [7’] is added on per rar 
therefere with acceleration = [F'] 


when a vel, of m[Z] per n[7’] is added on per n PAE 
therefore with acceleration = [F] 
n> 


when a vel. of [Z’] per [7"] is added on per [7]. 
But now the body is moving with the new unit of accele- 
ration [7] ; 
: ees 
oa Wel om a [Z’}. 
ad Pad Bd ee 
er 
[4] “[7'F 
HZ), (4 
“9 ae ee eae 
Hence, by the definition of variation, 


Pads: tame i.e, o¢ [ZL] [2 


173. Ex.1. If the units of length and time be changed from a 
foot and a second to 100 feet and 50 seconds respectively, find in what 
ratio the units of velocity and acceleration are changed. 


The new unit of velocity is a velocity of 100 feet per 50 seconds, 
i.e., a velocity of 2 feet per second. Hence the new unit of velocity is 
twice the original unit of velocity. 


Again a body is moving with the new unit of acceleration 
when a velocity of 100 feet per 50 seconds is added on per 50 secs., 
Wiss: Ride Lea pease NTL Aifoeh per HM peel eae cnete per 50 secs., 


£.€ffccsuaws shhchdacstvieoel ge feeb per second ....2........- Serica per sec. 


Hence the new unit of acceleration is y';th of the original unit of 
acceleration. ic toe: 
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Otherwise thus; Taking the same notation as in Arts. 171 and 
172, we have 
[L’]=100[L], and [7"]=50[T]. 
r , n-1 
oie ery =100 x [507 *= ——=2 
[Vl] (LIT) 5 


Rat ei ee oe eee 
ae [Fl (OITy? 3500" 25 


so that the new units of velocity and acceleration are respectively 
double and one twenty-fifth of the original units. 


Ex. 2. Find the measure of the acceleration due to gravity in the 


yard-minute system, assuming its value in the foot-second system to 
be 32:2. 


In a falling body a velocity of 32-2 ft. per sec. is added on per sec., 
die. Rohlartnasawn ca cause taeeneee ences nee 60 x 32-2 ft. per. minute is added on 
per sec., 
sad cdenacten scene riesnreetsh sdcaneneeratnes 60? x 32-2 ft. per minute is added on 
per min., 
602 : ‘ 

aise Mosleatn ene TeV cee sas sanwent aoe earns 3 x 32-2 yds. per minute is added 
on per minute. 

2 ; 

“. the required measure = "0°32"? _ 3640. 
This may be more concisely put as follows: 
Let x be the new measure; then 
a x [F’]=32-2 x fF], 


—2 
. 2=32°2x uae = S2°2ixe tT =32°2x dasa 
P’7 [LZ] [2] 3 x (60) 
= Sais = = 38640, as before. 


Ex.3. If the acceleration of a falling body be taken as the unit of 
acceleration, and the velocity generated in a falling body in one minute 
as the unit of velocity, find the units of length and time. 


Using the same notation as in Arts. 171 and 172, the same accele- 
ration is in the two systems represented by 


32.[F] and 1.[F’). 
» 1.[F]=382[F]. 
o> LRT 82s [RADY Px n cake ce (1). 


In ft.-sec. units the velocity generated in one minute =60 x 32. 


Hence 60x32.[V] and 1. [V’] represent the same velocity. 
Hence : 
1 (0 T'T =60x 328[L[777 ...... cane Qs 
ee 
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Dividing the square of equation (2) by (1), we have 
- et oe 
[= 


Hence, from (2), 

[7] Li Y 
[T] O38 E |= aca" sh 
[7’]=60[7]=60 seconds=one minute. 


[L]=60? x 32 feet. 


EXAMPLES. XXIX. 


1. If the unit of length be one mile, and the unit of time one 
minute, find the units of velocity and acceleration. 


9. If the unit of length be one mile, and the unit of time 4 
seconds, find the units of velocity and acceleration. 


8. If the unit of velocity be a velocity of 30 miles per hour, and 
the unit of time be one minute, find the units of length and accele- 
ration. 


4, If the unit of acceleration be that of a freely falling body, and 
the unit of time be 5 seconds, shew that the unit of velocity is a 
velocity of 160 ft. per sec. 


*5, What must be the unit of length, if the acceleration due to 
gravity be represented by 14, and the unit of time be five seconds? 


6. If the unit of velocity be a velocity of 3 miles per hour, and 
the unit of time one minute, find the unit of length. 


7. If the acccleration of a falling body be the unit of accelera- 
tion, and the velocity acquired by it in 5 seconds be the unit of 
velocity, shew that the units of length and time are 800 feet and 
5 seconds respectively. 


8. What is the measure of the acceleration due to gravity, 
(1) when’a foot and half a second are the units of length and time, 
(2) when the units are a mile and eleven seconds, 
(3) when the units are 10 yards and 10 minutes respectively ? 
9, Find the measure in the centimetre-minute system of the 
acceleration due to gravity, assuming a metre to be 39°37 inches. 
10. The acceleration produced by gravity being 32 in ft.-sec. 
units, find its measure when the units are roo00 Of an hour and a 
centimetre, given 1 centimetre =-0328 ft. 
jl. If the area of a ten acre field be represented by 100, and 


the acceleration of a heavy falling particle by 583, find the unit of 
time. 
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174. Dimensions. Def. When we say that the | 
dimensions of a physical quantity are a, B, and y in length, 
time, and mass respectively, we mean that the unit in terms 
of which the quantity is measured varies as 


[Z} [2 ty. 
Thus the results of Arts. 171 and 172 are expressed by 
saying that the dimensions of the unit of velocity are 1 in 


length and —1 in time; while those of the unit of accele-. 
ration are | in length and — 2 in time. 


The cases in Arts. 171 and 172 have been fully written 
out, but the results may be obtained more simply as in the 
following article. 


175. (1) Velocity. Let v denote the numerical 
measure of the velocity ofa point which undergoes a dis- 
placement whose numerical measure is s, in a time whose 
numerical measure is ¢, so that 


s=vt. 
If [Z], [7], and [V] denote the units of length, time, 
and velocity respectively, we have, as in Art. 168, 
y wh te te roa and vo -—. 
[Shin eca(@ptemes a TP: 
Cr! | ee 
pea EAM RARE RES 
Hence [Vl x [Z][7]~. 


(2) Acceleration. Let v denote the velocity ac-— 


quired by a particle moving with acceleration / for time i, 
so that 


v= ft. 
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If [ /’] denote the unit of acceleration, we have 
1 
of Oe Tm 
[7] 
[V}  [F)(7) 
Hence [F]«[V] [T]« [Z] Bag tees 
(3) Density. Let d be the density of a body whose 
mass is m and volume w, so that. m=du. 
If [D] and [U] denote the units of density and volume, 
we have 


—_ 


“™ PITey 
“. [Da [M] [VU]? « [a [Z]°. 

If the body be very thin, so that it may be considered 
as a surface only, we see similarly that the unit of surface 
density 

oc (M] [Ly 
So, if the body be such that its breadth and thickness may 
be neglected, (so that it is a material line only), we have 
unit of linear density « [IM] [Z]-’. 

(4) Force. If p. be the force that would produce 
acceleration f in mass m, we have p= m/f. 

Hence, if [P] denote the unit of force, we have 


[P] < [4] [PF] « La] (2) (77. 
(5) Momentum. If & be the momentum of a mass 
m moving with velocity v, we have 
k=mw. 
Hence, if [A] denote the unit of momentum, 


[K] « [M][V] « [47] [2] [77 


oo 
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(6) Impulse. If be the impulse of a force p acting © 

for time ¢, we have 
= pt. 
Hence, if [J] denote the unit of impulse, 
[Z}~[P] [7] <[¥] [241 [77 

so that an impulse is of the same dimensions as a mo- 
mentum. 

(7) Kinetic Energy. If ¢ be the kinetic energy of 
a mass m moving with velocity v, we have 

e= emu. 
Hence, if [#] denote the unit of kinetic energy, 
[4] « [Mt] [VY x [ae] [2 [ZT 

(8) Work. If wbe the work done when a force p 

moves its point of application through a distance s, then 
w= ps. 
Hence, if [ WV] denote the unit of work, 
[W] x [P] [4] [ar] [ZP [7]. 

Hence work and kinetic energy are of the same dimensions. 

(9) Power or Rate of work. If h be the power at 
which work zw is done in time #, then 


Ww 
A=—=wt-. 
t 


Hence, if [17] denote the unit of power, 
[HM] [7] [2] « [at] (Zp [7]. : 
(10) Angular velocity. If w be the angular ve- 
locity of a point which moves with velocity v in a circle of 


radius 7, we have | 


w=lsur, (Art. 26.) 


Hence, if [Q] denote the unit of angular velocity, then 


[Q]=(7] [Z7"=[277. 


UNITS AND DIMENSIONS 223 
176. Ex. 1. If the unit of mass be 112 lbs., the unit of length 
one mile, and the unit of time one minute, find the unit of force. 


The unit of force is (Art. 61) the force which in unit mass 
produces unit acceleration, 


t.e., which in 112 Ibs. produces an acceleration of 1 mile per min. 
per min., 


A Bie ah WY i ec ten Rae a ee es mile per sec. per 


60 
min., 
CASE Eg asl Wl PES Lc ae eee ee = mile per sec. per 
: Sy gel Wd BR Sc Ro ee Seren ee aie 602 : 

sec., 
B Cos ieelit, wl bone DA Re wise pn eemeiacS: tees ipoyay ae waa on é ft. per sec. 
per sec., 

1760 x 3 x 112 
i 1 Tac #acugpsacaeseh atte eommencte rosea ——_..— ft. per 
f:€oe 3Tt b 602 ft. per 
sec. per sec. 

2 
Hence the new unit of force = Aa poundals 


=164;'; poundals=wt. of about 542, Ibs. 


Otherwise thus: By Art. 175 (4), we have 
[P)_ (MULL Ty” 
[P] nry7y” 


eee 1760-23 


=112 x 1760. 3 x (60) * 
=164;4,, as before. 


Ex. 2. The kinetic energy of a body expressed in the foot-pound- 
second system is 1000; jind its value in the metre-gramme-minute 
system, having given 1 foot=30°5 cms.; and 1 1b.=450 grammes, ap- 
proximately. 


Let x be the measure in the new system, so that 
x[H"]=1000[Z], 
i i.e., «[M’][L’T [TT =1000[M] [LJ [7]. 
But [M]=450[M’], [L]=-305[L’], and [T]=¢o[T7']- 
es “. ©=1000 x 450 x [-305]? x 60? 
= 150,700,500. | 
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Ex. 3. If the unit of velocity be 12 feet per second, the unit of 
acceleration 24 foot-second units, and the unit of force 20 poundals, 
what are the units of mass, length, and time? 

Find also the corresponding unit of work. 


The unit of velocity [V’]is equal to 12[ 7]. 


liFEP Te 12 TFT 1c wee (1). 
The unit of acceleration [/’’] is equal to 24[F]. 
 (LALT I> = SALLI, sae err (2). 
The unit of force [P’] is equal to 20 [P]. 
6 PULL’ = 20 (LIT -...............(3). 


Dividing (2) by (1), we have 
[Py Sei: 

[r’=4 [T]=-5 second. 
Dividing the square of (1) by (2), we have 

[r= =? [L]=6[L]=6 feet. 
Dividing (3) by (2), we have 

[Ww] =34 = 5 Ib. 

Hence the required units of mass, length, and time, are 

& lb., 6 feet, and 3 sec. 
Also, by Art. 175 (8), we have 


[W'}_EWULT ITT _5 ie 
<7) pomp 6“ * (3) 
5. 62. 22 


= 6 [W]=120 foot-poundals. 


EXAMPLES. XXX. 


], If 39 inches be the unit of length, 3 seconds the unit of time, 
and 1 ewt. the unit of mass, find the unit of force. 


Q. If the units of mass, length, and time be 10 lbs., 10 feet, and 
10 seconds respectively, find the units of force and work. 

3, If the unit of length be 2 feet, what must be the unit of time 
in order that one pound-weight may be the unit of force, the unit of 
mass being one pound? s | 


UNITS AND DIMENSIONS 225 


4. I£ the unit of mass be 1 ewt., the unit of force the weight 
of one ton, and the unit of length one mile, shew that the unit of 


time is }./33 seconds. 
5. If the unit of velocity be a velocity of one mile per minute, 
the unit of acceleration be the acceleration with which this velocity 


would be acquired in 5 minutes, and the unit of force be equal to the 
weight of half a ton, find the units of length, time, and mass. 


_ 6. If a hundredweight be the unit of mass, a minute the unit of 
time, and the unit of force the weight of a pound, find the unit 
of length. 


7. If the unit of force be equal to the weight of 5 ounces, the 
unit of time be one minute, and a velocity of 60 feet per second be 
denoted by 9, find the units of length and mass. 


8. If 5}-yards be the unit of length, a velocity of one yard per 
second the unit of velocity, and 6 poundals the unit of force, what is 
the unit of mass? 


9. Taking as a rough approximation 1 foot= 30-5 ems., 1 lb. =453 
grammes, and the acceleration of a falling body = 32 ft.-sec. units, shew 
that 

(i) 1 Poundal=13816 Dynes, 
(ii) 1 Foot-Poundal= 421403 Ergs, 
(iii) 1 Erg=7-416 x 10° Foot-Pounds, 
(iv) 1 Horse-Power=7-416 x 10° Ergs per sec. 


10. In two different systems of units an acceleration is repre- 
sented by the same number, whilst a velocity is represented by 
numbers in the ratio 1:3; compare the units of length and time. 

If further the momentum of a body be represented by numbers in 
the ratio 5 ; 2, compare the units of mass. 


11. If the units of length, velocity, and force be each doubled, 
shew that the units of time and mass will be unaltered, and that 
of energy increased in the ratio 1: 4. 


12. If the unit of time be one hour, and the units of mass and 
force be the mass of one hundredweight and the weight of a pound 
respectively, find the units of work and momentum in absolute units. 


13. Find a system of units such that the momentum and 
kinetic energy of a mass of 4 lbs., moving with a velocity of 5 feet 
per second, may each be numerically equal to unity, and such that 
the unit of force may be the weight of one pound. 


14, If the unit of acceleration be that of a body falling freely, 
the unit of velocity the velocity acquired by the body in 5 seconds 
from rest, and the unit of momentum that of one pound after falling 
for 10 seconds, find the i of length, time, and mass. 


LD. a 16 


a 


€ 
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15, Ifthe unit of work be that done in lifting one hundredweight 
through three yards, the unit of momentum that of a mass of 
one pound which has fallen vertically 4 feet under gravity, and the 
unit of acceleration three times that produced by gravity, find the 
units of length, time, and mass. 


16. Find the units of length, time, and mass supposing that 
when a force equal to the weight of a gramme acts on the mass of 
16 grammes the acceleration produced is the unit of acceleration, 
that the work done in the first four seconds is the unit of work, 
and that the force is doing work at unit rate when the body is 
moving at the rate of 90 cms. per second. 


17, The velocity of a train running at the rate of 60 miles per 
hour is denoted by 8, the resistance the train experiences and which 
is equal to the weight of 1600 Ibs. is denoted by 10, and the number 
of units of work done by the engine per mile by 10. Find the units 
of length, time, and mass. 


18. In a certain system of absolute units the acceleration pro- 
duced by gravity in a body falling freely is denoted by 3, the kinetic 
energy of a 600 pound shot moving with velocity 1600 feet per second 
is denoted by 100, and its momentum by 10; find the units of length, 
time, and mass. 


19. If the kinetic energy of a train, whose mass is 100 tons 
and whose velocity is 45 miles per hour, be denoted by 11, whilst 
the impulse of the force required to bring it to rest is denoted by 5, 
and 40 horse-power by 15, find the units of length, time, and mass, 
and shew that the acceleration due to gravity is denoted by 2016, 
assuming its measure in foot-second units to be 32. 


90, If the unit of force be the weight of one pound, what must 
be the unit of mass so that the equation P=mf may still be true? 
Verification of formulae by means of counting 

the dimensions. 


177. Many formulae and results may be tested by 
means of the dimensions of the quantities involved. Sup- 
pose we have an equation between any number of physical 
quantities, Then the sum of the dimensions in each term 
of one side of the equation in length, time, and mass 
respectively must be equal to the corresponding sums on 
the other side of the equation, For suppose that the 
dimensions in length of one side of the equation differed 
from the corresponding dimensions on the other side of 
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the equation ; then, on altering the unit of length, the two 
members of the equation would be altered in different 
ratios and would be no longer equal; this however would 
be clearly absurd ; for two quantities which are equal must 
have the same measures whatever (the same) unit is used. 
For example, if two sums of money are the same, their 
measures must be the same whether we express the amounts 
in pounds, shillings, or pence. 

Again, suppose an equation gives us as a result that 
3 feet = 10 seconds; this would be clearly incorrect. 

So such an equation as 

3v° = 5mu? + 2fs, 

must be incorrect; for two of the terms are of no dimensions 
in mass, and the third term, 5mu*, is of one dimension in 
mass. This latter term is therefore the one that is probably 
incorrect. 

Consider again the possibility of the equation 

Pus? + 8mf*s — 10v?f = 0, 

where the symbols have the meanings we have used 
throughout this book. 

Let us set down the dimensions only ; they are, for the 
several terms, 


[4] [4] ppp Ly" [Z])* [Z] 
Ed ere ty UP COtces) leah fap 
, : Ly L L 
fe BO tap BO te bal 


The equation is thus hopelessly incorrect; for the terms 
have neither the same dimensions in mass, nor in length, 
nor in time, 

So again if, in solving a question where we want the 
work done, we get an answer of the form 

Work = MPv + 3M, 
15—2 


“ 
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this is clearly incorrect. For, by Art. 175, the dimensions 
of a Work are 
L 
[an] Ze 
Also the dimensions of Pv are 
(NZL), yp ZT 
[Jf]. (ve hae i.e. [AM] ra 


which is of wrong dimensions in both mass and time. 


Also, the dimensions of 3.Uvf are 
[Z](Z] ,, Miz 
‘(PE eae 


which is of the wrong dimensions in time. 


[4]. 


178. Much information may be often easily obtained 
by considering the dimensions of the quantities involved. 
Thus the time of oscillation of a simple pendulum (which 
consists of a mass m tied by means of a light string of 
length 7 to a fixed point) may be easily shewn to vary as 


L ‘ : OF 
J -. For, assuming the time of oscillation to be inde- 
g 


pendent of the are of oscillation, the only quantities that 
can appear in the answer are m, /,andg. Let us assume 
the time of oscillation to vary as m'l'g’. 


The dimensions of this quantity expressed in the usual 
way are 


wr (ZY {inet 
or [ay [Ly ae. 
Now the answer is necessarily of one dimension in time, 
and of none in mass, or length. Hence we have 

a=0, B+y=0, and -2y=1. 
“. y=—-d and B=}, 
and the time of oscillation therefore oc 4 - [Art. 159.] 
a 
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Table of Dimensions and Values of 
Fundamental Quantities. 


Dimensions in 
Length Time 


Physical. Quantity Mass 
Volume density 1 
Surface density 1 
Line density 1 
Velocity 

Acceleration 

Force 1 
Momentum 1 
Impulse 1 
Kinetic energy 1 
Power or Rate of work 1 


Angular velocity 


Values of “g.” 


Place Ft.-sec. units 
The equator 32:091 
Latitude 45° Som ey 
Paris 32°183 
London 32°191 
North Pole 32°252 


=o 
5) 


—Z 


-l 


penn 


Oe OO | 


Cm.-sec. units 


978-10 
980°61 
980-94 
981:17 
983-11 


Length of the seconds pendulum at London 
= 89°139 inches = 99-413 centimetres, 


1 centimetre = °39370 inches = -032809 feet. — 
1 foot = 30°4797 centimetres. 

1 gramme = 15-432 grains = 0022046 Ib. 
1b; = 453-59 grammes. 

1 dyne = weight of ,4, gramme approx. 
1 poundal = 13825 dynes. 


1 foot-poundal. = 421390 ergs. 


= 


b> 


MISCELLANEOUS EXAMPLES. 


1, A particle falls freely from the top of a tower, and during the 


last second of its motion it falls $ths of the whole height; what is 
the height of the tower? 


9. A man ascends the Eiffel Tower to a certain height and drops 
a stone. He then ascends another 100 feet and drops another stone. 
The latter takes. half a second longer than the former to reach the 
ground. Neglecting the resistance of the air, find the elevation of 
the man when he dropped the first stone and the time it took to 
drop. 


3, A bullet moving with a velocity of 1200 ft. per sec. has this 
velocity reduced to one-half after penetrating one inch into a target. 
Assuming the resistance to be uniform, how far will it penetrate before 
its velocity is destroyed? 


4, ‘T'wo scale-pans, each of mass 7 ozs., are connected by a light 
inextensible string which passes over a smooth pulley. If a mass 
of 5 ozs. be placed in one pan and one of 8 ozs. in the other, find the 
pressures of the masses on the scale-pans. 


5, ‘Two-equal masses, attached by an inextensible weightless 
thread which passes over a light pulley, hang in equilibrium. Shew 


that the tension of the thread is unaltered when 7th of its mass is 
added to one, and aath of its mass removed from the other. 


6, A weightless string, of length a, with masses m and 3m 
attached to its ends is placed on a smooth horizontal table perpen- 
dicular to an edge with the mass m just over the edge. If the height 
of the table above the inelastic floor be also a, shew that the mass 3m 
will strike the floor at a distance a from the mass m. 


7, A particle falling under gravity describes 100 feet in a certain 
second; how long will it take to describe the next 100 feet, the resist- 
ance of the air being neglected? 


If owing to resistance it takes -9 sec., find the ratio of the resist- 
ance (assumed to be constant) to the weight of the particle. 
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8. The bob of a simple pendulum is held so that the string 
is horizontal and stretched, and is then let go. Shew that during 
the subsequent motion the tension of the string varies as the vertical 
distance of the bob below its initial position. 


9. A particle hanging vertically from a fixed point by means of 
a string of length r is projected horizontally with velocity ,/é6gr. 
Shew that the tension of the string when the particle is at the end of 
a horizontal diameter is to its tension when the particle is at the 
highest point as 4; 1. 


10. A locomotive engine draws a load of m lbs. up an incline of 
inclination a to the horizon, the coefficient of friction being pw. If, 
starting from rest and moving with uniform acceleration, it acquires 
a velocity v in ¢ seconds, shew that the average horse-power at which 


the engine has worked is 2”. 7 + poosa+sina ; 
e 1100 | gé 


11. A body is thrown up in a lift with a velocity u relative to the 
lift and the time of flight is found to be t. Shew that the lift is 


> 2u-t 
moving up with an acceleration aa Ue 


12. The smoke from a steamer which is sailing due north extends 
in the direction E.S.E., whilst that from another sailing with the 
same velocity due south extends in the direction N.N.E.; shew that 
the wind blows in the direction N.H. with a velocity equal to that of 
the steamer. 


138. A horse gallops round a circus, whose radius is 60 feet, with 
a velocity of 15 miles per hour; shew that the least value of the 


coefficient of friction between his hoofs and the ground is about }. 


14, Aslip-carriage was detached from a train and brought to rest 
ingn minutes during which time it described a distance of s feet. 
Assuming the retardation to be uniform, find the velocity with which 
the train was moving when the carriage was slipped. 


15. A ship sailing south-east sees another ship, which is steam- 
ing at the same rate as itself, and which always appears to be ina 
direction due east and to be always coming nearer. Find the 
direction of the motion of the second vessel. 


16, A perfectly elastic particle is projected with velocity v at an 
elevation @. A smooth plane passes through the point of projection 
and is inclined at an angle a to the horizon. Shew that the pins 
will return to the point of projection provided cotacot(@-—a) is an 
integer. : 3 
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17. <A particle moves from rest in a straight line with alternate 
acceleration and retardation of magnitudes f and f’ during equal 


intervals of time t; at the end of 2n such intervals prove that the 
2 


space it has described is > [(2n+1) f— (2n-—1) 7]. 


18, A particle is placed upon a rough horizontal plate (coefficient 
of friction y) at a distance a from a vertical axis about which the 
plate can rotate; find the greatest number of revolutions per minute 
which the plate can make without the particle moving relatively to 
the plate. ; 


19. Acannon ball has a range R on a horizontal plane. If hk and 
h’ are the greatest heights in the two paths for which this is possible, 


prove that R=4 ,/hh’. 


20. Find the greatest angle through which a person can oscillate 
on a swing, the ropes of which can just support twice the person’s 
weight when at rest. 


21. Two masses, m and m’, are connected by a string of given 
length passing through a small smooth ring which turns freely about 
a vertical axis. The particle m’ is made to rotate with angular 
velocity w in a horizontal circle; so that the particle m remains at 
rest hanging freely from the ring. Shew that the distance of a’ from 

Se a A, 
the ring is mo?” 

22, ‘Two inelastic balls of equal size, but of masses m and m’, lie 
in contact on a smooth table. The former receives a blow in a 
direction through its centre making an angle a with the line of 
centres. Shew that the kinetic energy of the balls is 


m’ (m+ sin? a) 


‘m (m’ +m sin? a) 
of what it would have been if the balls had been interchanged and.qu’ 
had received the blow. 


23. A heavy particle projected with velocity w strikes at an angle 
of 45° an inclined plane of angle 8 which passes through the point of 
projection. Shew that the vertical height of the point struck above 
the point of projection is = a SA ee ° . 

g 2+2cotB+cot?B 


24, An elastic body is projected from a given point with a given 
velocity V and after hitting a vertical wall returns to the point from 
which it started. Shew that the distance of the point from the wall 


must be less than ee . » Where ¢ is the coefficient of restitution, 
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25. ‘Two particles, of masses m and m’, are moying in parallel 
straight lines at a distance a apart with given velocities v and v’; the 
particles are connected by a string of such a length that at the 
instant when it becomes taut it is inclined at an angle a to the two 
parallel straight lines; assuming that v>v’, shew that the impulsive 


. . ; Prete . mn’ ; 
tension on the string at the instant it tightens is my (v—v’) cosa. 
Mt 4-7 


26.- A smooth wedge, of mass M, is placed on a horizontal plane 
and a particle, of mass m, slides down its slant face which is inclined 
at an angle a to the horizon. Shew that the acceleration of m relative 


- M+m 
to the plane face is Aameika 


.gsina, 


27. A particle is placed on the face of a smooth wedge which 
ean slide on a horizontal table; find how the wedge must be moved in 
order that the particle may neither ascend nor descend. Also find the 
pressure between the particle and the wedge. 


28. A particle, of mass my, is fastened to one end of a string, and 
one of mass m, to the middle point, the other end of the string being 
fastened to a fixed point on a smooth horizontal table. The particles 
are then projected so that the two portions of the string are always 
in the same straight line and so that the particles describe horizontal 
circles; shew that the tensions of the two portions of the string are as 


2m, + Mg 2 2m, . 


29. At one end of a light string passing over a small fixed pulley 
a weight of 3 lbs. is suspended and a light pulley is suspended at the 
other end. Over this pulley another light string passes with weights 
of 2 lbs. and 1 Ib. suspended at its ends. The whole system is let go 
from a position of rest; find the pressure on the fixed pulley while the 
system is moving and also the acceleration of the greatest weight. 


30. Ina system of three movable weightless pulleys in which all 
the strings are attached to a beam, the highest string after passing 
oyer a fixed pulley has a mass of 3 lbs. attached to it, and the lowest 
pulley has a mass of 28 Ibs. hung on to it. Shew that the larger mass 


will descend with an acceleration of oe 


31. Two straight railways converge to a level crossing at an 
angle a, and two trains are moving towards the crossing with velocities 
wand v. If a and b are the initial distances of the trains from the 
crossing, shew that their least distance apart will be 


(av — bu) sina 
Jie + v= 2uv cosa 


—— 
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32, If the distance between two moving points at any time be a, 
if V be their relative velocity, and if wand v be the components of V 
respectively in and perpendicular to the direction of a, shew that 


their distance when they are nearest to one another is ~ , and that the 


time that elapses before they arrive at their nearest distance is a : 

33. Two particles, of masses WZ and M+m, are connected by a 
light string and placed near one another on a smooth table; on the 
string slides a light smooth pulley, supporting a mass MW, which is 
placed just over the edge of the table; find the resulting acceleration 
of the pulley. ; 


34, In the system of pulleys where each string is attached to the 
bar which supports the weight, if there be two movable pulleys of 
negligible mass and the power be quadrupled, shew that the weight 
will ascend with acceleration = : 

35. A string, one end of which is fixed, has slung on it a mass 
of 3 lbs. and then passes over a smooth pulley and has a mass of 1 Ib. 
attached to its other end; shew that the larger mass descends with 
g 
7 
36. A cyclist, riding at a speed V, overtakes a pedestrian who can 


move at a speed not greater than v, the two travelling along parallel 
tracks at a distance d apart. Shew that if the cyclist rings his bell 


acceleration = and that the tension of the string is 17 Ibs. wt. 


iP 
when at a distance less than Fa he may safely maintain his speed 
and keep to his course regardless of the behaviour of the pedestrian. 


37. A boy throws a stone into the air with velocity V at an 


2VV"’ sin (a—a’) 
g[V cosa+ V’cosa’] 28 Set 
another with velocity V’ at an elevation a’; shew that the second 
stone will strike the first. 


38, A shot, of mass m, penetrates a thickness ¢ of a fixed plate 
of mass M; if M be free to move, and the resistance be supposed 


uniform, shew that the thickness penetrated is 


elevation a; after an interval of time 


t. 


M 
M+m 
39, A string sustains a mass P at one end, then passes over a 
fixed pulley, then under a movable pulley to which a mass R is 
attached, and then over a fixed pulley and is attached to a mass Q at 
its other end. Assuming the masses of the string and pulleys to be 
negligible, and that the parts of the string not in contact with the 


pulleys are vertical, find the acceleration of R and the tension of the 
string. 


Tv 
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40. A wedge of mass W can slide on a smooth horizontal plane, 
and the wedge has a face inclined at an angle a to the horizontal. 
Initially the wedge is at rest and a particle of mass m is projected 
directly up the inclined face. If the particle rise to a height h above 
the point of projection, shew that the velocity of projection is 

: {2 h M+m Ny 
_ Al. A particle is at rest on a rough plane (coefficient of friction ,) 
inclined to the horizon at an angle a. The plane is moved hori- 
zontally with a constant acceleration f in a direction away from the 
particle; prove that the particle will remain at rest relative to the 
Mg COS a — g Sina 
cosa+psina ~* 


M+msin2a 


plane if f< 


42. A regular hexagon stands with one side on the ground and 
a particle is projected so as just to graze its four upper vertices. Shew 
that the velocity of the particle on reaching the ground is to its least 
velocity as /31 to ./3. 

43. In order to raise a weight which is half as much again as his 
own a man fastens a rope to it and passes the rope over a smooth 
pulley; he then climbs up the rope with an acceleration relative 


to the rope of oe Shew that the weight rises with acceleration 


Z, and find the tension of the rope. 


44, A wedge of mass M and angle a can move freely on a smooth 
horizontal plane; a smooth sphere of mass m strikes it in a direction 
perpendicular to its inclined face and rebounds. Shew that the ratio 
of the velocities of the sphere just before and just after the impact is 

M+msin?a :eM—msin? a, 
where ¢ is the coefficient of restitution. 


45, Over a smooth light pulley is passed a string supporting at 
one end a weight of mass 4 lbs. and at the other a pulley of mass 1 Ib. 
A string with masses 2 lbs. and 3 lbs. attached to its ends passes over 
the second pulley; shew that the acceleration of the 4 lbs. mass is 
99 
49° 

46. A string, of natural length a, is stretched on a smooth table 
between two fixed points at a distance na apart and a particle of mass 
m is attached to the middle point of the string; the particle is then 
displaced towards one of the fixed points through a distance not 


exceeding ea a and then liberated; shew that it will perform oscilla- 
tions in a period which is independent of » and of the distance 
through which it is displaced. <i 


a 
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47. If the unit of kinetic energy be that of 5 lbs. which has 
fallen 50 feet from rest, the unit of momentum the momentum thus 
generated, and the unit of length the distance through which the 
particle has fallen, find the unit of time. 


48. <A particle P moves in a circle, of which OA is a diameter, 
and OY is drawn perpendicular to the tangent at P. Shew that the 
velocity of Y relative to P is equal to the velocity of P. § 


49, Two men, of masses M and M+, start simultaneously from 
the ground and climb with uniform vertical accelerations up the free 
ends of a weightless inextensible rope which passes oyer @ smooth 
pulley at a height h from the ground. If the lighter of the two men 
reach the pulley in ¢ secs., shew that the heavier cannot get nearer to 
: m gt? 
it than rs E o n| 4 


50. A train, of mass M, is travelling with uniform velocity on 
a level line; the last carriage, whose mass is m, becomes uncoupled 
and the driver discovers it after travelling a distance J and shuts off 
steam. Shew that when both parts come to rest the distance between 


them is — 1, if the resistance to motion be uniform and propor- 
tional to the weight, and the pull of the engine be constant. 


51, A small smooth pulley of mass M is lying on a smooth table; 
a light string passes round the pulley and has masses m and m’ 
attached to its ends, the two portions of the string being perpendicular 
to the edge of the table and passing over it so that the masses hang 
vertically ; shew that the acceleration of the pulley is 
4mm’ ‘ 
M (m+m)+ 4mm 7 
53. Shew that, if the effect of a horizontal wind on a projectile 
be an acceleration f in the direction of the wind and the effect of the 
resistance of the air be neglected, the latus-rectum of the path of 
a particle projected with velocity v at an angle a to the horizon in 
the same vertical plane as the direction of the wind is 
2v? (g cosa+fsin a)? 


(f7+9%)% 


53, A particle lies on a smooth horizontal table at the foot of 
a smooth wedge of angle a and height h, and the wedge is made to 
moye along the table with constant acceleration f. It f>g tana, 
prove that the particle will ascend the plane. Shew also that if the 
wedge moves in this way for time t, and then moves with constant 
velocity equal to that gained, the particle will just reach the top if 

wiites 2gh sec a 

~ f (fcosa—gsina)* 
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54. Weights of 10 and 2 lbs. hanging by vertical strings balance 
on a wheel andaxle. Ifa mass of 1 lb. be added to the smaller weight, 
find the acceleration with which it will begin to descend, and the 
tension of each rope, neglecting the mass of the wheel and axle. 


55. In the differential wheel-and-axle ¢ is the radius of the 
wheel, and a and b the radii of the two parts of the axle. A weight P 
attached to the wheel-rope just keeps the system in equilibrium; if 
P be doubled, prove that it descends with acceleration 
__2¢ 
a—b+4e’ 
the mass of the wheel-and axle being neglected. 


gx 


56. A perfectly elastic particle is projected with a velocity v in a 
vertical plane through a line of greatest slope of an inclined plane of 
elevation a; if after striking the plane it rebounds vertically, shew 
that it will return to the point of projection at the end of time 


6v 
g[E+8 sin? a]? 


57. Two pulleys, each of mass m, are connected by a string 
hanging over a smooth fixed pulley; a string with masses 2m and 3m 
at its ends is hung over one pulley, and one with masses m and 4m 
oyer the other. If the system is free to move, shew that the accelera- 
: : yi: 
tion of either pulley is 3 : 

58, A rough vertical circle, carrying a bead, turns in its own 
plane about its centre with uniform angular velocity greater than 


Jivest 


where a is the radius and yp is the coefficient of friction. Shew that 
the bead will never slip. 


59, A particle is projected along the inside of a vertical hoop 
from its lowest point with such a velocity that it leaves the hoop and 
returns to the point of projection again. Find the velocity of pro- 
jection and determine where the particle leaves the hoop. 


60. A particle which hangs from a fixed point by a string of 
length a is projected horizontally from the position of equilibrium 
with a velocity due to a heighta+b. If 2b<3a, shew that the string 
will be loose for a time ¢ given by the equation 


27 ga2t? =32b (9a? — 4b”). 


—< 
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61. A heavy particle is attached to one end of an elastic string, 
the other end of which is fixed. The modulus of elasticity of the 
string is equal to the weight of the particle. The string is drawn 
vertically down till it is four times its natural length, and then is le 
go. Shew that the particle will return to this point in time z 


a Aor 
pete let = = 
/3[208+5 : 


where a is the unstretched length of the string. 


62. Two men, 4 and B, each of mass m, sit in loops at the ends 
of a light flexible rope passing over a smooth pulley, 4 being h feet 


higher than B. In B’s hands is placed a ball, of mass is ‘ which he 
instantly throws up to A, so that it just reaches him. Prove that 
by the time 4 has caught the ball he has moved up through the 


distance 77h, and that he will cease ascending when he has ascended 
a total height of 3°;°> h. 


63. A smooth ring, of mass M, is threaded on a string whose 
ends are then placed over two smooth fixed pulleys with masses m and 
m’ tied on to them respectively, the various portions of the string 
being vertical. The system being free to move, shew that the ring 
will remain at rest if ; 

4~ T~1 


— = — + —. 
: Mmm 

64, A particle, of mass m, is placed on the face of a smooth 
wedge, of mass M, which moves along a smooth horizontal table 
being pulled horizontally by a string which, after passing over a 
smooth pulley carries a mass M’ hanging vertically, the motions being 
all in a vertical plane passing through a line of greatest slope. Shew 
that the acceleration of m relative to the wedge is 


(M+ M’+m) sin a+M’ cos a 
M+M'+msin?a 2b 
where a is the inclination of the face. Find also the pressure of m on 
the wedge. 


65, A smooth wedge is free to move on a horizontal plane in the 
direction of the projection of the lines of greatest slope and is held 
whilst a particle is projected up its face in a direction inclined to the 
lines of greatest slope, and is then immediately released. Shew that 
the track of the particle on the plane is a parabola, 


66. A perfectly elastic ball is thrown from the foot of a plane 
inclined at an angle a to the horizon. It after striking the plane at 
a distance Z from the point of projection it rebounds and retraces its 
former path, shew that the velocity of projection is : 


/gl (1 +3 sin? a) 
/ 2sina 


MISCELLANEOUS EXAMPLES 239 


67. A heavy mass M, which can slide along a straight horizontal 
bar is attached to a fixed point at a distance c from the bar by a spiral 
spring of natural length a less than ¢ such that a mass m hung on to 
it will stretch it by a length e; shew that the time of a small oscilla- 
tion of MZ along the bar, when it is slightly disturbed, will be 


68, A railway carriage is travelling on a curve of radius r with 
velocity v ; if h be the height of the centre of inertia of the carriage 
above the rails (which are at the same horizontal level) and 2a be the 
distance between them, shew that the carriage will upset if 
gra 

= 

69. A wedge of mass MW rests with a rough face in contact with 
a horizontal table and with another face which is smooth inclined at 
an angle a to the table. The angle of friction between the wedge and 
the table is e. A particle of mass m slides down the smooth face. 
Find the condition that the wedge may move; and prove that, if 
it move, its acceleration is 

m cos a sin (a—e) - Msine 
M cos «+m sin a sin (a —e) ol 


v> 


70. A window is supported by two cords passing over pulleys in 
the frame-work of the window (which it loosely fits), the other ends of 
the cords being attached to weights each equal to half the weight of 
the window. One cord breaks and the window descends with accelera- 
tion f. Shew that f=g it , where yp is the coefficient of friction, 
and a is the height and b the breadth of the window. 

71, A weight of 300 lbs. is lifted by a vertical force which varies 
continually as the weight is raised according to the following table ; 

Height in feet above the ground; 0, 1, 2, 3, 4, 5, 6, 
Lifting force in lbs. wt. ; 450, 320, 270, 410, 480, 610, 900. 

Find at the time when it is 5-5 feet from the ground (i) the 
potential energy stored in the mass, (ii) the kinetic energy of the mass, 
(iii) the work done by the force. 

72, A mass of 10 lbs. is attached to the ground by a spring which 
requires a pull of 10 lbs. weight to stretch it one inch. The mass is 
lifted by a force which continually varies with the height as in the 
following table ; 

x in inches ; Ge 2, Bes -4, 28, 6, 
Force in Ibs. wt.; 22, 36°2, 44:5, 49, 52, 51:8, 48. 
_ Estimate the kinetic and potential energies of the mass when it 
has been lifted 2 inches and 4 inches respectively and estimate the 
velocity when it has been lifted 6 inches, 
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73, An engine pumps water through a hose, and the water leaves 
the hose with a velocity v; shew that the rate at which the engine is 
working varies as v’, 


74, The weight supported by the driving wheels of a locomotive 
engine is 24 tons and the coefficient of friction between the wheels and 
the rails is +; if the engine be of 700 u.r., shew that the maximum 
velocity which the train can have, so that the wheels do not slip, 
is about 30 miles per hour. ' 


75, A-railway train, of mass M, goes from rest at one station to 
rest at a second station, a distance J, in ¢ seconds; the friction of the 
rails, ete. causes a resistance of R lbs. wt., and for a portion of the 
distance the engine exerts a constant pull equal to P lbs. wt. Shew 
that 


Me Rgt? 
~ Rot? —2M1’ 
and that P acts for a time 
po 2m 
Rgt” 


76. A-cyclist and his machine together are of mass M lbs.; if he 
ride, without pedalling, down an incline of 1 in m with a uniform 
speed of v ft. per sec., shew that to go up an incline of 1 in n at the 
same rate he must work at a rate equal to 


field by 5) 
M|5+5 | ago 


77. A-cyclist rides at the rate of 12 miles per hour on the level 
and 5 miles per hour up an incline of 1 in 40. The resistance to his 
motion other than that due to the incline being supposed constant, find 
this resistance, and also his greatest velocity down an incline of 1 in 100, 
if the weight-of the rider and his machine be 180 Ibs., and if he 
always works at a constant H.P. 


78, Find the velocity acquired by a block of wood, of mass 
M Ibs., which is free to recoil when it is struck by a bullet of mass 
m lbs., moving with velocity v in a direction passing through its centre 
of gravity. 
If the bullet be embedded a feet, shew that the resistance of the 
wood to the bullet supposed uniform is 
Mm v? 


M+m 29a lbs. wt., 


and that the time of penetration is = sees. during which time the 


block will move a feet. 


me 
M+m 


ANSWERS TO THE EXAMPLES. 


I. (Pages 13—16.) 
4. 100 feet. 5. 120°. 


7. At an angle cos-? (—%), te. 126° 52’ with the 
current ; perpendicular to the current so that his resultant 
direction makes an angle tan, 7.e. 59° 2’, with the current. 


8. 4,/3 miles per hour; 12 miles per hour. 


9. At an angle of 150° with AB produced; it will 
strike XY at right angles at the end of fifteen minutes. 


10. At an angle of cos-1(—1+4) with the direction of 
the car’s motion. 


11. ,/29 at an angle of elevation of tan-12 with a 
horizontal line which is ainohped at tan-'4 north of east. 


12. (J3—1) 43 (n/6— 0/2) 5- 13. 60°, 


14. 14 at an angle cos~!12 with the greatest velocity. 


II. (Pages 21—24.) 
1. 55 ft. per sec. at an angle tan™'(—{#) with the 
direction of the train’s motion. 
2. 20 miles per hour at an angle tan™' } west of north. 
3. 15 miles per hour north-east. 
4. 10 miles per hour towards the south-east. 
5. 


39 miles per hour in a direction cos~? 55 north of 


6. 328 faite per hour. 
7. 2,/2 miles per hour at 45° to the weietcal 
L. D. 16 


ii DYNAMICS 


8. 7V5—2 /2 miles per hour. Draw OA (=14) towards 
the east and OB (= 7) towards the south-east and complete 
the parallelogram GALC. Then OC is the required direc- 


tion. 


10. 5,5, secs. 13. 24 minutes; 6 miles. 
14, 2,4 ft. per sec. at tan-?? with BA; 3 feet at the 


end of 123 seconds. 
16. 4,/2 miles per hour towards the south-east. 
17. Towards the east. 18.- 3v and ». 


III. (Pages 26—28.) 


9 
re 7 radians per sec. 
2. 87 radians per sec. ; 502 ft. per sec. 
7 cy ; 
3. 300 fe per sec. ; TR09 radians per sec, 
4. 1: 20 > S60. 5. 21 miles per hour. 
D-d Sar 
6. ie V. 8. 2 


10. 60,/3(=103-9) miles per hour at +30° to the 
horizon. 
11. 5 *-yradians per sec.; 30 miles per hour. 


12, 22 radians per sec. ; 30 miles per hour. 


13. 20 miles per hour ; 10 miles per hour at +60° to 
the horizon ; 10,/3 miles per hour at + 30° to the horizon, 


IV. (Page 30.) 


5 miles per hour in a direction tan-! $ north of west, 
5 ft. per sec. at 120° with its original velocity. 
20/2 — 2 ft. per sec. towards N.N.W. 

12 ft. per sec, at 120° with its original direction. 


ar Sp 
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V. (Pages 3941.) 


1 Pages 17 ft. per sec.; 47} feet. (2) 0; 241 feet. 
(3) —23; ly secs. (4) 3 ft. per sec.; 6 secs. 
2. 40 ft. per sec.; 400 feet. 3. 40 secs. 
4. 20 ft.-sec. units. 5. 10 secs.; 150 cms. 
6. In 50 secs.; 25 metres. 7. 18 ft.-sec, units. 
8. 10 ft. per sec.; — 2 ft.-sec. unit. 
9. 19 ft. per sec.; 3 ft.-sec. units 3 60% ft. 
10. 5 secs.; 121 ft. 11. 16 ft.-sec. units; 30 ft. per sec. 
12. 30 ft. per sec.; — 2 ft.-sec. units, 13. 30 ft. 
14. m —_ = and seer Fe secs. respectively. 
15. In 2 secs. at 16 ft. from O. 162 Ves: 
17. Its displacement is J61 + 42/2 ft. at an angle 
tan-} cs ee north of east. 
18. 10 secs. or 30 secs. 20. 364 miles per hour. 
21. 323-5 feet; in the 4th sec.; 24 ft.-sec, units, 
22. 372-5 feet; 2 ft.-sec. units, 
VI. (Pages 46—48.) 
1. 25 ft.; 4 sec. and 2} secs, 
2. (i) In ge sec.; (ii) in 1} secs. 
Sreeksr 12 7 24 secs.; 50 ft, 
4--(1)~ 1600 4t.’; 3 (2) qy10 sec. ; (3) 60 ft. per sec. 
apwards 
5. 432 ft. \ 6.44 secs, 7. 2 secs, or 54 secs, 
cas 


545 cms, per sec. ; $ S€C. 9. 10-2 secs. 
16—2 
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10. 218 metres; 63 secs. ll. 32°18. 
12. 900 ft.; 74 secs. 13. 100 ft. 
14. 400 ft. 15. 144 ft. 
16. 256 ft. per sec.; 1024 ft. 

17. ¢=5; 64 ft. per sec. 18. 784 ft. 
19. 1120 ft. per sec. 20. 150 ft. 


VII. (Pages 50.) 


1. 200ft.; 5secs 2 16,/3 ft. per sec.; $,/3 secs. 
a4 es : oe 2 © 
5. (1) —893 ft.; — 604 ft. per sec. 
(2) 2173 ft. ; ‘924 ft. per sec. 
Gaena ix 7.--cos ? F ¢.65.75 316 


4 


VIII. (Pages 54—57.) 
1. 4080 ft. 2. 1 sec.; 1} secs. 
3. 96 ft. persec.; zero. 


4. The first will have fallen through one-quarter of the 
height of the tower. 


3h 
5. =" ; 
6. gh, Vgh, and 0, Mas h is the height of the plane. 
7. At the end of time ; (wu +3 a from the starting of 


the first particle and at a height of = 5, ( — 49°). 


8. 16,sets.. - 9. 96 ft. «10, is ft. ; 112 ft. per sec. 
11. The parts are 32, 96, and 160 feet; 3 secs. . 


vie cosec a sec B. 20. Jf (3 a 1) 


24. 


hour. 
25. 
28. 
29. 


ee 


PN ae 


2. 


ANSWERS v 


22 > ita: 44 ; . ; 
23 ft.-sec. units; {$$ ft-sec. units; 40 miles per 


60 miles per hour; 44 secs. ; 1936 ft.; 8 secs. 
32 ft.-sec. units; 40 ft. per sec. 


5 Os 8 a: Be eae Bie A Se ais 1 Ge 
4+ ft.-sec. units; 3$ ft.-sec. units; 2 hrs. 3/5 mins. 


IX. (Pages 66—68.) 
(ya; -2)-2,60) Zag ft-seo. units. 


(1) 200 poundals ; (2) 64 Ibs. wt. 

15 lbs, wt. 7. 152 lbs. wt. 
48 ft.-sec. units ; 720 ft. 

14 : 981; 140 cms. per sec. 


72 secs, ; 134 ft. per sec. 11. 2 min. 56 secs. 
14 secs. 14. 180 feet. 
3634 cms, per sec. ; 1813 cms. ; 21800 cms. 

49-05 kilogrammes. 17. 144 lbs, 

12 lbs. 19. 712 Ibs. wt.; 2372 Ibs. wt. 
They are equal. - 21. 110 Ibs. wt. 


1334 ft. per sec. 
X. (Pages 81, 82.) 
£5 7% Ibs. wt. 
(1) 4 ft.-sec. units; (2) 7 lbs. wt.; (3) 20 ft. per 


sec. ; (4) 50 ft. 


3. 


(1) 102 ft. per sec, ; (2) 21} ft. ; (3) 640 and —512 


ft. respectively. 


4. 


Ah 


4:41...metres; 495 grammes’ wt. 6. By 2 Ibs. wt 


2P oe. 9. 16 ft. 
= 9 


Vi 


Oa ee 
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(1) +53 (2) /5 secs. ; (3) 38,/5 ft. per sec. 
2 secs. 
Oe ft.-sec. units; (2) 233 lbs. wt.; (3) 6 ft. per 
(4 t. 
—~2../2 
ae 9g; £(,/2 +1) sec. 14. 40 ft. 


24 lbs. 10 ozs. 16: 5 ozs. - 17. In ratio 19:13: 


22 and 3k Ibs. wt. ; ;- 19. 29 ft. 9 ins, nearly. 


XI. (Pages 86—88.) 


stg; °3 2. 40-6 ft. per sec.; 96 feet. 
™ 
JF 4. che sec.; 8,/2 ft. per sec. 


$,/5 secs. ; 48,/5 ft: per sec. 
16,/5 ft. per sec. ; 80 ft. per sec. 
The larger mass descends with acceleration 

2,/3—3 

pee 

The particles do not move. I)!” 2ELvS fi 
605-; 18, 12. (i) 5 min. 8 secs. ; (ii) 6776 feet. 
1 min. 423 secs. ; 22582 feet. 
52° tons’ wt. 15. 1 mile 1408 yds, 
12242 yds, 17. -411,83¢ feet. 
534 tons’ wt.; 1 in 77 about; 1 in 50. 


XII. (Pages 9397.) 


Zero, 2. (i) 20 Ibs. wt. ; (ii) 208 Ibs. wt. 
154 Ibs. wt. ; 70 Ibs. wt, 4. q. 
20574 ft. 


297 grammes’ wt.; 270 and 264 grammes’ wt, 


oie) sheers 


ANSWERS vil 


o . g 
3 ozs. wt. ; 3 21 ozs. wt.; 3 02s. wt. 


‘938 ton’s wt. 9. 39:4 lbs. wt. nearly. 
7521 lbs. wt. nearly. 13. 10 hang vertically. 
3:5. 16. 80 feet. 18. 6% tons. | 
eae 22.2 1°9...s00s, 23. oe 
m goes up with ace, eg ; M goes down with acc. a: 
M = mele ;; the ace. is ee ue gq: 
m +m m +m 
zy ft.-sec. units. 28. xg. 
320 feet ; 28 miles per hour. 
XIII. (Page 102.) 
4,2, ft. per sec. 4, 6} ft. per sec, 
17§ ft. per sec. 62-68... £6: 
9209 tons’ wt. 8. 1431 ft. per sec. nearly. 
XIV. (Page 105.) 
160. 2. 2134. 3. 119-46, 
14°685 lbs. wt. 5. 212. 6. 68,55. 
7,392,000 ft. Ibs. ; 7-46 H.-P. . 8. 152 ft. Ibs. 


209:2...tons’ wt. 


XV. (Pages 111, 112.) 


(i) 5120, (ii) 1280, (iii) 0, units of kinetic energy. 
15625. B50 125.% 10°, 

625 x 10; 3125x 10% ~- 5 316029 ft. lbs. 
1:2; 15:1; 300 and 600 poundals; 600 and 20 
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XVI. (Pages 114—117.) 
drt units of impulse ; 4 ft. 
t.; sica/10 (=-226...) secs. 5 Z. 
vs 7-997 ems, per sec. ; 40775 grammes’ wt. nearly. 
Wt. of 104 cwt. 
The masses move with a velocity of 24 ft. per sec. 
8/6 ft. per sec. ; 4,/30 ft. per sec. 


eg 


wu 5 : 
11. —, where w is the common velocity. 


m = 
ae 9 ecs 
12. Fr rer 13. 7 ft.; 26} secs. 


14. The velocities become ultimately equal. 
16, °-169-; 1. 17. 20,/2 ft. per sec. ; 560,000 ft.-Ibs. 
18. 1131 tons’ wt, ; 28, 233, 3335 ft-lbs. 


19. 11,83, tons. 2153520-ttelbs. 
S8Rn 
22. 103%. 23. Er: 


24. 3 lbs. wt.; 245 lbs. wt. 
26, 331 units; 1), lbs. wt.; 335 H-P. 
27. 69:12 Ibs. wt. 


XVII. (Pages 127, 128.) 


9 
1. (1) 16 ft. ; 2 secs.; 110-9 ft.; (2) 75 ft. ; 4°33 secs. ; 
173-2 ft. ; (3) 134-4 ft. ; B- 795 secs.; 144 ft.; (4) 225 ft.; 
72 secs, 1260 ft. 


2. 72 ft.; 112} ft. ; 312} ft. 

8. 2609°58...metres ; 652°39...metres. ° 
4. 4-04 sees. ; 20 metres. 
6. 13332 ft. per sec. 7. 2h; 2n/gh. 


A NS WERS ix 


8. 50-1 at tan“ 5% (= 28° 36’) to the horizon. 
9. (1) 16,/17 (=65-97) ft. per sec. at tan—! 4 (= 75° 58’) 
with the horizon. 
(2) 16,/37 (= 97-32) ft. per sec. at tan-! 6 (= 80° 32’) 
with the horizon. 


10. 5543 yards nearly. ll. 13 secs. ; 3328 ft. 
13. 40,/6 ( = 97-98) ft. per sec. at 45° to the horizon. 


14. 80,/110 ( = 839-04) ft. per sec. ; 48,/110 ( = 503-4) 
ft. per sec. 


15 935154. . 17. (1) 45°; (2) 30°. 
18. 15° or 75°. 
XVIII. (Page 133.) 


1. 2500 yards ; 21:7 secs. 


: ss i 
2. Ata distance 8 (,/3—1); 18° 
8. 62:5 ft. nearly ; $(3 ,/2—,/6), ie. 1:2 secs. nearly; 
854 ft, 
4. (1) 16000 ft.; (2) 112000 ft. 


oa eG Be a we 27 secs. nearly; 10718 ft. and 25-9 
secs. nearly ; 19048 ft. and 34:4 secs, nearly; 144444 ft. 
and nearly 30 secs. 


6. 2929 yards nearly; 17071 yards nearly. 
8. 84:95 metres; 441-4 metres. 


XIX. (Page 138—141.) 
A circle of about 91 miles radius. 
About tan“ 4, (2.e. 5° 43’) to the horizon. 
3} ft.; 9°185.,, ft. 4. About 121 ft. 


5. In 4th sec. at a point whose horizontal and vertical 
distances from the first gun are 47°63... and 27°46 ft. 


opp 


ix DYNAMICS 


8. 30°. igo he = 08 


15. The rifle must be pointed at the balloon; the bullet 
will strike the body when it has fallen 16 ft. 


18. 21 Ibs. 19. 5-6 ft.; 29°32 ft. 
20. 2724 ft.; 324 ft.; 225 ft. 


21. —(sin a+ cosa) secs., where w is the velocity, and a 


the angle, of projection. 


23. 80 ft. per sec. 


XX. (Page 148.) 
Le 4729: ft. 
6. 2,/13 (=7°2) ft. per sec. at tan (= 16°6') with 
the plane. 
3/3 : 
8. (1) 4,/43 (= 26-2) ft. persec. at tan™ ra (=52°25’) 
with the plane ; 
(2) 20,/2 (=28°3) ft. per sec. at tan? $(=36° 52’) 
with the plane ; 
(3) 4,/57 (= 30-2) ft. per sec. at tan oP (223° 25’) 
with the plane. 
XXI. (Pages 154—156.) 


1. 4,8 and 4% ft. per sec. 2. 33 and 54} ft. per sec. 


3. The first remains at rest; the second. turns back 


with a velocity of 6 ft. per sec. Bi Shs 
A (1) The masses are as 3:1; (2) the velocities are 
as 1 ; 2. 


11. 5°66... and 2°5 secs. 
17. 5,/5u (=u x 11-180...) at tan-1 2 (= 26° 34’), and 


J 205u (=u x 14°318...) at tan-1 58, (= 12° 6’) 
with the line of centres. 


a 


ANSWERS xi 


XXII. (Pages 162—164.) 
3. 60 ft.; 3:464 secs. 4. 8 secs.; 443-4 ft. 
6. Ata distance h from the foot of the tower. 
9. Ata point distant ;.th of the circumference from 
_ the starting point. 
16. 4el sin? a cos a. 17. 2,/3ne(1 +e) ft. 


19. Draw BW perpendicular to the vertical plane, and 
produce to C so that BNV=e.CN; the required direction 
is then AC. 


XXII. (Page 172.) 


1. 60 poundals. 2.  28°6, 3. 48:3. 
5. 24 ft. per sec. 6. About 13-4. 
7. lyk tons’ wi. 8. 2:42 tons’ wt. 
XXIV. (Pages 178—181.) 
About 5°66 lbs. wt.; about 8-24 ft. per sec. 
. 12 ft. per sec. 2 6. 4-9 inches. 
7. 3°02 inches, 8. 6°18 inches. 


10. 60 aye f =about 108. 13. 371: 369 : 370. 
# ae 
1 
16. m(g—47°’n’b) poundals ; on We 18. /2g9c. 
: ve oak mg 
7 r/o eae: COP EOE Sys 
19. mv? : mv”. 3 20. 3 CES 


21. It must be reduced to one quarter of its original 
value. 


2. 13/2; V2 /2—2 secs. 23. es 


25. (1) °57 ton’s wt. on the inner rail approx. ; (2) °80 
ton’s wt. on the outer rail approx. 


Ar(r—a) 


m a 


xii DYNAMICS 
XXV. (Pages 190—193.) 
a (1) 20:8 ft. per sec. ; 22: 6 lbs. wt.; (2) 15-5 ft. per 
; 7:6 lbs. wt. 
oh 21-9 ft. per sec.; 30 Ibs. wt. 
8. 8,/3 ft. per sec.; 3mg. 
4, (1) 24 ft. per sec.; (2) 12,/2 ft. per sec.; (3) eae ft. 
per sec.; 12 ft. per sec. 
5. 6 times the wt. of the particle; 40 ft. per sec. 
6. 448 ft. per sec.; wt. of 9 ewt.; wt. of 45 cwt. 
9. 15 of the radius of the circle. 
10. “an a , where d is the diameter of the circle. 
ph ee ree 18. 7,/3m lbs. wt.; 5,/3m Ibs. wt. 
14. LJ ga (187 + 11,/2). 18. 12 ft. per sec.; 9 ins. 
20. 80 cms. nearly. . 
XXXVI. (Pages 199, 200.) 
1. (1) $a ./2 secs. 5 (2) 7 8008.5 (3) 1 see. 
2. 2,/2, 14, and mw ft. per sec. 
3. (1) 7, (2) 327, and (8) 2 ft. per sec. 
4, 3-46 ft. per sec. 5. msecs.; 20 ft.-sec. units. 
7. 25 centimetres nearly. 8. 4 ins.; 1-11 secs. 
9. 5 »/2 secs. = *56 sec, 
am 
10. 7 Ri ——, where a is the unstretched length of the 


string, A its modulus of elasticity, and m the mass of the 


particle. 
XXVII. (Page 206.) 
1, 6204, ~  BSuMds22e9, 
4, (1) 9°78 ins. ; (2) 2°445 ins. ; (3) 156-48 ins. 
5. 3830, 7. BS2-Lésgs 8. 77756 nearly. 


Siar br 


+1 
12. 


20. 


el Noa | aa 


10. 


OPS Oe 


12. 
14.. 
15. 
16. 
Ve 
18. 
19. 
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XXVIIL (Pages 211, 212.) 


32:185. 2: 400046): 1. 3. About 215. 
It must be shortened by ‘008 inch. 

Tt must be lengthened by -0045 inch, 

432. Wen ADD: 8. ee 

It loses about 10 secs, 10. 1630 yards; 5 secs. 
1:0005 : 1; 1°852 miles. 

10-8 secs. ; about -01 inch. 


m@ SeCS. 3 ins. per sec. 


3 ae 
XXIX. (Page 219.) 


88 ft. per sec, ; 22 ft.-sec. units. 
1320 ft. per sec. ; 330 ft.-sec, units. 
880 yards ; +4 ft. -sec, units. 


57+ feet. 6. 88 yds. 
(1) 8, (2) 44, (3) 384000. Gis opt 303: 
12678. 11. 11 secs. 


XXX. (Pages 224—226.) 
404 poundals. 2. 1 poundal; 10 foot-poundals. 


¢ sec. 5.. 8800 yards; 300 secs.; 54,% tons. 
3426 yards. 7. 400 ft.; 90 lbs. 

Fi-lbs, ll PEI ee arate oil 9 

4x 1204; 115200. 18. 1,8, ft.; $ sec.; 8 Ibs. 


800 ft.; 5 secs. ; 2 Ibs. 

14112 yards; 21 secs.; ~3¢ lb. 

18-21... metres; 5°45 secs.; 4°30... grammes. 
1 mile; 8 minutes ; 9977 tons. 

600 ft.; 74 secs, ; 1200 lbs. 

233y Agee 15} minutes ; 88 tons. 20. g lbs. - 


X1V DYNAMICS 


MISCELLANEOUS EXAMPLES. 
[Pages 231—240.] 


1. 144 feet. 2. 576 feet; 6 secs. 
3. 14 inchs. 4.. 7 oz. wt.; 53 oz. wt. 
8 
77 - 917 - 162 oe 
Vx Ph hi 8eCes. 21 Ts 162: 14. 300" 
15. South-west. Tig ee / se 
7 a 


20. 60° on each side of the vertical. 


27. With an acceleration gtana toward the side on 
which the particle is ; seca times the weight of the particle. 


2M +m 
“Ld SSS 
29. 511 lbs. wt. ; cz 33. Gila bm” 
hen Seer 1 4 fl i 1 a4 
ie a(p o-x)*(@+at a) 9+ (b+ gtD: 
43. 12 times the weight of the man. 


47. 2,/2secs. 54. oa, 25°, lbs. wt.; 1019 Ibs. wt. 
Tye Be 3 at a point where the radius makes an 


angle of 30° -with the horizon. 
64 cos g t= M' tana 
Pacis M+ M' +msin2a 


69. The coefficient of friction must be < es s! 
“it +m cos?a 
71. 1650 ft. Ibs.; 737-5 ft. lbs; 2387-5 ft. lbs. 
72, 2°45... and 3} ft. Ibs.; 3°89... and 10 ft. Ibs.; 3-9 
ft. per sec. 


77. 3%; lbs. wt.; 27,3. miles per hour. 
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